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ApagoreÔetai h antigraf , apoj keush kai dianom  thc paroÔsac ergasÐac ex olokl rou   tm matoc aut c, gia
emporikì skopì. Epitrèpetai h anatÔpwsh, apoj keush kai dianom  gia skopì mh kerdoskopikì, ekpaideutik c
  ereunhtik c fÔshc, upì thn proôpìjesh na anafèretai h phg  proèleushc kai na diathreÐtai to parìn m numa.
Erwt mata pou aforoÔn th qr sh thc ergasÐac gia kerdoskopikì skopì prèpei na apeujÔnontai proc ton sug-
grafèa.

Oi apìyeic kai ta sumper�smata pou perièqontai se autì to èggrafo ekfr�zoun to suggrafèa kai den prèpei na
ermhneujeÐ ìti antiproswpeÔoun tic epÐshmec jèseic tou EjnikoÔ Metsìbiou PoluteqneÐou.
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1 Prìlogoc

Me ton ìro kosmogonÐa, (kìsmoc +gègona) ennoeÐtai sth filosofÐa mia jewrÐa proèleushc tou sÔmpantoc, eÐte
jrhskeutikoÔ, mujikoÔ, eÐte episthmonikoÔ qarakt ra. Sth mujologÐa eidikìtera o ìroc gÐnetai katanohtìc wc
mujik  af ghsh   s¸ma mÔjwn pou sqetÐzetai me th dhmiourgÐa tou sÔmpantoc. Diafèrei apì thn epist mh thc
kosmologÐac, wc proc to gegonìc ìti h deÔterh stoqeÔei sthn katanìhsh thc fusik c sugkrìthshc tou sÔmpantoc
kai twn nìmwn pou to kubernoÔn.

'Eqei parathrhjeÐ pwc to sÔmpan s mera diastèlletai kai eÐnai gem�to me radienèrgeia (2.7K CBR) kaj¸c kai
me kanonik  Ôlh (baruìnia), {skotein  Ôlh} kai {skotein  enèrgeia}. Sunep¸c, to pr¸imo sÔmpan prèpei na  tan
kautì kai puknì. Arket� nwrÐc sthn exèlix  tou kurÐarqa  tan ta sqetikistik� swmatÐdia. Kat� th di�rkeia thc
exèlix c tou , to sÔmpan pèrase mia sÔntomh perÐodo kat� thn opoÐa leitourgoÔse san kosmikìc purhnikìc anti-
drast rac sunjètontac ta pio elafri� nouklÐdia: D,3He,4He,4 Li. To sÔmpan mac kuriarqeÐtai apì ta elafr�
stoiqeÐa me tic parak�tw analogÐec :

H : 75 %

4He : 25%

D : 0.01%

7Li : 10%

'Ola ta upìloipa stoiqeÐa ìpwc O,N, Fe eÐnai se polÔ mikrèc posìthtec.
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Den up�rqei kanènac trìpoc na paraqjoÔn ìlec autèc oi posìthtec sta astèria �ra eÐnai èna apomein�ri thc
pr¸imhc istorÐac tou sÔmpantoc.

2 Eisagwg  sthn KosmologÐa

2.1 Kosmologik  arq 

To sÔmpan se arket� meg�lec klÐmakec eÐnai omogenèc kai isotropikì, dhlad  kamÐa kateÔjunsh kai shmeÐo den
eÐnai protimìterh apì k�poia �llh. To sÔmpan diastèlletai sÔmfwna me to nìmo tou Hubble :

d`

dt
= H0(t) · `,

ìpou ` h mèsh kat�stash dÔo swmatidÐwn kai H0(t) h qronoexart¸menh par�metroc Hubble. To sÔmpan diastèl-
letai apì mia jerm  pukn  kat�stash, ìpou kuriarqoÔse h jermik  aktinobolÐa mèlan s¸matoc kai perigr�fetai
apì tic exis¸seic tou Einstein kai th genik  jewrÐa thc sqetikìthtac.

2.2 Qr simec Kosmologikèc Par�metroi

2.2.1 Metatìpish proc to erujrì (Red shift)

OrÐzetai mèsw thc paramètrou

z =
Dλ

λ
kai sundèetai me ton lìgo tou aniqneuìmenou m koc kÔmatoc λ0 proc to ekpempìmeno m koc kÔmatoc:

λe : 1 + z =
λ0

λe
=

√
1 + u

1− u
kai gia u� 1 èqoume z ≈ u = Hd apì to nìmo tou Hubble, �ra telik� paÐrnoume:

1 + z =
λ0

λe
=
R(t0)

R(te)

4



�ra h par�metroc thc metatìpishc proc to erujrì den apoteleÐ mètro mìno twn apost�sewn apomakrusmènwn ge-
gonìtwn, all� kai trìpo anafor�c se pareljìnta gegonìta. 'Oso bajÔtera koit�me sto sÔmpan, tìso megalÔterh
eÐnai h metatìpish proc to erujrì kai tìso pio pÐsw phgaÐnoume proc to pareljìn. H metatìpish proc to erujrì
den prèpei na sugqèetai me to fainìmeno Doppler, afoÔ lìgw thc m�zac, up�rqei metatìpish pou sundèetai me thn
barÔthta kai se meg�lec apost�seic sthn perÐodo tou plhjwrismoÔ apomakrÔnontai ta antikeÐmena me megalÔterh
taqÔthta apì thn taqÔthta tou fwtìc.

2.2.2 AktinobolÐa mèlanoc s¸matoc

UpenjumÐzoume apo th Statistik  ìti, an h pijanìthta gia èna sÔsthma na brÐsketai se mÐa kat�stash me enèrgeia
En eÐnai

pn =
e−βEn

Z
,Z ≡

∑
n

e−βEn , β ≡ 1

kT
,

tìte h anamenìmenh tim  thc enèrgeiac ja eÐnai:

< E >= ΣnpnEn =
1

Z
ΣnEne

−βEn ,

pou mporeÐ na ekfrasteÐ wc:

< E >= − 1

Z

∂Z

∂β
.

Ac jewr soume eidikìtera thn perÐptwsh twn fwtonÐwn me suqnìthta opìte

En = n~ω

kai

Z = Σ∞n=0e
−βn~ω =

1

1− eβ~ω
kai

< E >= − 1

Z

∂Z

∂β
=

~ω
eβ~ω − 1

=
hf

eβhf − 1
.

H energeiakh puknìthta an� di�sthma suqnìthtac dv eÐnai to ginìmeno thc mèshc enèrgeiac < E > kai thc

puknìthtac katast�sewn metaxÔ twn suqnot twn f kai f + df an� mon�da ìgkou, pou eÐnai 8π f
2df
c3

:

u(f)df =
hv

eβhf − 1
8π
f2df

c3
=

8πh

λ3(e
βhc
λ − 1)

(
− c

λ2

)
dλ = u(λ)dλ⇒

⇒ u(λ) = − 8πhc

λ5(e
βhc
λ − 1)

Aut  eÐnai h polÔ gnwst  katanom  tou Planck gia thn aktinobolÐa tou mèlanoc s¸matoc. 'Opwc eÐnai gnwstì,
aut  h katanom  parousi�zei èna mègisto se k�poia tim  λmax tou m kouc kÔmatoc. Thn tim  aut  th brÐskoume
megistopoi¸ntac th sun�rthsh u(λ) wc proc to m koc kÔmatoc:

du(λ)

dλ
|λmax = 0⇒ 5(e

βhc
λmax − 1)− βhc

λmax
e

βhc
λmax = 0

An jèsoume
βhc

λmax
= x,

h teleutaÐa exÐswsh gÐnetai:
5− x− 5e−x = 0,

h opoÐa lÔnetai arijmhtik� kai dÐnei th lÔsh x ≈ 4.965, opìte

hc

kTλmax
= 4.965⇒ λmaxT =

hc

4.965k
,
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antikajist¸ntac tic stajerèc katal goume sth sqèsh

λmaxT = 0.29cmK.

Autìc eÐnai o polÔ gnwstìc nìmoc tou Wien, pou mac dÐnei mia ektÐmhsh poio eÐnai to m koc kÔmatoc pou
kuriarqeÐ kai ton tìno sthn aktinobolÐa enìc mèlanoc s¸matoc. 'Oso megalÔterh eÐnai h jermokrasÐa, tìso
metatopizìmaste sta mikr� m kh kÔmatoc, dhlad  tic meg�lec suqnìthtec, brÐskoume thn energeiak  puknìthta
pou proèrqetai apì ìlec tic suqnìthtec mazÐ :

U =

∫ ∞
0

u(f)df =

∫ ∞
0

8πhf3

c3(eβhf − 1)
df =

8πh

c3

1

(βh)4

∫ ∞
0

(βhf)3d(βhf)

eβhf − 1
=

8πh

c3

1

(βh)4

∫ ∞
0

x3dx

ex − 1
,

ìpou x ≡ βhv. To teleutaÐo olokl rwma mporeÐ na apodeiqteÐ ìti isoÔtai me π4

15 kai to apotèlesma gr�fetai :

U =
8πh

c3

k4T 4

(βh)4

π4

15
= (

8π5k4

15c3h3
)T 4,

dhlad 

U = aT 4, a ≡ 8π5k4

15c3h3
.

H stajer� a lègetai stajer� thc aktinobolÐac kai isoÔtai, an antikatast soume tic stajerèc me 7.56 ×
10−15 erg

cm3K4 .

2.2.3 Upologismìc thc lamprìthtac an� mon�da embadoÔ

EÐnai gnwstì ìti mia mikr  op  se mia koilìthta eÐnai polÔ kal  prosèggish tou mèlanoc s¸matoc. Ja jewr soume
ìti h op  èqei embadìn A kai jèloume na broÔme pìsh aktinobolÐa ja exèljei apì thn op  se qrìno δt. JewroÔme
ìti to toÐqwma thc koilìthtac eÐnai epÐpedo kai me kèntro thn op  orÐzoume sfairikèc suntetagmènec me ton �xona
twn z k�jeton se autì to epÐpedo kai me for� proc thn koilìthta. H enèrgeia pou ja per�sei apì thn op  se qrìno
δt ja brÐsketai mèsa se hmisfaÐrio me kèntro thn op  kai aktÐna cδt. 'Enac stoiqei¸dhc ìgkoc d3r = r2drdcosθdφ
perièqei enèrgeia Ud3r, apì thn opoÐa èna kl�sma Ω

4π ja per�sei mèsa apì thn op ( W eÐnai h stere� gwnÐa upì

thn opoÐa o stoiqei¸dhc ìgkoc blèpei thn op . Ja isoÔtai me Ω = Acosθ
r2

). Sugkentr¸nontac ìla ta prohgoÔmena
prokÔptei :

d3(δE) =
Ω

4π
Ud3r =

Acosθ

4πr2
Ur2drd(cosθ)dφ⇒

⇒ δE =
AU

4π

(∫ cδt

0
dr

)(∫ 1

cosθ=0
d(cos θ) cos θ

)(∫ 2π

0
dφ

)
=
cU

4
Aδt⇒ I ≡ δE

Aδt
=
cU

4
.

Me th bo jeia thc sqèshc U = aT 4 h teleutaÐa sqèsh gr�fetai:

I =
caT 4

4
= σT 4,

sthn opoÐa fusik� anagnwrÐzoume ton nìmo twn Stefan kai Boltzmann. H stajer� pou emfanÐzetai se autìn
ton nìmo isoÔtai me:

σ =
ca

4
=

2π5k4

15c2h3
= 5.7× 10−8 W

m2K4

2.2.4 Upologismìc mèshc enèrgeiac fwtonÐwn

'Eqoume treic exis¸seic pou mac deÐqnoun pwc diastèlletai to sÔmpan

ExÐswsh Friedmann (
ȧ

a

)2

=
8πGε

3c2
− kc2

R2
0a

2
, k = 0
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Udrodunamik  exÐswsh

ε̇+ 3
ȧ

a
(ε+ P ) = 0

Katastatik  exÐswsh
P = wε

An sundu�soume thn 2h me thn 3h paÐrnoume

P = wε⇒ dε

dt
+

3

a

da

dt
ε(1 + w) = 0⇒ dε

da
+

3

a
ε(1 + w) = 0⇒ dε

ε
= −3(1 + w)

da

a
⇒

⇒ lnε = −3(1 + w)lna+ c⇒ ε(a) = a−3(1+w)ε0

ìpou
ε(a) = a−3(1+w)ε0

h energeiak  puknìthta.T¸ra an p�rw thn 1h upologÐzw ton par�gonta klÐmakac α(t)

ȧ2 =
8πG

3c2
εa2 ⇒ da

dt
= a[

8πGε0

3c2
a−3(1+w)]1/2 =

√
8πGε0

3c2
a1−−3(1+w)

2 =

√
8πGε0

3c2
a−

3w+1
2 ⇒

∫
a

3w+1
2 da =

√
8πGε0

3c2
t+K ⇒ a

3w+1
2

+1

3w+1
2 + 1

=

√
8πGε0

3c2
t+K ⇒ a

3(w+1)
2 =

3(1 + w)

2

√
8πGε0

3c2
t+ K̃

All�
a(t0) = 1⇒ K̃ = 0

opìte

a
3(w+1)

2 =
t

2
3(1+w)

√
3c2

8πGε0

=
t

1
1+w

√
c2

6πGε0

⇒ a
3(w+1)

2 =
t

t0
⇒ a =

(
t

t0

) 2
3(1+w)

H antkat�stash sthn exÐswsh ja d¸sei :

t0 ≡
1

1 + w

√
c2

6πGε0

H metrik  tou tetradi�statou q¸rou pou eÐnai omogen c kai isìtroph pantoÔ kai p�nta eÐnai h metrik  Friedmann-
Robertson-Walker :

ds2 = −c2(dt)2 + α(t)2

 (dx)2

1− κ x2
R2

0

+ x2dΩ2

 , dΩ2 ≡ dθ2 + sin2θdφ2

Aut  h metrik  perigr�fei to kampulwmèno sÔmpan thc Genik c JewrÐac thc Sqetikìthtac pou èqei aktÐna R0 kai
ton par�gonta klÐmakac α(t) pou tou epitrèpei na diastèlletai   na sustèlletai. O qrìnoc t lègetai kosmikìc
qrìnoc, en¸ oi suntetagmènec (r,j,f)   (x,j,f) lègontai omokinoÔmenec suntetagmènec enìc shmeÐou kai den
exart¸ntai apì to qrìno, dhladh den all�zoun kat� th sustol    diastol  tou sÔmpantoc. H sunhjismènh
sÔmbash gia ton par�gonta klÐmakac eÐnai ìti th shmerin  epoq  t0 jewroÔme α(t0) = 1. SÔmfwna me aut  th
metrik , h apìstash enìc antikeimènou se mia sugkekrimènh qronik  stigm  eÐnai : d(t) = α(t)r, an kinoÔmaste se
aktinik  eujeÐa (me stajer� j kai f). 'Ara afoÔ to r den all�zei me to qrìno

ḋ = α̇r = α̇
d

α
≡ Hd.

Sth shmerin  epoq  loipìn

v(t0) = H0d(t0), v(t0) ≡ ḋ(t0), H0 ≡
(
ȧ

a

)
t=t0
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dhlad  o nìmoc tou Hubble.T¸ra mporoÔme na upologÐsoume thn par�metro tou Hubble antikajist¸ntac ton
par�gonta klÐmakac pou br kame:

H0 ≡
(
ȧ

a

)
t=t0

=

2
3(1+w)( tt0 )

2
3(1+w)

−1 1
t0

( tt0 )
2

3(1+w)

|t=t0 =
2

3(1 + w)t0

Opìte h hlikÐa tou sÔmpantoc sunart sei thc paramètrou Hubble:

t0 =
2

3(1 + w)H0

Gia w = 0 (Ôlh) h hlikÐa tou sÔmpantoc ja eÐnai : t0 = 2
3H0

en¸ gia w = 1
3 (aktinobolÐa) h hlikÐa tou sÔmpantoc

gÐnetai : t0 = 1
2H0

, dhlad  gia sunhjismènh Ôlh   enèrgeia, h hlikÐa tou sÔmpantoc prokÔptei mikrìterh apì to

qrìno tou Hubble: t0 = 1
H0

.
'Otan jewroÔme aktinik  di�dosh fwtìc apì ènan makrinì galaxÐa, ja isqÔei

c2dt2 = α(t)2dr2 ⇒ c

∫ t0

tεκπ

dt

α(t)
=

∫ r

0
dr = r,

ìpou tεκπ o qrìnoc ekpomp c enìc met¸pou kÔmatoc kai t0 o qrìnoc anÐqneus c tou. To epìmeno mètwpo kÔmatoc
ja ekpemfjeÐ to qrìno

tεκπ +
λεκπ
c

kai ja aniqneujeÐ se qrìno

t0 +
λ0

c

c

∫ t0+
λ0
c

tεκπ+λεκπ
c

dt

α(t)
=

∫ r

0
dr = r.

SugkrÐnontac sumperaÐnoume ìti

c

∫ t0

tεκπ

dt

α(t)
= c

∫ t0+
λ0
c

tεκπ+λεκπ
c

dt

α(t)
⇒
∫ t0

tεκπ

dt

α(t)
=

∫ t0+
λ0
c

tεκπ+λεκπ
c

dt

α(t)
⇒

⇒
∫ t0

tεκπ

dt

α(t)
+

∫ t0

tεκπ+λεκπ
c

dt

α(t)
=

∫ tεκπ+λεκπ
c

t0

dt

α(t)
+

∫ t0+
λ0
c

tεκπ+λεκπ
c

dt

α(t)
⇒

⇒
∫ tεκπ+λεκπ

c

tεκπ

dt

α(t)
=

∫ t0+
λ0
c

t0

dt

α(t)
.

Ex�llou to α(t) den all�zei shmantik� sth di�rkeia miac periìdou, opìte mporoÔme na to jewr soume stajerì
kai h teleutaÐa sqèsh mporeÐ na grafteÐ :

1

α(tεκπ)

∫ tεκπ+λεκπ
c

tεκπ

dt =
1

α(t0)

∫ t0+
λ0
c

t0

dt⇒ λεκπ
α(tεκπ)

=
λ0

α(t0)

Mia posìthta pou emfanÐzetai polÔ suqn� se kosmologikèc melètec eÐnai h metatìpish proc to erujrì

z ≡ λ0 − λεκπ
λεκπ

.

Aut  h posìthta sundèetai me ton par�gonta klÐmakac b�sei thc sqèshc

1 + z =
α(t0)

α(tεκπ)
=

1

α(tεκπ)
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Gia w = 1
3(aktinobolÐa) h hlikÐa tou sÔmpantoc: t0 = 1

2H0
kai sunep¸c

1 + z =
1

a(t)
=
t0
t
→ t =

t0
1 + z

=
1

2(1 + z)H0

T¸ra mporoÔme na upologÐsoume thn puknìthta enèrgeiac sunart sei tou qrìnou an antikastat soume ton pa-
r�gonta klÐmakac pou br kame:

ε = ε0a
−3(1+w) = ε0[(

t

t0
)

2
3(1+w) ]−3(1+w) = ε0(

t

t0
)−2 ⇒ ε(t) = ε0(

t0
t

)2

H puknìthta enèrgeiac pou br kame eÐnai anex�rthth apì to w. Sthn perÐptwsh thc krÐsimhc puknìthtac enèrgeiac

ε0 = εκρ,0 =
3c2H2

0

8πG

ja èqoume

ε(t) =
3c2H2

0

8πG

t20
t2

=
3c2H2

0

8πG

4

9(1 + w)2H2
0

1

t2
=

12c2

72πG(1 + w)2

1

t2
⇒ ε(t) =

c2

6πG(1 + w)2

1

t2

H noukleosÔnjesh gÐnetai polÔ pr¸ima → perÐodoc aktinobolÐac.
JermokrasÐa:

εγ = aT 4

a =
π2k4

15~3c3
⇒ T = (

εγ
a

)1/4 = (
εγ15~3c3

π2k4
)1/4 = (

15~3c3

π2k4
)1/4(

9c2

6πG16

1

t2
)1/4 = (

135~3c5

96π3Gk4
)1/4 1√

t
.

H puknìthta enèrgeiac twn fwtonÐwn dÐnetai apì th sqèsh

ε(f)df =
8π~
c3

f3df

e
hf
kT − 1

I(f, T ) =
dε

df
=

8π~f3

c3

1

e
hf
kT − 1

en¸ h sunolik  puknìthta enèrgeiac aktinobolÐac mèlanou s¸matoc

εγ = aT 4, a =
π2k4

15~3c3
= 7.56× 10−16Jm−3K−4

εγ = ε0a
−4 ⇒ aT 4 = ε0a

−4 ⇒ T (
ε0

a
)1/4 1

a
= (

3c2H2
0

8πG

15~3c3

π2k4
)1/4 1

a
⇒ T = (

45c5~3H2
0

8π3k4G
)1/4 1

a
= (

45c5~3

32π3k4Gt20
)1/4 1

a

OrÐzw X ≡ ~f
kT ⇒ f = kTX

~ opìte

εγ =
8π~
c3

∫ ∞
f=0

f3df

e
hf
kT − 1

=
8π~
c3

∫ ∞
X=0

(
kT

~

)
4
X3dX

eX − 1
=

8π~
c3

k4T 4

~4

∫ ∞
X=0

X3dX

eX − 1
= 8π

k4

c3~3

πT 4

120
=

π2k4

15c3~3
T 4

nγ =
8π~
c3

∫ ∞
f=0

f3df

e
hf
kT − 1

1

~f
=

8π

c3

∫ ∞
f=0

f2df

e
hf
kT − 1

=
8π

c3

(
kT

~

)
3

∫ ∞
X=0

X2dX

eX − 1
= 8π

k3

~3c3
T 3

∫ ∞
X=0

X2dX

eX − 1
=

=
2.404

π2

k3

~3c3
T 3 = 0.243

(
kT

~c

)3

Emean ≡
εγ
nγ

=
π2k4

15c3~3T
4

2.404k3

π2c3~3 T
3

= kT
π4

15× 2.404
≈ 2.70kT

Antikajist¸ntac arijmhtikèc timèc: T ≈ 1010K( t
1s)
−1/2 ⇔ Emean = 2.7kT ≈ 3MeV ( t

1s)
−1/2
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2.3 ExÐswsh Einstein

MporoÔme na xekin soume exet�zontac apì fusik  skopi� th barutik  èlxh ìpwc aut  perigr�fetai sthn genik 
jewrÐa thc sqetikìthtac. Autì to antikeÐmeno qwrÐzetai fusik� se dÔo komm�tia: pwc to pedÐo thc barutik c
èlxhc ephre�zei thn sumperifor� thc Ôlhc kai pwc h Ôlh kajorÐzei to pedÐo thc barutik c èlxhc.
1.Sumperifor� enìc ulikoÔ shmeÐou upì thn epÐdrash barutikoÔ pedÐou.
Sth Neut¸neia BarÔthta èqoume th sqèsh thc epit�qunshc enìc s¸matoc se èna barutikì dunamikì F.

a = −OΦ.

Kai th diaforik  exÐswsh tou Poisson gia to dunamikì me ìrouc thn puknìthta thc Ôlhc ρ kai th barutik  stajer�
tou Newton G:

O2Φ = 4πGρ.

Gia par�deigma, mporoÔme na skeftoÔme thn kÐnhsh twn swmatidÐwn se eleÔjerh pt¸sh. Ston epÐpedo q¸ro
aut� ta swmatÐdia kinoÔntai se eujeÐec grammèc. Stic exis¸seic, autì ekfr�zetai me ton mhdenismì thc deÔterhc
parag¸gou xµ(λ):

d2xµ

dλ2
= 0

Aut  den eÐnai, se genik� plaÐsia, mÐa tanustik  exÐswsh, parìlo pou dxµ/dλ eÐnai sustatik� enìc kal�-orismènou
dianÔsmatoc, oi sunist¸sec thc deÔterhc parag¸gou d2xµ/dλ2 den eÐnai. MporoÔme na qrhsimopoi soume ton
kanìna thc alusÐdac gia na gr�youme

d2xµ

dλ2
=
dxν

dλ
∂ν
dxµ

dλ

T¸ra antikajistoÔme th merik  par�gwgo me th sunalloÐwth, 5νA
µ = ∂Aµ

∂xµ + ΓµρνAρ

dxν

dλ
∂ν
dxµ

dλ
→ dxν

dλ
5ν

dxµ

dλ
=
d2xµ

dλ2
+ Γµρσ

dxρ

dλ

dxσ

dλ

Blèpoume loipìn ìti h kat�llhlh ekdoq  thc Neut¸niac sqèshc gia th GJS eÐnai apl� h gewdaitik  exÐswsh

d2xµ

dλ2
+ Γµρσ

dxρ

dλ

dxσ

dλ
= 0

Gi' autì sth genik  sqetikìthta, ta eleÔjera swmatÐdia kinoÔntai p�nw se gewdaitikèc.
'Ena akìmh pio xek�jaro par�deigma eÐnai o nìmoc thc diat rhshc tou tanust  enèrgeiac - orm c ston epÐpedo
qwroqrìno:

∂µT
µν = 0

Antikajist¸ntac p�li th merik  me th sunalloÐwth par�gwgo mac prokÔptei h kat�llhlh genÐkeush tou kampÔlou
qwroqrìnou:

5µT
µν = 0

T¸ra ja orÐsoume to Neut¸nio ìrio me treic proôpojèseic: ta swmatÐdia kinoÔntai arg� (se sqèsh me thn taqÔthta
tou fwtìc), to barutikì pedÐo eÐnai asjenèc (¸ste na mporeÐ na jewrhjeÐ wc diataraq  tou epÐpedou q¸rou), kai to
pedÐo eÐnai statikì (den metab�lletai me to qrìno). Ac doÔme pwc ephre�zoun autèc oi upojèseic thn gewdaisiak 
exÐswsh.{KineÐtai arg�} shmaÐnei ìti

dxi

dτ
<<

dt

dτ

opìte h gewdaitik  exÐswsh gÐnetai

d2xµ

dτ2
+ Γµ00

(
dt

dτ

)2

= 0

AfoÔ to pedÐo eÐnai statikì (∂0gµν = 0), ta sqetik� sÔmbola Christoffel Γµ00 gÐnontai :

Γµ00 =
1

2
gµλ(∂0gλ0 − ∂λg00) = −1

2
gµλ∂λg00
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Tèloc, h asjèneia tou barutikoÔ pedÐou mac epitrèpei na aposunjèsoume thn metrik  se mÐa Minkowski sun mia
mikr  diataraq :

gµν = ηµν + hµν , |hµν | << 1

Opìte brÐskoume

Γµ00 = −1

2
ηµλ∂λh00

H gewdaitik  exÐswsh eÐnai loipìn

d2xµ

dτ2
=

1

2
ηµλ∂λh00

(
dt

dτ

)2

Qrhsimopoi¸ntac ∂0h00 = 0 to µ = 0 opìte
d2t

dτ2
= 0

'Ara to dt/dτ eÐnai stajer�, kai gr�foume th gewdaisiak  me th morf  tou ηµν wc 3 × 3 pÐnaka

d2xi

dτ2
=

1

2

(
dt

dτ

)2

∂ih00

Diair¸ntac kai ta dÔo mèlh me
(
dt
dτ

)2
èqei san apotèlesma th metatrop  thc arister c meri�c apo τ se t af nont�c

mac me
d2xi

dt2
=

1

2
∂ih00

Dhlad  prokÔptei pwc
h00 = −2Φ

2.Pwc h Ôlh kajorÐzei to barutikì pedÐo T¸ra p�me ston tanust  tou Riemann, Rρσµν , o opoÐoc kataskeu�zetai
apì ta sÔmbola Christoffel kai tic pr¸tec parag¸gouc touc, en¸ ta sÔmbola Christoffel kataskeu�zontai apì th
metrik  gµν kai tic pr¸tec parag¸gouc thc, opìte o tanust c tou Riemann Rρσµν perièqei deÔterec parag¸gouc
thc gµν . Oi exis¸seic tou barutikoÔ pedÐou ja eÐnai :

Rµν = κTµν , (1)

gia k�poia stajer� κ. 'Omwc up�rqei prìblhma me th diat rhsh thc enèrgeiac giatÐ an jèloume

5µTµν = 0,

ja prèpei
5µRµν = 0.

ìmwc apì thn tautìthta Bianchi isqÔei

5µRµν =
1

2
5ν R.

All� apì thn exÐswsh (1) prokÔptei ìti R = κgµνTµν = κT opìte an sundu�soume ta parap�nw ja èqoume

5µR = 0⇒5µ(κT ) = 0⇒5µT = 0.

h opoÐa mac lèei pwc o T eÐnai stajerìc sto qwroqrìno, pou den isqÔei afoÔ T= 0 sto kenì kai T 6= 0 ìtan
up�rqei Ôlh. Opìte ja p�me ston tanust  Einstein

Gµν = Rµν −
1

2
Rgµν ,

gia ton opoÐo isqÔei p�nta 5µGµν = 0, opìte ja p�roume wc exÐswsh pedÐou gia thn metrik  thn sqèsh

Gµν = κTµν
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H opoÐa stic 4 diast�seic mporeÐ na gÐnei

gµν
(
Rµν −

1

2
Rgµν

)
= κT ⇒ R− 1

2
R · 4 = κT ⇒ R = −κT,

opìte na grafteÐ

Rµν−
1

2
Rgµν = κTµν ⇒ Rµν−

1

2
(−κT )gµν = kTµν ⇒ Rµν = κ

(
Tµν −

1

2
gµνT

)
⇒ Rµν = κ

(
Tµν −

1

2
Tgµν

)
.(2)

T¸ra an jewr soume èna tèleio reustì gia to opoÐo isqÔei

Tµν = (ρ+ p)UµUν + pgµν ,

ìmwc sto Neut¸neio ìrio mporoÔme na agno soume thn pÐesh opìte mac mènei

Tµν = ρUµUν

ìpou Uµ = (U0, 0, 0, 0) kai gµνUµUν = −1 apì th sunj kh kanonikopoÐhshc. Sto ìrio tou asjenoÔc pedÐou
isqÔei

g00 = η00 + h00 = −1 + h00,

g00 = −1− h00

kai

gµνU
µUν = −1⇒ g00(U0)2 = −1⇒ U0 = (1− h00)−1/2 ≈ 1 +

1

2
h00.

Proseggistik� mporoÔme na p�roume U0 = 1 kai antÐstoiqa U0 = −1. Tìte

T00 = ρ

Gia µ = 0, ν = 0 to Ðqnoc tou pÐnaka ja eÐnai

T = g00T00 = −T00 = −ρ.

kai h (2) ja gÐnei

R00 = κ

(
ρ− 1

2
(−ρ)(−1)

)
=

1

2
κρ

dhlad  prokÔptei mia sqèsh pou sundèei tic parag¸gouc thc metrik c me thn puknìthta enèrgeiac . Gia na
upologÐsoume to R00 qreiazìmaste to

Ri0j0 = ∂jΓ
i
00 − ∂0Γij0 + ΓijλΓλ00 − Γi0λΓλj0

MporoÔme na agno soume to deÔtero ìro giatÐ eÐnai par�gwgoc tou qrìnou pou se statik� pedÐa eÐnai mhdèn
kaj¸c kai ton trÐto kai tètarto ìro giatÐ eÐnai thc morf c (Γ)2 ¸ste na katal xoume sto Ri0j0 = ∂jΓ

i
00 apì to

opoÐo paÐrnoume

R00 = Ri0i0 = ∂i

[
1

2
giλ(∂0gλ0 + ∂0g0λ + ∂λg00)

]
= −1

2
δij∂i∂jh00 = −1

2
52 h00

kai katal goume
52h00 = −κρ

Prohgoumènwc eÐqame deÐxei ìti h00 = −2Φ opìte katal goume sthn exÐswsh Poisson gia κ = 8πG. Sunep¸c
katal goume sthn exÐswsh thc Genik c Sqetikìthtac tou Einstein

Rµν −
1

2
Rgµν = 8πGTµν

kaj¸c kai sthn enallaktik  morf  thc

Rµν = 8πG

(
Tµν −

1

2
Tgµν

)
En¸ sto kenì ìpou Tµν = 0 h exÐswsh tou Einstein gÐnetai

Rµν = 0
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2.4 Exis¸seic Friedmann

H exÐswsh Friedmann eÐnai h kentrik  exÐswsh thc KosmologÐac kai gia thn apìdeix  thc qrei�zetai o pl rhc
formalismìc thc Genik c JewrÐac thc Sqetikìthtac. Bèbaia, mporeÐ kaneÐc na dei poll� qarakthristik� thc
exÐswshc qrhsimopoi¸ntac apl  Klasik  mhqanik . JewroÔme sfairikì kèlufoc aktÐnac Rσ(t) pou perikleÐei
omoiìmorfh katanom  m�zac me puknìthta ρ(t) kai sunolik  m�za

Mσ =
4

3
πRσ(t)3ρ(t)

JewroÔme ìti h sunolik  m�za thc katanom c Mσ eÐnai stajer  me to qrìno, par� to gegonìc ìti h aktÐna Rσ(t)
kai h puknìthta ρ(t) exart¸ntai apì to qrìno. JewroÔme t¸ra (mikr ) m�za m sthn epif�neia thc sfaÐrac. H
enèrgeia thc ja isoÔtai me to �jroisma thc kinhtik c

Eκ =
1

2
m(

dRσ
dt

)2

kai thc dunamik c enèrgeiac

Eδ = −GMσm

Rσ

dhlad  :
E ≡ mc2 = Eκ + Eδ

Sth sunèqeia ekfr�zoume thn aktÐna thc sfaÐrac me th morf 

Rσ(t) = rσα(t)

ìpou to α(t) eÐnai o adi�statoc telest c klÐmakac pou ja mac apasqol sei wc epÐ to pleÐston sth sunèqeia kai
to onom�zetai omokinoÔmenh suntetagmènh. Tìte

Eκ =
1

2
mr2

σ

(
dα

dt

)2

kai

Eδ = − Gm

rσα(t)
Mσ = − Gm

rσα(t)

4

3
π(rσα(t))3ρ(t) = −4Gπm

3
r2
σα(t)2ρ(t),

opìte

E = mc2 =
1

2
mr2

σ

(
dα

dt

)2

− 4πGm

3
r2
σα(t)2ρ(t),

dhlad 
1

2
r2
σα̇

2 = +
4πG

3
r2
σα(t)2ρ(t) + c2

pou telik� dÐnei thn exÐswsh tou Friedmann sth Neut¸neia morf  thc :(
α̇

α

)2

=
8πG

3
ρ(t) +

2c2

r2
σ

1

α2
.

H exÐswsh aut  sunep�getai tic(
α̇

α

)2

=
2GMσ

r3
σα

3
+

2c2

r2
σ

1

α2
⇒ α̇2 =

2GMσ

r3
σα

+
2c2

r2
σ

⇒

⇒ 2α̇α̈ = −2GMσ

r3
σα

2
α̇⇒ α̈ = −GMσ

r3
σα

2
< 0

H exèlixh tou sÔmpantoc sÔmfwna me autì to prìtupo exart�tai apì to prìshmo thc posìthtac c2. An c2 > 0, to
dexiì mèloc thc exÐswshc tou Friedmann sth Neut¸neia morf  ja eÐnai upoqrewtik� jetikì, opìte, an to sÔmpan
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diastèlletai se mia qronik  stigm  ja diastèlletai gia p�nta. An c2 < 0 , kai to sÔmpan arqÐsei sth f�sh thc
diastol c, ìtan to α(t) ft�sei thn tim  ìpou to dexiì mèloc thc exÐswshc mhdenÐzetai dhlad  ìtan

α2 = − 3c2

4πGρ(t)r2
σ

= − 3c2

4πG Mσ
4
3
πRσ(t)3

r2
σ

= −c
2rσα

3

GMσ
⇒ α = −GMσ

c2rσ
,

h exèlixh ja antistrafeÐ kai to α ja arqÐsei na mei¸netai( ìpwc deÐxame prohgoumènwc α̈ < 0). EÐnai èna fainìmeno
entel¸c antÐstoiqo me thn kÐnhsh antikeimènou pou ektoxeÔetai proc ta p�nw, epibradÔnetai, stamat�ei kai sth
sunèqeia q�nei Ôyoc.
H swst  morf  thc exÐswshc tou Friedmann, ìpwc prokÔptei apì th jewrÐa thc sqetikìthtac eÐnai h(

α̇

α

)2

=
8πG

3c2
ε(t)− κc2

R2
0

1

α2
+

Λ

3
.

Xekin�me apì thn exÐswsh Einstein :

Rµν −
1

2
Rgµν = 8πGTµν

ìpou
Tµν = (ρ+ p)UµUν + pgµν ,

kai h metrik  :
ds2 = dt2 − a2(t)(dr2 + r2dθ2 + r2 sin2 θdφ2)

Gia ta sÔmbola Christoffel èqoume ton ex c tÔpo :

Γ`ji =
1

2
g`m(∂jgmi + ∂igmj − ∂mgij)

Lìgw thc morf c tou gµν ìloi oi ìroi ìpou µ 6= ν eÐnai 0 kai �ra to Ðdio mporeÐ na epektajeÐ kai sta sÔmbola.
'Opoia sÔmbola den èqoun toul�qiston dÔo deÐktec Ðdiouc eÐnai 0, opìte prokÔptoun met� apì pr�xeic ta parak�tw:

Γtrr = aȧ,

Γtθθ = r2aȧ,

Γtφφ = aȧr2 sin2 θ

Γrtr = Γrrt = Γθtθ = Γθθt = Γφtφ = Γφφt =
ȧ

a

Γrrr = 0,

Γrθθ = −r,

Γrφφ = −r sin2 θ

Γθrθ = Γθθr = Γφrφ = Γφφr =
1

r

Γθφφ = − sin θ cos θ,

Γφφθ = Γφθφ =
1

tan θ

Ja upologÐsoume t¸ra touc tanustèc Riemann mèsw tou tÔpou:

R`kji = ∂iΓ
`
kj − ¯∂jΓ`ki + ΓmkjΓ

`
mi − ΓmkiΓ

`
mj

Rij ≡ Rmimj
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Rtt = Rmtmt = Rrtrt +Rθtθt +Rφtφt = −3
ä

a

Rrr = Rmrmr = aä+ 2ȧ2

Rθθ = Rmθmθ = r2(aä+ 2ȧ2)

Rφφ = Rmφmφ = r2 sin2 θ(aä+ 2ȧ2)

SunoyÐzontac

Rtt = −3ä

a

Rii = −gii
a2

(aä+ 2ȧ2)

Tèloc, to bajmwtì Ricci ja eÐnai

R = gikRik = −6ä

a
− 6

(
ȧ

a

)2

uαuβgαβ = c2 = 1→ ut = 1⇒ Ttt = ρgtt, Tii = −pgii

Rtt −
1

2
Rgtt − Λgtt = 8πGρutut

−3ä

a
+

3ä

a
+ 3

(
ȧ

a

)2

− Λ = 8πGρ(t)

(
ȧ

a

)2

=
8πG

3
ρ(t) +

Λ

3
(1)

Rii −
1

2
Rgii − Λgii = 8πG(−p)gii

−gii
a2

(aä+ 2ȧ2)− 1

2
Rgii − Λgii = 8πG(−p)gii

'Ara

− ä
a
− 2

(
ȧ

a

)2

+ 3
ä

a
+ 3

(
ȧ

a

)2

− Λ = −8πGp

ä

a
+

1

2

(
ȧ

a

)2

= −4πGp+
Λ

2
(2)

MporoÔme na apaleÐyoume to
(
ȧ
a

)2
metaxÔ twn (1) kai (2) opìte prokÔptei

ä

a
= −4πG

3
(ρ+ 3p) +

Λ

3

Ja sqoli�soume sÔntoma tic diaforèc twn dÔo exis¸sewn. Kat' arq�c h puknìthta m�zac ρ(t) èqei antikatastajeÐ
me thn puknìthta enèrgeiac ε(t) ( diairemènh fusik� me c2 ). Fusik�, an to sÔmpan perièqei swmatÐdia me m�za m,
h enèrgeia tou kajenìc ja eÐnai

E =
√
m2c4 + c2p2,

h opoÐa , gia mikrèc taqÔthtec, proseggÐzetai apì thn

E ≈ mc2 +
1

2
mυ2
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�ra se autì to ìrio h puknìthta m�zac eÐnai mia kal  prosèggish gia thn puknìthta enèrgeiac kai apokajÐstatai

epaf  me thn pr¸th exÐswsh. H deÔterh allag  èqei na k�nei me thn antikat�stash 2ε
r2σ

1
α2 → −κc2

R2
0

1
α2 . To shmantikì

eÐnai ìti h kampulìthta κ
R2

0
sto plaÐsio thc Genik c JewrÐac thc Sqetikìthtac sundèetai me thn enèrgeia an� mon�da

m�zac, ε, enìc dokimastikoÔ swmatidÐou. Eidikìtera, to ε > 0 antistoiqeÐ se arnhtik  qwrik  kampulìthta , to
ε < 0 se jetik , en¸ to ε = 0 sqetÐzetai me ton epÐpedo q¸ro. H trÐth allag  sqetÐzetai, me thn eisagwg 
tou ìrou thc kosmologik c stajer�c Λ. Ja asqolhjoÔme arket� me autì ton ìro sth sunèqeia. Ed¸ apl� ja
anafèroume ìti eis qjh apì ton Einstein sthn prosp�jei� tou na exanagk�sei th jewrÐa tou na problèyei to
statikì sÔmpan pou  tan h prokat�hyh twn episthmìnwn thc epoq c. Gia na gÐnei k�pwc katanoht  h logik  me
thn opoÐa eis qjh o ìroc, ac upojèsoume ìti to ε(t) metab�lletai san 1

α3 ( ìpwc to ρ(t) se prohgoÔmeno an�logo
upologismì), sunep¸c h exÐswsh tou Friedmann mporeÐ na grafteÐ sth morf  ( to A eÐnai jetik  stajer�):(

α̇

α

)2

=
A

α3
− κc2

R2
0

1

α2
+

Λ

3
⇒ α̇2 =

A

α(t)
− κc2

R2
0

+
Λα3

3
⇒

⇒ 2α̇α̈ = − A
α2
α̇+

2Λαα̇

3
⇒ α̈ = − A

2α2
+

Λα

3
.

Apì thn teleutaÐa exÐswsh eÐnai profanèc ìti anadÔetai h dunatìthta na èqei kaneÐc, gia sugkekrimènh tim  tou
a, èna sÔmpan pou mporeÐ na eÐnai statikì. EÐnai emfan c o mhqanismìc me ton opoÐo epitugq�netai autì: ektìc
apì ton pr¸to ìro tou dexioÔ mèlouc pou ofeÐletai sth barÔthta, eis�getai èna deÔteroc ìroc (thc kosmologik c
stajer�c) pou èqei antÐjeto prìshmo apì ton pr¸to. H kainotomÐa faÐnetai an�glufa an kaneÐc me th deÔterh
morf  thc exÐswshc tou Friedmann. AfoÔ h barÔthta eÐnai p�nta elktik , o deÔteroc ìroc ja mporoÔse upì
k�poian ènnoian na perigrafeÐ wc antibarÔthta, dhlad  wc perigraf  miac dÔnamhc �pwshc pou antistajmÐzei th
barutik  èlxh. ParathroÔme tèloc ìti autìc o ìroc den sqetÐzetai sten� me th jewrÐa thc sqetikìthtac. Ja
mporoÔse na ton eisag�gei kaneÐc kai sth Neut¸neia perigraf . Apl� h istorik  exèlixh  tan tètoia pou o ìroc
eis qjh se sqetikistikì plaÐsio.

Parathr seic:
(1) Ac jewr soume ìti h kosmologik  stajer� eÐnai mhdèn. Tìte h exÐswsh tou Friedmann gia th shmerin  epoq 
(pou sumbolÐzetai me to deÐkth 0) gr�fetai :

H2
0 =

8πG

3c2
ε0 −

κc2

R2
0

.

UpenjumÐzoume ìti α(t0) = 1, ìpou einai h shmerin  qronik  stigm , dhlad  o qrìnoc pou èqei per�sei apì th
dhmiourgÐa tou sÔmpantoc. Aut  h exÐswsh susqetÐzei thn kampulìthta, th stajer� tou Hubble kai thn puknìthta
enèrgeiac.
(2) Genikìtera h exÐswsh tou Friedmann (p�nta me mhdenik  kosmologik  stajer�) gr�fetai:

H(t)2 =
8πG

3c2
ε(t)− κc2

R2
0

1

α(t)2
.

Gia qwrik� epÐpedo sÔmpan kai dosmènh stajer� tou Hubble parathroÔme ìti up�rqei mia krÐsimh puknìthta
enèrgeiac h

εκρ(t) =
3c2H(t)2

8πG
.

An h puknìthta enèrgeiac eÐnai megalÔterh apì aut  thn tim , to sÔmpan ja èqei jetik  kampulìthta, alli¸c
arnhtik . H krÐsimh puknìthta enèrgeiac qrhsimopoieÐtai genik� : antÐ gia aut n qrhsimopoieÐtai eurÔtata h

Ω(t) =
ε(t)

εκρ
(t),

pou lègetai par�metroc puknìthtac.
(3) H exÐswsh tou Friedmann (p�nta me mhdenik  kosmologik  stajer�) gr�fetai enallaktik� me th morf  :

1 =
8πG

3c2H(t)2
ε(t)− κc2

R2
0H(t)2

1

α(t)2
⇒ 1 =

ε(t)

εκρ(t)
− κc2

R2
0H(t)2

1

α(t)2
⇒
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⇒ 1− Ω(t) = − κc2

R2
0H(t)2

1

α(t)2
.

EÐnai shmantikì na parathr sei kaneÐc ìti to dexiì mèloc èqei èna sugkekrimèno prìshmo kat� thn exèlixh tou
sÔmpantoc, �ra kai to prìshmo tou aristeroÔ mèlouc eÐnai kajorismèno. An to sÔmpan xekin sei me Ω(t) > 1,
  Ω(t) = 1,   Ω(t) < 1, autèc oi anisìthtec ja diathrhjoÔn wc èqoun kaj' ìlh th di�rkeia thc exèlixhc tou
sÔmpantoc. Gia th shmerin  epoq  :

1− Ω0 = − κc2

R2
0H

2
0

Mia sqèsh pou prwtoemfanÐsthke me elafr� diaforetik  diatÔpwsh sthn parat rhsh(1).Udrodunamik  exÐswsh
kai exÐswsh epit�qunshc H exÐswsh tou Friedmann, akìma ki an upojèsoume ìti h kosmologik  stajer� eÐnai
gnwst  (èstw mhdèn, gia aplìthta), den mporeÐ na lujeÐ, giatÐ perilamb�nei dÔo �gnwstec sunart seic tic α(t) kai
ε(t) Qreiazìmaste ki �llec exis¸seic. 'Ena pr¸to b ma proèrqetai apì th diat rhsh thc enèrgeiac. UpenjumÐzoume
to pr¸to jermodunamikì axÐwma :

dQ = dE + PdV = 0.

'Otan mil�me gia èna teleÐwc omogenèc sÔmpan, h diastol  tou ja eÐnai mia adiabatik  diadikasÐa, dhlad  dQ = 0
kai h exÐswsh dE + PdV = 0 gr�fetai pio bolik�: Ė + pV̇ = 0 ìpou oi teleÐec sumbolÐzoun paragwgÐseic wc
proc ton qrìno. Sth sunèqeia, qrhsimopoioÔme tic profaneÐc sqèseic

E(t) = V (t)ε(t)⇒ Ė = V ε̇+ V̇ ε,

kai

V (t) =
4

3
πr3

σα
3 ⇒ V̇ = 4πr3

σα
2α̇

kai brÐskoume :

V ε̇+ V̇ ε+ PV̇ = 0⇒
(

4

3
πr3

σα
3

)
ε̇+ (4πr3

σα
2α̇) = 0⇒

V

(
ε̇+ 3

α̇

α
ε+ 3

α̇

α
P

)
= 0⇒ ε̇+ 3

α̇

α
(ε+ P ) = 0.

H exÐswsh aut  eÐnai h deÔterh ( h udrodunamik ) basik  exÐswsh thc KosmologÐac. Sundèei tic dÔo �gnwstec
sunart seic kai all� eis�gei mia kainoÔria �gnwsth sun�rthsh thn r , sunep¸c exakoloujoÔme na briskìmaste
se adunamÐa lÔshc twn exis¸sewn. Gia na sumplhr¸soume to sÔnolo, prèpei na èqoume mia akìma sqèsh,metaxÔ
twn e kai f ¸ste na eÐmaste pl reic.Me aut  th sqèsh, pou lègetai katastastik  exÐswsh, ja asqolhjoÔme
analutikìtera sth sunèqeia. Proc to parìn ja k�noume mia parat rhsh. Gr�foume thn exÐswsh tou Friedmann
upì th morf :

α̇2 =
8πG

3c2
εα2 − κc2

R2
0

+
Λα2

3

kai paragwgÐzoume wc proc to qrìno :

2α̇α̈ =
8πG

3c2
(ε̇α2 + 2εαα̇) +

2Λαα̇

3
⇒ α̈

α
=

4πG

3c2
(ε̇
α

α̇
+ 2ε) +

Λ

3
.

H exÐswsh mac epitrèpei na antikatast soume to ε̇αα̇ me to −3(ε+P ) gia na katal xoume sthn exÐswsh epit�qunshc

α̈

α
= −4πG

3c2
(ε+ 3P ) +

Λ

3
.

Shmei¸noume ìti gia jetik� ε+ P h epit�qunsh eÐnai arnhtik , pou shmaÐnei ìti h enèrgeia tou perieqomènou tou
sÔmpantoc epibradÔnei th diastol  tou, èna pr�gma arket� sÔmfwno me thn diaÐsjhsh. EpÐshc, gia sunhjismènec
morfèc Ôlhc   enèrgeiac, h pÐesh eÐnai p�nta jetik . P�ntwc h kosmologik  stajer� èqei arnhtik  pÐesh, h
opoÐa endeqomènwc na antistrèyei to prìshmo sto dexiì mèloc thc exÐswshc kai na dhmiourg sei epit�qunsh.
Autì sumfwneÐ me ìsa lègame prohgoumènwc perÐ apwstikoÔ qarakt ra tou ìrou thc kosmologik c stajer�c.
Shmei¸noume tèloc to profanèc ìti apì tic treic basikèc exis¸seic mìno oi dÔo eÐnai oi anex�rthtec.
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2.5 Katastatikèc Exis¸seic

'Opwc exhg same prohgoumènwc, mac qrei�zetai mia sqèsh P = P (ε) pou lègetai katastatik  exÐswsh gia na
lÔsoume pl rwc tic kosmologikèc exis¸seic. Sthn kosmologÐa oi katastatikèc exis¸seic paÐrnoun mia polÔ apl 
morf , thn

P = wε,

'Opou to w eÐnai adi�statoc arijmìc. Autì ofeÐletai sto ìti h kosmologÐa asqoleÐtai me polÔ arai� aèria. H
exÐswsh gr�fetai

α̈

α
= −4πG

3c2
ε(1 + 3w) +

Λ

3
.

Gia na apokt soume epaf  me gnwst� pr�gmata, ja jewr soume to idanikì mh sqetikistikì aèrio pou upakoÔei
thn polÔ gnwst  katastatik  exÐswsh twn aerÐwn:

P =
ρ

µ
kT

(m eÐnai h m�za twn morÐwn tou aerÐou). H puknìthta enèrgeiac ja ofeÐletai sqedìn apokleistik� sth m�za, afoÔ
to aèrio eÐnai mh sqetikistikì. Dhlad 

ε ≈ ρc2

opìte

P =
kT

µc2
ε.

'Omwc, gia mh sqetikistikì aèrio, eÐnai gnwstì ìti isqÔei : opìte

P ≈ < υ2 >

3c2
ε

dhlad 
P = wε

ìpou

w ≈ < υ2 >

3c2
<< 1,

ènac arijmìc polÔ mikrìteroc thc mon�dac, afoÔ oi taqÔthtec eÐnai mh sqetikistikèc. An oi taqÔthtec eÐnai
sqetikistikèc (epÐ paradeÐgmati, aèrio fwtonÐwn), mporoÔme na upologÐzoume thn pÐesh wc ex c

P = Σrn̄r(−
∂εr
∂V

),

ìpou

εr = ~w = ~ck = ~c
2π

L
|n̄r|, r

sumbolÐzei tic kbantikèc katast�seic,L eÐnai mia tupik  grammik  di�stash tou doqeÐou pou perikleÐei to aèrio kai
to ousi¸dec eÐnai ìti h ex�rthsh apì tic qwrikèc diast�seic eÐnai antÐstrofh tou L

εr ∝
1

L
⇒ εr =

K

V 1/3
⇒ ∂εr

∂V
= −1

3

K

V 4/3
= −1

3

εr
V
.

'Ara

P = Σrn̄r(
1

3

εr
V

) =
1

3V
Σrn̄rεr =

1

3

E

V
=

1

3
ε.

FaÐnetai loipìn ìti gia mh sqetikistik  Ôlh ja èqoume w = 0 gia sqetikistik  Ôlh ja èqoume w = 1
3 , kai gia

tic endi�mesec katast�seic ja èqoume timèc tou metaxÔ aut¸n twn dÔo. Endiafèrousec eÐnai oi timèc w < −1
3 ,

giatÐ mporeÐ na d¸soun jetik  epit�qunsh sÔmfwna me thn exÐswsh. Tètoiou eÐdouc perieqìmeno tou sÔmpantoc
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qarakthrÐzetai wc skotein  enèrgeia. Mia morf  skotein c enèrgeiac einai kai h kosmologik  stajer� gia thn
opoÐa isqÔei P = −ε ,   isodÔnama w = −1. ParathroÔme se autì to shmeÐo ìti h exÐswsh tou Friedmann(

α̇

α

)2

=
8πG

3c2
ε(t)− κc2

R2
0

1

α2
+

Λ

3

mporeÐ na grafteÐ kai upì th morf (
α̇

α

)2

=
8πG

3c2

(
ε(t) +

c2Λ

8πG

)
− κc2

R2
0

1

α2
=

8πG

3c2
(ε(t) + εΛ)− κc2

R2
0

1

α2
,

ìpou εΛ ≡ c2Λ
8πG . H èkfrash gia thn εΛ deÐqnei ìti aut  mènei stajer (an to L den all�xei) kai h udrodunamik 

exÐswsh

ε̇Λ + 3
α̇

α
(εΛ + PΛ) = 0

upagoreÔei me th seir� thc ìti prèpei PΛ = −εΛ Dhlad  h kosmologik  stajer� èqei stajer  puknìthta enèrgeiac
εΛ kai stajer  pÐesh PΛ = −εΛ. Ac diereun soume t¸ra sÔntoma th sunj kh gia èna statikì sÔmpan (α̇ = 0, α̈ =
0), pou perièqei mìno mh sqetikistik  Ôlh (w = 0) ìpwc  tan to prìtupo pou eÐqe upìyh tou o Einstein. H exÐswsh
thc epit�qunshc gia α̈ = 0 dÐnei Λ = 4πGρ. Ex �llou h exÐswsh tou Friedmann gia α̈ dÐnei

8πG

3
ρ− κc2

R2
0

+
Λ

3
= 0⇒ 4πGρ− κc2

R2
0

= 0,

κ = +1, R0 =
c

2
√
πGρ

=
c√
Λ
.

EÐnai bèbaia mia lÔsh, eÐnai ìmwc astaj c. Bo jhse istorik� sth lÔsh tou paradìxou ìpou h gh proètupte
arqaiìterh apì to sÔmpan sumb�llontac sthn aÔxhsh thc upologizìmenhc hlikÐac tou sÔmpantoc.
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2.6 Qronodi�gramma Gènnhshc SÔmpantoc

To sÔmpan genn jhke 13,7 ekatommÔria qrìnia prin, ìtan sunèbh to Big-Bang èna exairetik� akraÐo sumb�n to
opoÐo den èqoume katano sei mèqri kai s mera pl rwc. Ed¸ ja doÔme en suntomÐa thn istorÐa tou sÔmpantoc.
H istorÐa apeikonÐzetai me th jermik  allag . To sÔmpan mac proèkuye apì mÐa prwtìgonh mp�la fwti�c pou
lègetai Big-Bang. Amèswc met� apì aut  th meg�lh èkrhxh (t = 10−43sec), h jermokrasÐa,T, tou sÔmpantoc
 tan polÔ uyhl . Met� apì thn èkrhxh, h jermokrasÐa mei¸netai kai epibradÔnetai h diastol  tou sÔmpantoc. H
perÐodoc an�mesa sthn arq  tou qrìnou (t = 0) kai to èna deuterìlepto met� apì thn èkrhxh anafèretai polÔ
suqn� wc {PolÔ Pr¸imo SÔmpan} kai qwrÐzetai stic parak�tw epoqèc:

A) EPOQH AKTINOBOLIAS

A1)Epoq  Planck t = 0s→ 10−43s me T =∞→ 1032K kai ρ =∞→ 1095 kg
m3

Epoq  Planck eÐnai h epoq  thn opoÐa den èqoun katano sei oi epist monec kai h opoÐa brÐsketai pio kont�
apì opoiad pote �llh sto Big-Bang. To sÔmpan jewreÐtai uperbolik� kautì kai puknì. 'Olec oi jemeli¸deic
dun�meic jewroÔntai enopoihmènec en¸ sto sÔmpan jewreÐtai pwc kuriarqeÐ h kbantik  barÔthta.

A2)Epoq  Meg�lhc EnopoÐhshc t = 10−43s → 10−35s me T = 1032K → 1027K kai ρ = 1095 kg
m3 →

1075 kg
m3

'Ena aujìrmhto sp�simo thc summetrÐac lamb�nei q¸ra, to opoÐo sp�ei th meg�lh enopoihmènh jewrÐa (GUT ), an
aut  isqÔei. H barÔthta diaqwrÐzetai apì tic enopoihmènec isqurèc, asjeneÐc kai hlektromagnhtikèc allhlepidr�-
seic. 'Eqoume loipìn to sp�simo thc summetrÐac kai èqoume mia dramatik  aÔxhsh thc diastol c tou sÔmpantoc.
Ta swmatÐdia tou kajierwmènou montèlou (SM) emfanÐzontai se autì to qronikì di�sthma.

A3)Epoq  Quarks t = 10−35s→ 10−4s me T = 1075K → 1016K kai ρ = 1075 kg
m3 → 1016 kg

m3

H isqur  allhlepÐdrash diaqwrÐzetai , pag¸nei. H hlektrasjen c diaqwrÐzetai stouc 1010 kai parabi�zetai.
Ta bari� kai ta elafri� swmatÐdia brÐskontai se jermik  isorropÐa. Ta swmatÐdia par�goun m�za. Aut  h epoq 
qwrÐzetai se mikrìterec periìdouc wc ex c

I) Hlektrasjen c Epoq  t = 10−36s→ 10−32s me T ∼ (1016 − 1014)GeV
H jermokrasÐa eÐnai arket� qamhl  ¸ste na epitrapeÐ o diaqwrismìc thc isqur c me thn hlektrasjen  dÔnamh.
Se aut  thn epoq  sumbaÐnei o Plhjwrismìc kai h Baruogènesh.

II)Plhjwrismìc t→ 10−32s O plhjwrismìc eÐnai mia epoq  sthn opoÐa, polÔ nwrÐc sthn istorÐa tou sÔm-
pantìc mac, h diastol  tou epitaqunìtan proc ta èxw. Aut  eÐnai mia epoq  sthn opoÐa Ðsque ä > 0.H exÐswsh
epit�qunshc ä

a = −−4πG
3c2

(ε+ 3P ) mac lèei ìti ä > 0 ìtan P < −ε/3 . Wstìso o plhjwrismìc ja sunèbaine an to
sÔmpan  tan proswrin� kuriarqoÔmeno apì mia sunist¸sa me thn par�metro thc katastatik c exÐswshc w < −1/3
.H sun jhc efarmog  tou plhjwrismoÔ mac dhl¸nei ìti to sÔmpan  tan proswrin� kuriarqoÔmeno apì mÐa jetik 
kosmologik  stajer� Λi(w = −1) kai eÐqe mÐa exÐswsh epit�qunshc pou ja mporoÔse na grafteÐ sth morf 
ä
a = Λi

3 > 0. Se mÐa plhjwristik  f�sh ìtan h puknìthta enèrgeiac  tan kuriarqoÔmenh apì mÐa kosmologik 

stajer�, h exÐswsh Friedmann  tan
(
ȧ
a

)2
= Λi

3 . H stajer� Hubble kat� th di�rkeia thc plhjwristik c f�shc

 tan stajer� me tim  Hi = (Λi/3)1/2 kai o par�gontac klÐmakac auxanìtan ekjetik� me to qrìno a(t) ∝ eHit.

III)Epoq  DiaqwrismoÔ AsjenoÔc kai Hlektromagnhtik c DÔnamhc t = 10−12s→ 10−6s me
T ∼ 300GeV
To sÔmpan eÐnai gem�to apì èna puknì kai kautì pl�sma to opoÐo perièqei kou�rk, leptìnia kai ta antiswmatÐdi�
touc pou sqhmatÐzoun mesìnia kai baruìnia. Oi dÔo teleutaÐec jemeli¸deic dun�meic diaqwrÐzontai me apotèlesma
tic tèsseric xeqwristèc dun�meic pou parathroÔntai s mera.
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IV )Epoq  AdronÐwn t = 10−5s→ 1s me T ∼ 100MeV
Se aut  thn epoq  kuriarqoÔn ta adrìnia, to sÔmpan èqei diastaleÐ arket� kai h jermokrasÐa eÐnai kat�llhlh gia
to sqhmatismì prwtonÐwn kai netronÐwn apì ta kou�rkc.

A4)Epoq  LeptonÐwn t = 10−4s→ 102s me T = 1012K → 109K

Se aut  thn epoq  kuriarqoÔn ta leptìnia.Mìno ta swmatÐdia me mikr  m�za brÐskontai akìma se jermik 
isorropÐa, ta netrÐna diaqwrÐzontai sta 1010K.

A5)NoukleosÔnjesh t = 102s → 5 × 104years(2 × 1012s) kai T = 109K → 16000K me ρ = 104 kg
m3 →

6× 10−16 kg
m3

Prwtìnia kai netrìnia arqÐzoun na sundèontai sqhmatÐzontac pur nec atìmwn. Ta eleÔjera netrìnia sun-
dèontai me ta prwtìnia kai sqhmatÐzoun to deutèrio. To deutèrio polÔ gr gora metasqhmatÐzetai se  lio-4. H
noukleosÔnjesh diarkeÐ 17 lept� giatÐ h jermokrasÐa kai h puknìthta tou sÔmpantoc den thc epitrèpoun na
suneqisteÐ. Mèqri to tèloc thc noukleosÔnjeshc ìla ta netrìnia èqoun entaqjeÐ se pur nec hlÐou. Autì mac
af nei 3 forèc perissìtero udrogìno apì  lio kai Ðqnh apì elafrÔterouc pur nec.

B) EPOQH ULHS

B1) 'Atoma t = 5 × 104years(2 × 1012)s → 2 × 108years(6 × 1015)s kai T = 16.000K → 60K me
ρ = 6× 10−16 kg

m3 → 10−22 kg
m3

H Ôlh arqÐzei na kuriarqeÐ sto sÔmpan, �toma sqhmatÐzontai, h hlektromagnhtik  aktinobolÐa diaqwrÐzetai.

B2) GalaxÐec t = 2× 108years(6× 1015s)→ 3× 109years(1017s) kai T = 60K → 10K me ρ = 10−22 kg
m3 →

2× 10−25 kg
m3

SqhmatÐzontai domèc meg�lhc klÐmakac, ta pr¸ta astèria arqÐzoun na l�mpoun kai oi galaxÐec sqhmatÐzontai
kai megal¸noun.

B3) 'Astra t = 3 × 109years(1017s) → 1010years(3 × 1017s) kai T = 10K → 3K me ρ = 2 × 10−25 kg
m3 →

3× 10−27 kg
m3

Oi galaxÐec anamignÔontai kai exelÐssontai kai arqÐzei na epikrateÐ h skotein  enèrgeia.

G)EPOQH SKOTEINHS ENERGEIAS t > 1010years(3× 1017s) me T = 3K kai ρ = 3× 10−27 kg
m3

21



22



3 NoukleosÔnjesh

3.1 Prwtìnia kai Netrìnia

Oi domikoÐ lÐjoi thc noukleosÔnjeshc eÐnai ta netrìnia kai ta prwtìnia. H enèrgeia hremÐac tou netronÐou eÐnai
megalÔterh apì thn enèrgeia hremÐac tou prwtonÐou kat� :

Qn = mnc
2 −mpc

2 = 1.29MeV

'Ena eleÔjero netrìnio eÐnai astajèc kai diasp�tai mèsw thc antÐdrashc

n→ p+ e− + ν̄e

O qrìnoc di�spashc gia èna eleÔjero netrìnio eÐnai τn = 890s ≈ 15min . Dhlad  an xekin soume me mia

posìthta netronÐwn met� apì qronikì di�sthma t, èna kl�sma f = e−
t
τn ja perissèyei.AfoÔ h enèrgeia Qn pou

apeleujer¸netai apì th di�spash enìc netronÐou se prwtìnio eÐnai megalÔterh apì thn enèrgeia hremÐac enìc
hlektronÐou (mec

2 = 0.51MeV ) to upìloipo thc enèrgeiac metatrèpetai se kinhtik  enèrgeia tou hlektronÐou kai
se enèrgeia tou antinetrÐnou-hlektronÐou. Me 15 lept� qrìno di�spashc, h Ôparxh enìc eleÔjerou netronÐou eÐnai
idiaÐtera sÔntomh. 'Omwc èna netrìnio pou brÐsketai periorismèno se ènan stajerì pur na atìmou prostateÔetai
apì th di�spash. Up�rqoun netrìnia mèqri kai s mera epeid  eÐnai demèna sto deutèrio, sto  lio kaj¸c kai se
�lla �toma. H jermokrasÐa twn arqègonwn fwtonÐwn sto pr¸imo sÔmpan, h opoÐa mei¸netai me rujmì T ∝ α−1

ìpou a ∼
√
t kaj¸c to sÔmpan diastèlletai, upologÐzetai apì th sqèsh

T (t) ≈ 1010K

(
t

1s

)−1/2

  isodÔnama apì th sqèsh

kT (t) ≈ 1MeV

(
t

1s

)−1/2

Opìte h jermokrasÐa tou sÔmpantoc p.q.th qronik  stigm  t = 0, 15sec ja eÐnai

T = 1010K

(
0, 15

1s

)−1/2

≈ 4× 1010K

kai h mèsh enèrgeia fwtonÐou ja eÐnai

Emean(t) ≈ 2, 7kT (t) ≈ 2, 7× (8, 617× 10−11MeV ×K−1)× (4× 1010K) ≈ 9, 3MeV

Aut  h enèrgeia eÐnai polÔ megalÔterh apì thn enèrgeia hremÐac enìc hlektronÐou   enìc pozitronÐou, opìte
up rqan kai hlektrìnia kai pozitrìnia th qronik  stigm  t = 0, 15sec pou dhmiourgoÔntan apì

γ + γ 
 e− + e+

Th qronik  stigm  t = 0, 15sec ta netrìnia kai ta prwtìnia ja eÐnai se isorropÐa metaxÔ touc mèsw twn allhle-
pidr�sewn

n+ νe 
 p+ e−

kai
n+ e+ 
 p+ ν̄e

'Oso ta netrìnia kai ta prwtìnia brÐskontai se isorropÐa metaxÔ touc mèsw twn parap�nw antidr�sewn h a-
rijmhtik  puknìthtac prokÔptei apì thn katanom  Maxwell-Boltzmann.Sunep¸c, h arijmhtik  puknìthta twn
netronÐwn(arijmìc netronÐwn an� mon�da ìgkou) eÐnai

nn = gn

(
mnkT

2πh2

)3/2

e−
mnc

2

kT
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en¸ h arijmhtik  puknìthta twn prwtonÐwn eÐnai

np = gp

(
mpkT

2πh2

)3/2

e−
mpc

2

kT

Ta statistik� b�rh twn prwtonÐwn kai twn netronÐwn eÐnai gn = gp = 2s + 1 = 2 · 1/2 + 1 = 1 + 1 = 2, giatÐ
èqoun spin 1/2.'Ara o lìgoc netronÐou proc prwtìnio ja eÐnai

nn
np

=

(
mn

mp

)3/2

e−
(mn−mp)c2

kT ≈ e−
Qn
kT

giatÐ (mnmp )3/2 = 1.002. Se jermokrasÐec

kT � Qn = 1.29MeV ⇒ T � Qn
k

=
1.29MeV

1.38 · 10−23J/K
=

1.29 · 1.6 · 10−13J

1.38 · 10−23J/K
=

=
2.064 · 10−13K

1.38 · 10−23
= 1.49× 1010 ⇒ T � 1.5× 1010K

kai t� 1s, o arijmìc twn netronÐwn eÐnai perÐpou Ðsoc me ton arijmì twn prwtonÐwn. Wstìso, ìso h jermokrasÐa
arqÐzei na pèftei k�tw apì tou 1.5 × 1010K ta prwtìnia arqÐzoun na epikratoÔn opìte o lìgoc arijmhtik¸n
puknot twn netronÐou proc prwtonÐou mei¸netai me ekjetikì rujmì.
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O lìgoc netronÐou proc prwtìnio sto pr¸imo sÔmpan. H suneq c gramm  deÐqnei thn isorropÐa en¸ h diakekommènh
deÐqnei thn tim  met� to p�gwma.
An ta netrìnia kai ta prwtìnia parèmenan se isorropÐa tìte sta pr¸ta 6 lept� tou sÔmpantoc ja up rqe mìno èna
netrìnio gia k�je èna ekatommÔrio prwtonÐwn. Bèbaia, ta netrìnia kai ta prwtìnia den paramènoun se isorropÐa
gia tìso polÔ. Oi allhlepidr�seic pou mesolaboÔn metaxÔ netronÐwn kai prwtonÐwn sto pr¸imo sÔmpan, ìpwc
faÐnontai stic parap�nw sqèseic, perilamb�noun thn allhlepÐdrash enìc baruonÐou me èna netrÐno (  antinetrÐno).
Ta netrÐna allhlepidroÔn me ta baruìnia mèsw thc asjenoÔc purhnik c dÔnamhc. Oi energèc diatomèc gia asjeneÐc
allhlepidr�seic exart¸ntai apì thn jermokrasÐa σw ∝ T 2 stic jermokrasÐec pou jewroÔme oi energèc diatomèc
eÐnai mikrèc. MÐa tupik  energìc diatom  gia thn allhlepÐdrash enìc netrÐnou me opoiod pote �llo swmatÐdio
mèsw thc asjenoÔc purhnik c dÔnamhc eÐnai

σw ∼ 10−47m2

(
kT

1MeV

)2

.

Sto sÔmpan pou kuriarqeÐtai apì aktinobolÐa , h jermokrasÐa pèftei me rujmì T ∝ a(t)−1 ∝ t−1/2 kai oi energèc
diatomèc gia asjeneÐc allhlepidr�seic mei¸nontai me rujmì σw ∝ t−1. H puknìthta twn netrÐnwn mei¸netai me
rujmì nν ∝ a(t)−3 ∝ t−3/2 opìte o rujmìc G me ton opoÐo ta netrìnia kai ta prwtìnia allhlepidroÔn me ta
netrÐna mèsw thc asjenoÔc dÔnamhc mei¸netai taqÔtata

Γ = nνcσw ∝ t
− 5

2

En tw metaxÔ h par�metroc Hubble mei¸netai me rujmì H ≈ t−1 . 'Otan Γ ≈ H,opìte T → Tfreeze ta netrÐna
aposundèontai apì ta netrìnia kai ta prwtìnia kai o lìgoc twn netronÐwn proc ta prwtìnia {pag¸nei} (toul�-
qiston mèqri na arqÐsoun ta netrìnia tic diasp�seic touc se qrìnouc t ∼ τn). 'Enac akrib c upologismìc thc
jermokrasÐac Tfreeze th stigm  pou isqÔei Γ = H apaiteÐ gn¸sh thc energ c diatom c tou prwtonÐou kai tou
netronÐou gia asjeneÐc allhlepidr�seic. Qrhsimopoi¸ntac tic kalÔterec dunatèc ergasthriakèc plhroforÐec h
stigm  tou pag¸matoc prokÔptei pwc eÐnai

Tfreeze = 9× 109K ⇒ kTfreeze = (8, 617× 10−11)× (9× 109) ≈ 0, 8MeV ⇒

Tfreeze =
0.8MeV

k
=

0.8× 1.6× 10−13J

1.38× 10−23J/K
=

1.28× 10−13K

1.38× 10−23
= 0, 9× 1010K

To sÔmpan ft�nei se aut  th jermokrasÐa ìtan h hlikÐa tou eÐnai tfreeze ∼ 1s. 'Otan h jermokrasÐa pèsei
k�tw apì to Tfreeze O lìgoc netronÐou proc prwtìnio pag¸nei sthn tim 

nn
np

= exp

(
− Qn
kTfreeze

)
≈ e−

1,29
0,8 ≈ 0.2 =

1

5

Se aut n th jermokrasÐa ousiastik� up rqe 1 netrìnio gia k�je 5 prwtìnia sto sÔmpan.To gegonìc ìti h nou-
kleosÔnjesh den oloklhr¸jhke, ofeÐletai sthn èlleiyh twn netronÐwn se sqèsh me ta prwtìnia, me apotèlesma
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ta 2/3 twn baruonÐwn na èqoun th morf  mh sugqwneumènwn prwtonÐwn. 'Ena netrìnio ja enwjeÐ me èna prwtìnio
polÔ pio eÔkola ap' ìti ja enwnìtan èna prwtìnio me èna �llo prwtìnio. rujmìc sugq¸neushc prwtonÐou me
prwtìnio eÐnai polÔ pio argìc apì to rujmì sugq¸neushc netronÐou me prwtìnio gia dÔo lìgouc : 1. h energìc
diatom  gia th sugq¸neush prwtonÐou me prwtìnio, efìson prìkeitai gia asjen  allhlepÐdrash, eÐnai mikrosko-
pik  se sÔgkrish me thn energì diatom  gia th sugq¸neush netronÐou me prwtìnio kai 2. afoÔ ta prwtìnia èqoun
jetikì fortÐo prèpei na xeper�soun to fr�gma tou Coulomb gia na sugqwneujoÔn. 'Otan èna prwtìnio ki èna
netrìnio enwjoÔn gia na sqhmatÐsoun ton pur na tou DeuterÐou, èna pozitrìnio prèpei na ekpemfjeÐ(gia na dia-
thrhjeÐ to fortÐo), to opoÐo shmaÐnei pwc èna netrÐno hlektronÐou prèpei epÐshc na ekpemfjeÐ (gia na diathrhjeÐ
o leptoniikìc arijmìc). H antÐdrash thc ènwshc prwtonÐou me prwtìnio faÐnetai parak�tw (1)

Ja prèpei epÐshc na epishm�noume ìti o rujmìc thc sugq¸neushc netronÐou-netronÐou sto pr¸imo sÔmpan eÐnai
anepaÐsjhta mikrìc sugkritik� me ton rujmì sugq¸neushc netronÐou-prwtonÐou. H antÐdrash th sugq¸neushc
netronÐou-netronÐou eÐnai h (2). Xan�, h parousÐa tou netrÐnou (enìc antÐ-netrÐnou hlektronÐou, se aut  thn
perÐptwsh) mac deÐqnei ìti prìkeitai gia thn asjen  purhnik  allhlepÐdrash. Bèbaia, parìlo pou den up�rqei
fr�gma Coulomb metaxÔ twn netronÐwn, o rujmìc sugq¸neushc netronÐou-netronÐou eÐnai mikrìc. En mèrei, autì
sumbaÐnei exaitÐac thc èlleiyhc twn netronÐwn se sqèsh me ta prwtìnia, all� kurÐwc sumbaÐnei lìgw thc mikr c
energ c diatom c thc sugq¸neushc netronÐou-netronÐou. Antidr�seic PurhnosÔnjeshc : Argèc (AsjeneÐc)

p+ p→ D + e+ + νe(1)

n+ n→ D + e− + ν̄e(2)

Sthn parak�tw antÐdrash den up�rqoun netrÐna. Oi energèc diatomèc gia allhlepidr�seic pou perilamb�noun
thn isqur  purhnik  dÔnamh eÐnai polÔ megalÔterec apì ekeÐnec pou perilamb�noun thn asjen  purhnik  dÔnamh.
Gr gorh (Isqur )

n+ p� D + γ

An sugkrÐnoume thn taqÔthta thc sugq¸neushc netronÐou-prwtonÐou se sqèsh me ton argì rujmì thc sugq¸neu-
shc prwtonÐou-prwtonÐou kai netronÐou-netronÐou, mporoÔme na dhl¸soume,wc miac pr¸thc t�xhc prosèggish , ìti
h BBN suneqÐzetai èwc ìtou k�je eleÔjero netrìnio na {desmeujeÐ} se ènan atomikì pur na, me ta enapomeÐnanta
prwtìnia na paramènoun mìna touc. Se aut  th prosèggish, mporoÔme na upologÐsoume thn mègisth dunat  tim 
tou Yp, dhlad  tou kl�smatoc thc m�zac tou baruonÐou se morf  tou 4He.H apotelesmatikìthta thc purhnosÔn-
jeshc metriètai me to Yp. Gia na upologÐsoume thn mègisth dunat  tim  tou, upojètoume ìti k�je netrìnio pou
eÐnai parìn met� to {p�gwma} tou prwtonÐou-netronÐou enswmat¸netai se pur na 4He. Dedomènou tou phlÐkou
netronÐou-prwtonÐou pou eÐnai nn/np = 1/5 , mporoÔme na skeftoÔme mia antiproswpeutik  om�da apì 2 netrìnia
kai 10 prwtìnia. Ta 2 netrìnia mporoÔn na sugqwneujoÔn me 2 apì ta prwtìnia kai na sqhmatÐsoun ènan pur na
4He . Ta enapomeÐnanta 8 prwtìnia, wstìso, ja meÐnoun asÔzeukta.To kl�sma thc m�zac tou 4He ja eÐnai

Y =
n(4He)

nbaryons
=

2nn
nn + np

=
2nnnp
nn
np

+ 1
=

2f

f + 1

'Ara

Ymax =
2 + 2

10 + 2
=

1

3
= 0, 33.

An h parathrhjeÐsa tim  tou Yp = 0.24  tan megalÔterh apì thn problepìmenh Ymax, de ja up rqe lìgoc
anhsuqÐac, giatÐ mporeÐ na shmaÐnei, gia par�deigma, ìti den katal�bame pragmatik� th diadikasÐa tou pag¸matoc
prwtonÐou-netronÐou opìte parìla aut�, to gegonìc ìti h parathrhjeÐsa tim  tou Yp eÐnai mikrìterh apì to Ymax
den eÐnai anhsuqhtikì, afoÔ up�rqoun di�foroi par�gontec pou droun ¸ste na mei¸soun thn pragmatik  tim 
tou Yp k�tw apì to jewrhtikì tou mègisto. Kat' arq�c, an h purhnosÔnjesh den l�bei q¸ra amèswc met� to
p�gwma gia t ≈ 1s , tìte h aujìrmhth di�spash twn netronÐwn ja mei¸sei anapìfeukta ton rujmì netronÐou proc
prwtìnio, kai ètsi ja mei¸sei thn posìthta tou paragìmenou 4He . EpÐshc, an k�poia netrìnia apofeÔgoun ìla
mazÐ thn sugq¸neush   katal goun se pur nec elafrÔterouc apì 4He (ìpwc D   3He), den ja suneisfèroun
sto Yp .Telik�, an h noukleosÔnjesh suneqisteÐ gia arketì di�sthma ¸ste na paraqjoÔn pur nec barÔteroi apì
4He autì epÐshc ja mei¸sei to Yp .
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3.2 Deutèrio

Ac proqwr soume sto epìmeno st�dio thc BBN, amèswc mìlic oloklhrwjeÐ to p�gwma prwtonÐou-netronÐou. O
qrìnoc eÐnai t ∼ 1 − 2s . To phlÐko netronÐwn proc prwtìnia eÐnai nnnp ≈ 0.2 . Ta netrÐna, ta opoÐa èpayan na
allhlepidroÔn me ta hlektrìnia sqedìn thn Ðdia stigm  pou stam�thsan na allhlepidroÔn me ta netrìnia kai ta
prwtìnia, eÐnai t¸ra asÔzeukta me to upìloipo sÔmpan. Ta fwtìnia, wstìso, eÐnai akìmh desmeumèna isqur�
me ta prwtìnia kai ta netrìnia.H BBN lamb�nei q¸ra mèsw mÐac seir�c antidr�sewn dÔo swm�twn pou qtÐzoun
barÔterouc pur nec b ma b ma.To pr¸to basikì b ma sthn BBN eÐnai h sugq¸neush enìc prwtonÐou kai enìc
netronÐou ¸ste na sqhmatÐsoun èna pur na DeuterÐou.

p+ n� D + γ

'Otan èna prwtìnio kai èna netrìnio sugqwneÔontai, h enèrgeia pou apeleujer¸netai (kai metafèretai makru� apì
thn aktinobolÐa g) eÐnai h enèrgeia sÔndeshc enìc pur na DeuterÐou.

BD = (mp +mn −mD)c2 = 2.22MeV

Thn ¸ra thc sÔnjeshc tou DeuterÐou oi sqetikoÐ arijmoÐ twn eleÔjerwn prwtonÐwn, twn eleÔjerwn netronÐwn
kai twn pur nwn DeuterÐou dÐnontai apì thn parak�tw sqèsh

nD
npnn

=
gD
gpgn

(
mD

mpmn

) 3
2
(
kT

2π}2

)− 3
2

e
BD
kT =

3

2 · 2

(
2mn

m2
n

) 3
2
(
kT

2π}2

)− 3
2

e
BD
kT = 6

(
mnkT

π}2

)− 3
2

e
BD
kT

Gia na orÐsoume thn akrib  jermokrasÐa Tnucl sthn opoÐa h noukleosÔnjesh tou DeuterÐou lamb�nei q¸ra mia
ektÐmhsh mporeÐ na eÐnai ìti h Tnucl eÐnai h jermokrasÐa sthn opoÐa isqÔei nD = nn,dhlad  eÐnai h jermokrasÐa
sthn opoÐa ta mis� apì ta eleÔjera netrìnia ja èqoun sugqwneujeÐ se pur nec DeuterÐou.O lìgoc DeuterÐou
proc netrìnio eÐnai

nD
nn

= 6np

(
mnkT

π}2

)− 3
2

e
BD
kT

'Opwc eÐpame, prin arqÐsei h sÔnjesh tou D èqoume

nn
np

= 0.2 =
1

5
⇒ np

nn
= 5.

Opìte
np

nn + np
=

np
nn

1 +
np
nn

=
5

1 + 5
=

5

6
,

dhlad  ta 5
6 twn baruonÐwn eÐnai prwtìnia. UpenjumÐzoume ton orismì

η =
nbar
nγ

,

opìte

np =
5

6
nbar ≈ 0.8ηnγ .

'Omwc

nγ = 0.8η[0.243(
kT

}c
)3]

to opoÐo prokÔptei apì ton tÔpo gia to mèlan s¸ma. EktÐmhsh : h jermokrasÐa Tnucl mporeÐ na upologisteÐ
upojètontac ìti nDnn ≈ 1

nD
nn
≈ 1 ≈ 6np

(
mnkTnucl
π}2

)− 3
2

e
BD
kT ≈
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≈ 6η0.8nγ
m
−3/2
n (kTnucl)

−3/2

π−3/2~−3/2
e
BD
kT ≈ 6η0.8

(
0.243

k3T 3
nucl

~3c3

)
m
−3/2
n (kTnucl)

−3/2

π−3/2~−3/2
e
BD
kT

1 ≈ 6η0.8
0.243

π−3/2

(kTnucl)
3/2

(c2)3/2m
3/2
n

e
BD

kTnucl ≈ 1.2 · η ·
(
πkTnucl
mnc2

) 3
2

e
BD

kTnucl

MporeÐ kaneÐc na k�nei to gr�fhma tou deÔterou mèlouc wc proc T gia di�fora h kai na brei tic tomèc me thn
f(T ) = 1 To h ektim�tai se

η ≈ 5.5× 10(−10)

opìte prèpei na bgaÐnei
Tnucl ≈ 7.6× 108K

all�

Tnucl = 1010K

(
tnucl
1s

)−1/2

⇒ tnucl ≈ 208s

Parat rhsh: PolÔ mikrì η ⇒ Y ∼ 0.01 (polÔ mikrì)
PolÔ meg�lo η ⇒ Y ∼ 0.33
Meg�lo η ⇒ meg�lo Tnucl ⇒ mikrìtero tnucl ⇒ pio apotelesmatik  purhnosÔnjesh 4He,6 Li,7 Li,7Be
Eisagwg : enèrgeia sÔndeshc pur na BA = (Nmn + Pmp −MA)c2. Endiafèron èqei h enèrgeia sÔndeshc an�
noukleìnio : BA

A
Energeiak� eunoeÐtai h sÔnthxh elafri¸n pur nwn proc thn kateÔjunsh tou Fe kai tou Ni. Oi antidr�seic met�
th dhmiourgÐa tou D eÐnai isqurèc kai odhgoÔn gr gora se 4He.
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3.3 'Hlion

O rujmìc deuterÐou proc prwtìnio den paramènei p�nta Ðdioc. 'Otan èna shmantikì mèroc tou DeuterÐou sqhma-
tÐzetai mporoÔn na gÐnoun pollèc pijanèc purhnikèc antidr�seic gia par�deigma apì to deutèrio kai èna prwtìnio
mporeÐ na sqhmatisteÐ 3He (1). Enallaktik�, apì to deutèrio kai èna netrìnio mporeÐ na sqhmatisteÐ to trÐtio
(2), to opoÐo eÐnai eustajèc afoÔ o qrìnoc di�spashc tou eÐnai perÐpou 18 qrìnia. Kat� th sÔntomh di�rkeia
thc BBN to trÐtio mporeÐ na jewrhjeÐ apotelesmatik� stajerì. Oi pur nec deuterÐou mporoÔn na sqhmatÐsoun
4He (3) ìmwc pio pijan  eÐnai h allhlepÐdrash duo pur nwn deuterÐou na katal xei sto sqhmatismì enìc pur na
TrÐtiou me thn apobol  enìc prwtonÐou (4)   sto sqhmatismì 3He (5) me thn apobol  enìc netronÐou.

D + p� 3He+ γ (1)

D + n� 3H + γ (2)

D +D � 4He+ γ (3)

D +D � 3H + p (4)

D +D � 3He+ n (5)

Den up�rqei potè arket  posìthta 3H,3He kat� th di�rkeia thc noukleosÔnjeshc afoÔ mìlic sqhmatistoÔn
apeujeÐac metatrèpontai se 4He sÔmfwna me tic parak�tw antidr�seic :

3H + p� 4He+ γ

3He+ n� 4He+ γ

3H +D � 4He+ n

3He+D � 4He+ p

KamÐa apì tic parap�nw antidr�seic den perilamb�nei netrÐna, ìlec perilamb�noun thn isqur  purhnik  dÔnamh kai
èqoun meg�lec energèc diatomèc kai gr gorouc rujmoÔc antÐdrashc. Wstìso ìtan xekin� h noukleosÔnjesh ta
D,3H,3He metatrèpontai se 4He. AfoÔ ft�soume sto 4He parathroÔme ìti den up�rqei eustaj c pur nac me
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A=5. An prospaj soume na en¸soume èna prwtìnio   èna netrìnio me 4He ja doÔme ìti de dÐnoun tÐpota.Ta 5He
kai 5Li den eÐnai eustaj . Mikrèc posìthtec eustaj¸n isìtopwn tou lijÐou dhmiourgoÔntai apì

4He+D → 6Li+ γ

kai
4He+3 H → 7Li+ γ

Epiplèon mikrèc posìthtec BhrulÐou dhmiourgoÔntai apì antidr�seic ìpwc h parak�tw

4He+3 He→ 7Be+ γ

H dhmiourgÐa pur nwn me A > 7 empodÐzetai apì thn apousÐa eustaj¸n pur nwn me A=8. Gia par�deigma h
antÐdrash

4He+4 He→ 8Be+ γ

mac dÐnei p�li èna zeÔgoc apì 4He.

30



4 EpanasÔndesh - Recombination

Mia arket� shmantik  epoq  thc exèlixhc tou sÔmpantoc lamb�nei q¸ra thn epoq  ìpou T ≈ 1000K ìpou eÐnai
jermodunamik� protimìtero na sqhmatÐsoun oudètera s¸mata apì to ionismèno pl�sma pou up�rqei.H diadikasÐa
aut  onom�zetai epanasÔndesh (recombination) kai ousiastik� eÐnai h dèsmeush twn hlektronÐwn apì to ionismèno
pl�sma( to opoÐo proseggistik� mporoÔme na jewr soume ìti apotelèitai mìno apì prwtìnia) 'Ara h epoq  thc
epan�sundeshc eÐnai to qronikì di�sthma kat� to opoÐo ta baruìnia tou sÔmpantoc apì ionismèna gÐnontai oudètera.
Arijmhtik�, prìkeitai gia th stigm  kat� thn opoÐa ektim�tai ìti h arijmhtik  puknìthta twn iìntwn einai Ðsoc me
ton arijmì puknìthtac twn oudèterwn atìmwn. H epoq  thc aposÔzeuxhc twn fwtonÐwn eÐnai to qronikì di�sthma
kat� to opoÐo o rujmìc me ton opoÐo ta fwtìnia sked�zoun ta hlektrìnia gÐnetai mikrìteroc apì thn par�metro
Hubble (to opoÐo mac dÐnei kai to rujmì me ton opoÐo diastèlletai to sÔmpan). 'Otan ta fwtìnia aposundèontai,
stamat�ne na allhlepidroÔn me ta hlektrìnia kai to sÔmpan gÐnetai diafanèc. H epoq  thc aposÔzeuxhc twn
fwtonÐwn eÐnai to qronikì di�sthma kat� to opoÐo èna tupiko CMB fwtìnio upèsth thn teleutaÐa tou skèdash
apì èna hlektrìnio. H pijanìthta èna fwtìnio na skedasteÐ apì èna hlektrìnio eÐnai mikr , afoÔ o rujmìc
diastol c tou sÔmpantoc eÐnai grhgorìteroc apì ton rujmì thc skèdashc. Gia na k�noume touc upologismoÔc
thc epanasÔndeshc pio aploÔc,jewroÔme pwc ta baruìnia tou sÔmpantoc apoteloÔntai mìno apì udrogìno.To
udrogìno mporeÐ na p�rei th morf  enìc oudèterou atìmou (H)   enìc gumnoÔ pur na udrogìnou, gnwstoÔ kai wc
prwtìnio (p). Gia na diathr soume thn oudeterìthta se autì to sÔmpan pou apoteleÐtai mìno apì Udrogìno, h
arijmhtik  puknìthta twn eleÔjerwn hlektronÐwn prèpei na eÐnai Ðsh me thn arijmhtik  puknìthta twn eleÔjerwn
prwtonÐwn (ne = np). O bajmìc ston opoÐo ta baruìnia tou sÔmpantoc eÐnai ionismèna mporeÐ na ekfrasteÐ me to
kl�sma iontismoÔ Q

X =
np

np + nH
=

np
nbary

=
ne
nbary

ìpou Q=0 gia oudètera �toma kai Q=1 gia pl rwc ionismèna.MÐa qr simh sunèpeia tou na jewr soume ìti to
monadikì stoiqeÐo tou sÔmpantoc eÐnai to udrogìno eÐnai ìti up�rqei mia endiafèrousa energeiak  klÐmaka sto
prìblhma : to èrgo ionismoÔ tou udrogìnou

Q = 13.6eV.

'Ena fwtìnio me enèrgeia hf > Q mporeÐ na iontÐsei èna �tomo udrogìnou.

H + γ → p+ e−

Aut  h antÐdrash mporeÐ na gÐnei kai sthn antÐjeth kateÔjunsh : èna prwtìnio kai èna hlektrìnio mporoÔn na
epanasundejoÔn,sqhmatÐzontac ènan desmì atìmou udrogìnou en¸ èna fwtìnio apomakrÔnei thn enèrgeia pou
perisseÔei.

p+ e− → H + γ

Se èna sÔmpan pou perièqei prwtìnia, hlektrìnia kai fwtìnia, to kl�sma iontismoÔ Q ja exart�tai apì thn
isorropÐa metaxÔ tou fwtoionismoÔ kai thc epanasÔndeshc. H epanasÔndesh prèpei na sunèbh ìtan h mèsh enèrgeia
fwtonÐou thc CMB ègine mikrìterh apì thn enèrgeia iontismoÔ tou udrogìnou Q = 13.6eV . 'Otan autì sunèbh
, to mèso CMB fwtìnio den mporeÐ pia na fwtoionÐsei udrogìno. AfoÔ h mèsh enèrgeia CMB fwtonÐou eÐnai
∼ 2.7kT , h jermokrasÐa thc epanasÔndeshc ja eÐnai 2.7kTrec ≈ Qion → Trec ≈ Qion

2.7k = 13.6eV
2.7·(8.6·10−5 eV

K
)
≈ 60000K

All� 2×109 photons
baryons → qrei�zontai pio akribeÐc upologismoÐ(giati èqoume katanom  energei¸n kai ìqi sugkekrimènh

enèrgeia)

η =
nbar
nγ

= gx

(
mxkT

2π~2

)3/2

e−
mxc

2

kT

H antÐdrash loipìn pou kajorÐzei to kl�sma iontismoÔ Q sto pr¸imo sÔmpan eÐnai h ex c

p+ e− 
 H + γ

En¸ ta fwtìnia eÐnai akìma enwmèna me ta baruìnia, aut  h antÐdrash ja eÐnai se statistik  isorropÐa , me to rujmì
fwtoionismoÔ (xekin¸ntac apì arister� proc dexi�) se isorropÐa me ton rujmì thc epanasÔndeshc (xekin¸ntac
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apì dexi� proc ta arister�). 'Otan mÐa antÐdrash eÐnai se statistik  isorropÐa se mia jermokrasÐa T, o arijmìc
puknìthtac nx twn swmatidÐwn me m�za mx dÐnetai apì thn katanom  Maxwell-Boltzmann

nx = gx

(
mxkT

2π~2

)3/2

e−
mxc

2

kT

ìso ta swmatÐdia eÐnai asusqètista, me kT � mxc
2. Sthn parap�nw exÐswsh, gx èqei to statistikì b�roc enìc

swmatidÐou x, gia par�deigma ga ta netrìnia , ta prwtìnia kai ta hlektrìnia eÐnai Ðso me 2 lìgw twn spin touc. Gia
H, p, e− mporoÔme na kataskeu�soume mia exÐswsh pou sundeei touc arijmoÔc puknìthtac aut¸n twn swmatidÐwn

nH
npne

=
gH
gpge

(
mH

mpme

)3/2( kT

2π~2

)−3/2

exp

(
(mp +me −mH)c2

kT

)
H parap�nw exÐswsh mporeÐ na aplousteujeÐ perissìtero. Arqik�, afoÔ h m�za tou hlektronÐou eÐnai mikr 
sugkritik� me aut  tou fwtonÐou, mporoÔme na jèsoume mH/mp = 1. DeÔteron,h enèrgeia sundeshc Q = 13.6eV
dÐnetai apì th sqèsh (mp + mc − mH)c2 = Q. To statistikì b�roc tou prwtonÐou kai tou hlektronÐou, eÐnai
gp = gc = 2, en¸ to statistikì b�roc tou atìmou tou udrogìnou eÐnai gH = 4. 'Etsi, h sqèsh gH/(gpgc) mporeÐ
na jewrhjeÐ Ðsh me èna. H exÐswsh pou prokÔptei,

nH
npne

=

(
mekT

2π~2

)−3/2

exp

(
Q

kT

)
lègetai exÐswsh Saha. T¸ra prèpei na metatrèyoume thn exÐswsh Saha se mia sqèsh metaxÔ twn Q, T kai h.
Apì ton orismì tou Q

X ≡ np
np + nH

prokÔptei

X ≡ np
np + nH

=
np
nbar

=
ne
nbar

→ X(np + nH) = np → XnH = np(1−X)→ nH =
1−X
X

np

kai apì thn proupìjesh thc oudeterìthtac fortÐwn mporoÔme na k�noume thn antikat�stash ne = np. Apì autì
èqoume

1−X
X np

npnp
=

(
mekT

2π~2

)−3/2

exp

(
Q

kT

)
→ 1−X

X
= np

(
mekT

2π~2

)− 3
2

exp

(
Q

kT

)
Gia na exaleÐyoume to np apì thn parap�nw exÐswsh, anakaloÔme th sqèsh η ≡ nbary/nγ . Se èna sÔmpan ìpou to
udrogìno eÐnai to mìno stoiqeÐo, kai èna kl�sma X tou udrogìnou eÐnai se morf  {gumnoÔ} prwtonÐou, mporoÔme
na gr�youme

η =
nbar
nγ

=
np
X

nγ
=

np
Xnγ

opìte

np = ηXnγ = η ·X · 0.243

(
kT

~c

)3

An k�noume tic kat�llhlec antikatast�seic ja èqoume thn epijumht  exÐswsh

1−X
X

=

[
ηX0.243

(
kT

~c

)3
](

mekT

2π~2

)− 3
2

exp(
Q

kT
)⇒

1−X
X2

= η0.243

(
kT

~c

)3(mekT

2π~2

)− 3
2

exp

(
Q

kT

)
= 3.84η

(
kT

mec2

) 3
2

e(
Q
kT ) = S

Aut  eÐnai deuterob�jmia exÐswsh tou Q kai h lÔsh me jetik  tim  eÐnai h

X =
−1 +

√
1 + 4S

2S
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An jewr soume wc stigm  thc epanasÔndeshc, th stigm  pou Q = 1
2 Ðsque S =

1− 1
2

1
4

=
1
2
1
4

= 2. Jewr¸ntac ìti

η = 5.5× 10−10 h jermokrasÐa  tan

3.84× (5.5× 10−10)

(
kT

mec2

)− 3
2

exp

(
Q

kT

)
= 2⇒ kTrec =

Q

42
=

13.6eV

42
= 0.323eV

Lìgw thc ekjetik c ex�rthshc thc S apì thn jermokrasÐa, h akrib c tim  tou η den èqei meg�lh epirro  sthn
tim  tou Trec. Se bajmoÔc Kelvin, kTrec = 0.323eV antistoiqeÐ se jermokrasÐa Trec = 3740K, lÐgo uyhlìterh
apì to shmeÐo t xewc tou bolframÐou. H jermokrasÐa tou sÔmpantoc eÐqe tim  T = Trec = 3740K se redshift
zrec = 1370, ìtan h hlikÐa tou sÔpantoc, sto Kajierwmèno Kosmologikì Prìtupo (montèlo Benchmark)  tan
trec = 240, 000years. H epanasÔndesh den  tan mÐa stigmiaÐa diadikasÐa, parìla aut�, exelÐqjhke arket� gr gora.
O klasmatikìc ionismìc phgaÐnei apì X = 0.9 se redshift z = 1475 sto X = 0.1 se redshift z = 1255. Sto
montèlo Benchmark, o qrìnoc pou mesol�bhse apì to X = 0.9 mèqri to X = 0.1 eÐnai ∆t ≈ 70, 000years.

To kl�sma iontismoÔ Q wc sun�rthsh tou redshift kat� th di�rkeia thc epoq c thc epanasÔndeshc. JewreÐtai
èna kl�sma baruonÐwn proc fwtìnia η = 5.5× 10−10.
AfoÔ o arijmìc puknìthtac twn eleÔjerwn hlektronÐwn mei¸netai taqÔtata thn epoq  thc epanasÔndeshc, to qro-
nikì di�sthma thc aposÔzeuxhc fwtonÐwn èrqetai polÔ sÔntoma met� thn epanasÔndesh. O rujmìc thc skèdashc
fwtonÐwn ìtan to udrogìno eÐnai merik¸c ionismèno eÐnai

Γ(z) = ne(z)σez = X(z)(1 + z)3nbary,0σec

Gia Ωbary,0 = 0.04 gÐnetai
Γ(z) = 4.4× 10−21s−1X(z)(1 + z)3

Kat� th di�rkeia thc epanasÔndeshc to sÔmpan kuriarqeÐtai apì Ôlh opìte h par�metroc Hubble dÐnetai apì th
sqèsh

H2

H2
0

=
Ωm,0

a3
= Ωm,0(1 + z)3

Gia Ωm,0 = 0.3 h tim  thc paramètrou Hubble kat� th di�rkeia thc epanasÔndeshc  tan

H(z) = H0

√
Ωm,0(1 + z)

3
2 = 1.24× 10−18s−1(1 + z)3/2

H kalÔterh ektÐmhsh mèqri s mera thc stajer�c Hubble eÐnai H0 = 70±7kms−1Mpc−1 = 70× 1000m
3.086×1022m

s−1 =

1.24× 10−18s−1
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H metatìpish proc to erujrì thc aposÔzeuxhc twn fwtonÐwn zdec upologÐzetai an jèsoume

Γ = H ⇒ 4.4× 10−21X(zd)(1 + zd)
3 = X(zd)(1 + zd)

3
2nbar,0 → 1 + zd =

(
nbar,0

4.4× 10−21

)
=

43

X
2
3

When Γ < H, X is larger than what is given by Saha.

34



5 EpÐlogoc
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