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Abstract

The present thesis mainly consists of two separate parts. The first part introduces and elab-
orates on the mathematical apparatus needed in order for one to begin studying the General
Theory of Relativity(GR). We try to cover a decent part of old and modern differential ge-
ometry (at least those subjects that are crucial to the understanding of the last chapters of
this thesis), in order to give a consistent bottom to top (as from structurally poorest to richest
notions) image of the geometry of, what we call, spacetime. That is why we begin by rigor-
ously defining topological spaces in the first chapter. In the next few chapters, we equip these
topological spaces with extra structure and properties until they are upgraded into smooth
manifolds which is the basic mathematical ingredient one needs so as to built GR upon it.
Along the way, various pictures and diagrams are being provided in order to help the reader
in an intuitive manner. We also try to emphasize in the relation between purely mathemat-
ical definitions/properties and their physical consequences wherever possible. In the last few
chapters of the first part, physics comes into play in an increasing way since the majority of
the necessary mathematical tools has already been presented. The part closes with the intro-
duction of General Relativity and the derivation of Einstein’s equations using the variational
principle i.e. the “Hilbert” way.

The second part of this thesis is mostly based on a research project that was carried out by me
and the professors E.Papantonopoulos, G.Kofinas. The main object of this part is the careful
examination and analysis of a local solution based on a modified gravity model The Complete
Brans-Dicke Theory. The task was to find whether the solution can describe a new class of
black hole solutions or if it just reproduces the already known solutions of scalar-tensor gravity.
The analysis of metric components, areal radius and scalar curvature is been carried out mostly
in the isotropic chart. Furthermore, due to the fact that the transformation to Schwarzschild-
like coordinates does not exist, we express the metric functions in terms of the conformal factor
in an attempt to undrestand whether the solution is horizonless or not. In any case, the new
parameter v of the model does not play a crucial role in the behaviour of the solution as it just
defining the scale.
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Part 1

Mathematical Structure of
Spacetime



Definition of Spacetime

It is well known by now, that the Einstein’s equations connect the matter contents in the
universe with gravity in the universe. Of course matter gravitates but, what is new in General
Relativity(GR) is that the gravitational effect of matter is encoded in a change of the structure
of spacetime, namely in the curvature. One side of the Einstein’s equations is referring to
matter and the other side talks about gravity. But before one starts talking about relativistic
gravity and relativistic matter, there is an underlying notion that needs to be understood, and
that is the notion of spacetime.

Definition 0.0.1. Spacetime is a 4-dim topological manifold with a smooth atlas, carrying a
torsion-free connection, compatible with a Lorentzian metric and a time orientation, satisfying
the Finstein equations

We will begin our journey by trying to put together all the necessary mathematical pieces in
order to understand how we came to define spacetime in such a way. That is why we are going
to start from a purely mathematical point of view and, as the journey continues, physics will
come into play in an increasingly fashion. Let us begin. ..



Chapter 1

Topological Spaces

At the coarsest level, spacetime is a set it consists of points . But this structure is not enough
to talk about even the simplest notions we would like to talk about in classical physics, namely
the notion of continuity (of maps). Roughly speaking, we would like continuity of maps because
in classical physics we have the idea that curves do not jump. For example, we would not like
to have discontinuous trajectories of particles.

The weakest structure that can be established on a set which allows a good definition of
continuity of maps is called a topology

Mathematicians in general investigate the structure of various kinds of spaces, by studying
structure-respecting maps between them. The kind of map that respects the structure of a
topological space is a continuous map. With that in mind, we begin by providing the rigorous
mathematical definition of topology, which is going to allow us to further define continuous
maps.

Definition 1.0.1. Let M be a set. A Topology is a subset O C P(M) = {set of all subsets of M}
satisfying:
e VDeO&MEeO.
eVueO,ve0=uveO.
eVacA, u, € 0= (Upentta) € O.
Example 1.0.1. M =R =R xR x...R = {(p1,p2,...,pq) |pi € R}
Ostanda’rd - P(Rd)

e Soft-ball set:
Vr e R, peRY:B(p) = {(q1,q2,- -, qa) | 0, (¢ — pi)? < 7).

o U € Ogtandard <= Vp € w:3r € RT : B.(p) C u.



Usually R is equipped with Ogiandardg without being said.

Terminology:

e M is called a set

O is called a topology := set of open sets
e (M,0) is called a topological space.

e u € O« uC M is an open set.

MAe O AC Mis a closed set.

We want to promote our set M into a topological space (M, Oyr) because now we can talk
about continuous maps. Topology yields a notion of continuity.

1.1 Continuous Maps

In order to characterize whether a map f : M — N is surjective(onto) or injective(”1-1”) we
do not need to provide the sets M, N with extra structure. However, if we would like to talk
about the continuity or not, of f then we must provide each of the sets with a topology.

Definition 1.1.1. Let (M,Oys) and (N,Op) topological spaces. Then a map f : M —
N is called continuous(with respect to the topologies) if V. v € On : preims(v) € Oum
where preimg(v) == {m € M| f(m) € v}

Whether a map is continuous depends on the chosen topologies on M and N. Basically, the
above definition states that ”a map is continuous iff the preimages of (all) open sets (in the
target N ) are open sets (in the domain M )”.

Theorem 1.1.1. Let the maps f-continuous and g-continuous .Then g o f- continuous.



1.2 Inheriting a Topology

In general there are many ways of inheriting a topology from a given topological space. However,
given a topological space (M, Oys), one way of inheriting a topology from it, that is important
to spacetime physics, is the subspace topology.

Theorem 1.2.1. If (M,Oy) is a topological space and S C M, then the set O|s C P(S) such
that Olg == {SNU|U € O} is a topology. O|s is called the subspace topology inherited
from Oyy.

Proof. 1. 0,S€0lg--0=SNnOh,S=SNM.

2. 51,5260‘5 — dU1,U,€Op :51=5NU1,5=5NU, = UiNUy € Oy
= SNU1NU:) €0|s = (SNU)N(SNUz) €0|lg = S1NS2€Os.

3. Let a € A, where A is an index set. Then S, € Ols = U, € Opr: S = SNU,.
Further, let U = (UaeA Ua). Therefore, U € Oyy.
Now, (UpeaSa) = (Uaea(SNUL)) = SN (UpesUa) =SNU = (UpeaSa) € Ols.

O

Theorem 1.2.2. If (M,Oy) and (N,On) are topological spaces, and f : M — N is continu-
ous wrt Opr and On, then the restriction of f to S C M, fls: S — N s.t. fls(s € S) = f(s),
is continuous wrt O|g and Oy.

Proof. Let V'€ On. Then, preim (V) € Op.
Now preimy (V) = SN preim;(V) = preimy (V) € Ols = f|s is continuous. O



Chapter 2

Manifolds

There are so many topological spaces tha mathematicians cannot even classify them. For
spacetime physics we may focus on topological spaces that can be charted, analogously to how
the surface of the earth can be charted in an atlas.

Definition 2.0.1. A topological space (M,Q) is called a d-dim topological manifold if
VpeM:3ueO: Imap x:u— z(u) CRY such that :

e 1 is invertible, ™1 : x(u) — u

e 1 is continuous

e 21 is continuous

Remark 1. Two spaces M, N are called homeomorphic if there is a bijection f(a map or a
function that is 71-1”7 and onto) where f and f~1 are continuous. The corresponding bijection
s called homeomorphism. Hence, the map x in the above definition is a homeomorphism.

The pair (u,x) is called a chart. We require that for every point on the manifold, p € M,
there exists a chart (u,x) that contains this point. The whole manifold is covered with charts.
Moreover, the homeomorphism 2 maps the entire (open) set u into a subset of R?.



Terminology:

e The pair (u,z) is called a chart of (M, O).
o A= { (Ua) Z(a)) |a € A} is an Atlas of (M,O) if (J,cqta =M .

o z:u— z(u) CR? is called a chart map .
e The map z : u — R? is the equivalent of d-maps 2’ : v — R, namely given a chart (u, z):
zliu—R
J z2:u—R
z:u— RY <=

% u - R

The maps z* are called coordinate maps or component maps.
o Let p € u, then

x!(p) is the first coordinate of the point p with respect to the chosen chart (u,x).

22(p) is the second coordinate of the point p with respect to the chosen chart (u,x).

Remark 2. {1,2} = {2,1}. In sets the is no order. A set is just a collection of it’s elements.
The set R? by itself is "like a powder”. We could change the relative positions of it’s elements,
rearrange them, and the set would still be the same. It has not the structure of a plane as one
may imagine.

By equipping a set with a topology we are giving it extra structure. Like a “rubber”, or a "piece
of paper”. We could compress it , stretch it but, not rip it apart because this would violate the
continuity of the whole structure.

2.1 Chart Transition Maps

Definition 2.1.1. Let (u,z), (v,y) two charts of (M, O ) with overlapping regions, thus uNv #*
0. The map

oz~1
R? Dz (unv) L2 y(unwv) C R (2.1)

is called chart transition map (ctm).



chart transition map

Manifold philosophy:

Often it is desirable (or indeed the only way) to define properties (such as continuity) of real-
world objects (e.g. curve 7 : R — M ) by judging suitable conditions, not on the real-world
object itself but on a chart-representative(fantasy) of that real-world object(z o 7). One
disadvantage of this philosophy is that, a property may be ill-defined (because an arbitrary
choice of chart is employed). We need to make sure that the defined property does not change
if we afford another chart.

fantasy z(u) C R4

real — world object

In order to explain the form of the ctm in grater detail, let v : R — M be a curve on the
manifold and (u, x), (v, y) two charts with uNwv # 0. Suppose that the region uNv # 0 contains
a part of the curve . Then, we can choose to represent that part of v in either the two charts
by using the definition (2.0.1). Thus we can choose either (z o) or (yo-~y). By trying to relate
the two chart-representatives, we find the form of ctm.

chart transition map

——
yoy=yo(z toz)oy= (yoz™) oz oYy (2.2)

J



z(u) C RY
The ctm is continuous as a composition of continuous maps. Informally, it contains the infor-

mation in how to glue together the charts of an Atlas.

The continuity of the ctm makes sure that the defined property is chart-independent which is
what we wanted in the first place.

This is because the underlying laws of physics do not change, if we change coordinates(charts).
Physics is chart independent.



Chapter 3

Multilinear Algebra

The object of study of multilinear algebra is vector spaces. However, we will not equip space(-
time) with a vector space structure. If physical spacetime carried a vector space structure then
one would be able to add positions, or multiply them by numbers. That is like calculating
things like 75 - (position of Paris)” or ”(position of Vienna)+(position of Paris)”. There is just
no such notion on physical position space. It’s the tangent spaces T),M to smooth manifolds
that carry a vector space structure, and once one has a vector space structure then one has a
derived notion of a tensor. Tensors are mathematical objects that can be defined in any vector
space.

3.1 Vector Spaces

Definition 3.1.1. An R-vector space (V,+,-) is a triplet consisting of a set V and two opera-
tions "+,-” where :

o +:V xV =V 7addition”

o - R XV =V "S-multiplication”
Satisfying:

o Commutative: w+v=v+w

e Associative: (u+v)+w=u-+ (v+w)

Neutral: 30V : VoeV :iv+0=w

Inverse: YveV:3(—v)eV:v+(—v)=0

Assosiative: N (pu-v)=A-p)-v, VA, ueR

Distributive: (A +p) - v=A-v+p-v



e Distributive: A\-v+X-p=X\-(v+p)

o Unitary: 1-v=v

An element of a vector space is often referred to, informally, as a vector.

Linear Maps

In topology we studied continuous maps as they respect the structure of topological spaces.
By following the same general philosophy we would like to study linear maps because they are
the structure-respecting maps between vector spaces.

Definition 3.1.2. Let (V,+v, -w) and (W, 4w, -w) vector spaces. Then a map ¢ : V — W is
called linear if

o 6(v+7) = B(v) + ()
o B(A-v) =X H(v)

Notation: ¢-linear = ¢ : V =5 W
Example 3.1.1. The differentiation operator is a linear map

0:P— P

pr8(p) =p

i)o(p+a)=+a) =p +d =3(p)+(q)

i) 6(A-p)=(A-p) =XA-p =X\-d(p)
therefore § : P = P
Theorem 3.1.1. If ¢ and ¢ linear maps then their composition (¢ o 1)) is a linear map.

Remark 3. If we want to define ”continuity” of a map then we need to equip it’s domain
and target with o topology while, If we want the notion of ”linearity” we need to equip them
with the operations of addition and S-multiplication.

3.2 Dual Vector Spaces

Definition 3.2.1. Let (V,+,:) and (W, +, ) be vector spaces. We define the set of homomor-
phisms from V to W as
hom(V,W) = {¢: V — W}. (3.1)

We can promote this set into a vector space by equipping it with the operations

P : hom(V, W) x hom(V, W) — hom(V, W)

(O : R x hom(V, W) — hom(V, W)

Hence (hom(V,W), @, ©) is a vector space.

10



Definition 3.2.2. Consider the set V* = {¢ : V. ——== R} = hom(V,R). Then the triplet
(V*,+,+) is called the dual vector space to V.

An object ¢ € V* is informally called a covector.
Definition 3.2.3. Let (V,+,-) be a vector space. An (r,s)-tensor over V is a multilinear map

T:V*xV*x..xV*xVxV...xV-—"5R (3.2)

Remark 4. A map from V. —"=V contains the same data as a map from v x V¥ —= R

3.3 Vectors and Covectors as Tensors

Theorem 3.3.1. ¢ € V* <= ¢ : V —= R <= ¢ is a (0,1)-tensor informally called a
covector.

Theorem 3.3.2. v €V = (V*)* <= v : V* == R <= v is a (1,0)-tensor informally called
a vector.

Definition 3.3.1. Let (V,+,") be a vector space. A subset B C V is called basis if
Vo e VA finite FC B: v, 0?2 ... 0" € R: v=0vlfi+02fp+... +0"f,

Definition 3.3.2. if 3 basis B with finitely many elements, say d-many, then we call d = dim V'

Remark 5. Let (V,+,-) be a finite dimensional vector space. Having chosen a basis ey, . .., ey
of (V,+,-) we may uniquely associate v with, (vt 02, ..., v") called the components of v with

respect to the chosen basis, where v = vle; + v2ey + ...+ v,,.

Once we choose a basis €1, ea, ..., e, for V then we can arbitrarily choose a basis €', €2, ..., €"
for V*. However, it is more economical to require that, once a basis e1,es,...,¢e, for V has
been chosen, the basis €!,€2,... " for V* satisfies €%(ep) = 3. This uniquely determines the

choice of the basis of the dual space from the choice of basis in V.

Definition 3.3.3. If a basis €', €2,...,€" for V* satisfies €*(ep) = 62, then it is called dual
basis (of the dual space).

N
Example 3.3.1. consider a vector space P = {p : (—1,1) — R|p(x) = > ppa"}, N = 3.
n=0

The set eq == x%,a = 0,1,2,3 constitutes a basis of P while €* := % 0% z=0 1s a dual basis of
the dual space P*.

Proof: € (e,) = 20 = 6¢

Components of a Tensor

Definition 3.3.4. Let T be a an (r,s)—tensor over a finite-dim vector space V' and ey, ..., ey
a basis. Then we define the (r + s)3™V) many real numbers:

RPN . . . .
T . € Ry wheredn, o ip g1, js € {1,...dim V}
11,8250yl o i i ' '

T J1:J25Js —T(E IREERR ’6]1""’6]5)
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Useful definition because knowing the components (w.r.t. a basis) and the basis, one can
reconstruct the entire tensor.

Example 3.3.2. Say T is a (1,1)—tensor. Then it’s components are Tij = T(e',e;). By
reconstruction we mean that one is able to calculate any image

dim V' dimV
T(¢,Q}) =T Z¢i€z ’ ZU] €j
i=0 j=0
dim Vdim V' dim Vdim V' dim Vdim V'
SDIDITETNVES b SERTIED b 2EREY
=0 j5=0 =0 j5=0 =0 j=0

12



Chapter 4

Differentiable Manifolds

So far we have introduced the notion of topological manifolds (M, @) which is a special kind
of topological spaces, that can be covered with charts. In order to define certain properties of
real world objects (such as continuity of curves/ trajectrories ), we required suitable conditions
on the chart-representatives of those real-world objects

Now we wish to establish the notion of differentiability of curves (R — M), functions (M — R)
or even maps (M — N) on a manifold. But the underlying mathematical structure is not
enough. We need to add further structure to our topological manifold so as to start talking
about differentiability, just as we added extra structure on our set M (the topology Oys) in
order to introduce the notion of continuity .

Consider two charts (u,z) and (v,y) with overlapping domains u|Jv # 0, and a curve = :
R — M. The chart-representatives of this curve will be (z o) and (y o 7), respectively. The
question we wish to answer is ” if the map (z o «y) is differentiable , will (y o) be necessarily
differentiable 7 If the answer is yes then we know that the properties defined in a chart ( let’s
say (u,z) ) will also hold in any other chart (v,y). The map

yoy=(yoaz ') o(xon)

is the composition of a continuous map (y o x=1) and a differentiable one (z o ), which is not
necessarily differentiable. Hence, at first glance our strategy does not work. But there is a
remedy (compatible charts).

4.1 Compatible charts

In the first section we used any imaginable charts of the topological manifold (M, Ojs). In
order to emphasize that we considered any possible charts, we say that we took u and v from
the maximal atlas of (M, Oys) . We remind that an atlas is the collection of enough chart
such that, the pre-chart regions overlap the entire manifold. The maximal atlas on the other
hand, has many more redundant charts. Any possible chart belongs to the maximal atlas. In
order to define the differentiability of a curve we may reduce the maximal atlas such that all
those charts which have between them a non-differentiable ctm’s are thrown away. Thus, we
keep a subset of charts that still covers the entire manifold but all ctm are differentiable.

13



Definition 4.1.1. Two charts (u,z) and (v,y) of a topological manifold are called #-compatible
if either:

Dunv=>0 or
i1) uUv # O such that the ctm’s satisfy

1

yoxr :z(unNv) — y(uNwv)

1

zoy " :y(lunNv) — z(unw)

The point is that because the maps yoz ! and zoy~! are maps from R¢ to R, we can use any

notion of é—property on R in order to define #—compatibility on the manifold. For instance,
if we have a notion of R?—differentiability we call two charts differentialy-compatible if the
ctm’s between them are differetialy-compatible

Definition 4.1.2. An atlas Aa is called a #—compatible atlas if any two charts in As are
& — compatible.

Definition 4.1.3. A &—manifold is a triple (M, O, Aa) where Aq C Apmazimal

Various types of compatibility

e (C°: continuous ctm’s w.r.t. the topology.

e C!: ctm’s are differentiable (once) and the result is continuous.

e CF : k-times continuously differentiable ctm’s.
e D : k-times differentiable ctm’s, but the result is not continuous.

e (™ : continuously differentiable arbitrarily many times. A manifold with such ctm’s is
called ”smooth”.

e (% : d a multi-dimensional Taylor expansion. This is a much stronger restriction than
the case C'™° because not everything in physics can be Taylor expanded.

e C* : The ctm’s pairwise satisfy the Cauchy-Riemann equations(only for even-dim man-
ifolds). The corresponding manifold is called complex manifold.

Therefore a curve on our manifold can be called k-times continuously differentiable when we
manage to find an atlas that is a C*—atlas. In general, the more fancy stuff we want of our
objects on the manifold, the more restrictive we have to be on our choice of atlas.

Theorem 4.1.1. Any C*2!—atlas Acw=1 of a topological manifold contains a C™—atlas.

14



For the manifold that we can achieve that all ctm’s are at least once continuously differentiable
, and we have an atlas, we can remove more and more charts until we have a C>°—atlas. So
the difficult step is from C° to C'. With that in mind we may always consider, without loss
of generality, C*°(smooth)-manifolds, unless we wish to define Taylor expandability/complex
differentiability.

Definition 4.1.4. A smooth manifold is a triple (M, Oy, A) where A = .

4.2 Diffeomorphisms

Definition 4.2.1. Two sets M,N(without further structure) are called isomorphic if 3 bijection(”1-
1”7 and onto) ¢ : M — N. Then we write M = N. The map ¢ is called isomorphism.

Example 4.2.1. N~7 , N~Q, N¥R

Now by adding further structure we can say that two topological spaces (M, Oyr) = (N, Op)
are topologically isomorphic or Homeomorphic. At the set level they are isomorphic
but additionally 3 bijection ¢ : M — N such that ¢, ¢! are continuous maps(because it is a
structure preserving property).

Along similar lines we can write (V, +n,-v) = (W, +w, -w) , homeomorphic vector spaces
which implies that 3 bijection ¢ : M ——— N with ¢, ¢! linear maps.

Definition 4.2.2. Two C*° manifolds (M, O, Apr) and (N,On, An) are diffeomorphic if
3 bijection ¢ : M — N such that the maps ¢, ¢~ are C®°—maps .

Re

R
go¢o§;71

z ]

C*°M>u—— svDN C*

z Y

chart transition map
dewr uorjrsueI} 1IRYD

Rd —> [RC
yogf)o:i_l

It is evident that whether the two manifolds are diffeomorphic or not, should not depend on
our choice of chart. If we can prove that the manifolds are diffeomorphic using the charts z,y
then the same must hold for any other combination of charts z, g.

If ¢ is a C* map and M, N are smooth then the map y o ¢ o 7! is also C*. Moreover the
ctm , (z7! o) and (y~! o), are smooth as a composition of smooth maps hence, the map
jo¢oz~!is also smooth. This means that the property of diffeomorphism is preserved under
a change of charts.

A careful reader might ask why are we interested in diffeomorphisms. The answer is that, in
general, if two topological manifolds differ by a diffeomorphism we consider them the same.
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At this level of structure,(M, O, A), things do not have a shape yet unless there are ”"edges”.
What we mean by that is that for a topologist, a ball and an ellipsoid are practically the
same smooth manifold. They differ by a diffeomorphism. On the other hand, a sphere and
a second sphere which has been folded at some point creating an “edge”, are not the same
smooth manifolds! (Mgpnere, Ospheres Asphere) 7 (Medges Ocdges Aedge). However, they are the
same topological manifolds (Mgphere; Ocdge) = (Medge, Ocdge). They differ by a homeomorphism
but not by a diffeomorphism.

Theorem 4.2.1. #= number of C*°-manifolds one can make of given C°-manifold(if any) up
to diffeomorphism. Thus it always depends on the level of structure that we look at.

dim M #
1 1
2 1
3 1
infinitely
4 uncountably
many
) finite
6 finite
finite

Lthe differentiability of the ctm of Acqge is destroyed at the points where the "edge” is located. On the
contrary, the continuity w.r.t. the Ocqge is still preserved. This is the reason that two mathematical structures
can be different at level of smooth manifolds but entirely the same at the level of topological manifolds.
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Chapter 5

Tangent Spaces

Lead question: What is the velocity of a curve v at a point p?

We should emphasize that ”velocity” and ”speed” and two different things M
in this framework. Velocity can be directly defined on a curve v of a
differentiable manifold whereas speed cannot be defined before a so called
metric is defined on a manifold.

It is a tradition to consider the velocity a vector and in fact it is going to

be a vector in our formalism. However it is important , at this point, to

completely erase anything we have learned about ”velocities” because the

goal of this chapter is to rediscover them from scratch. We this in mind we start by providing
it’s mathematical definition

Velocities

Definition 5.0.1. Let (M, O, A) be a smooth manifold and a curve vy : R — M which is at least
C! (once continuously differentiable w.r.t. the charts of A). Moreover, suppose that y(\,) = p.
The velocity of v at p is the linear map:
Uyp(f) : C®(M) — R (5.1)
F=uyp(F) = (f o) (M)

where C* and R are both vector spaces. By R we do not mean the set of real numbers but the
vector space (R, +g, r) whose elements are of course the real numbers. C°°(M) is the vector
space of smooth functions defined as

C*® ={f: M — R|f— smoothfunction} equipped with
(f®9)p) = f(p)+9(p)
(A©g)=A-g(p)

Intuition:
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"you run around therefore (f o) = rate of change

as child” of temperature as you run along
77N\
R -2 M-LR l
N

"there is a
temperature
around”

7you feel the
temperature
wherever you are”

Directional derivative of f |
as you run along the curve -,
if you are at the point p

With all of the above in mind one could say that in differential geometry, vectors survive as
the directional derivatives they induce.

5.1 Tangent Vector Space

Definition 5.1.1. For each point p € M we define the set
TpM = {u,p | y-smooth curve} (5.3)
called the tangent space to M at the point p.

This is simply the collection of all possible tangent vectors to all possible smooth curves through
the point p. We should point out that we defined the tangent spaces as the set of all possible
velocities. But none of these constructions made any reference to an ambient space around
our manifold. We may imagine that a tangent space T,M is a plane that lies outside of M
but this is not entirely true. It has also been proven whether we define objects intrinsically or
extrinsically (using embedding theorems) does not play a significant role in drawing conclusions.
Nevertheless, we are going to use the intrinsic perspective because if M is going to be the
universe(spacetime) it would be uneconomical to refer to something around the universe.

Observation: T,M can be promoted into o vector space. We begin by defining
& :T,M x T,M — hom(C*(M),R)
(Uyp © usp)(f) = uyp(f) +r usp(f)
® :R x T,M — hom(C*(M),R)
(0 ® uyp)(f) =a r Uyp,Va € R

And now for the completion of the promotion, it remains to be shown that:

1.d7 curve: a © Uyp = Urp

2. 3o curve : (uyp @ usp)(f) = Uoyp

Proof. (1.) let curve

T:R—>M
A= 7(0) =yl A+ Ao) = (70 1) (M)
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where

bo R —R
r=a-r4 A,

we claim that the above curve does the trick and we check.
7(0) = v(X\o) = p — point

B o 0y = 97 97 Oka
wrn = (Fo O = (ForvonafO =773, 5% |

= (f o) (1a(0)) - = (f o) (Xo) - 0 = 0 - 1y

0=0

The function 1, produced a ”double” velocity (« - uyp) by running through the curve at ”dou-
ble” parameter speed. which means that the velocity of the curve depends on it’s parametriza-
tion.

Proof. (2.) In order to construct the curve o we need to do something very ugly. .. We have
to make a choice of chart. Nevertheless, our final conclusion has to be chart independent.

Let chart (u,z) and point p € u. We construct a candidate curve o : R — M | by using this
chart and we claim that o does the trick.

R—R4 R—R4 constant

02(\) =271 | (@ o) (Ao + A) + (x08) (A1 + A) — (2 07)(Ao)
where 7(A,) = p, 0(A1) = p. since:
02(0) = 27 ((z 0 1) (No) + (w0 6)(M) = (z07) (X)) = 27 (z 0 8) (A1) = 6(M1) = p

now:

RI—R R—R?

Ug,p(f) = (f002)(0) = (for Tt ozoa,)(0) = [ (foa™) o (xoay) | (0)=
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g f
R— > u(cCM) — 5 g
curve function

D chart X N>

i—com:ponent ((9,(f o xfl)) R (x o UI)’L,(O) x(g@) =

(@foa™) = [@e7) () + (206) (\) = 0] (2(02(0))) =

(zo )" (Bi(foa™) (@) + (0 0)" (M) (Bi(f 0 x™h)) (a(p) =
(fox™tozon) (o) + (foa oz od) ()= (for)(No)+ (fod)(A)=
(uyp @ usp)(f), V[ e CF(M)
O
which is what we wanted in the first place. Although we intermediately made a choice of chart,
neither the left nor the right hand side depends on it.

Remark 6. A "plus” does not exists on a manifold. We cannot add curves. .. that would mean
adding the trajectories of particles and would amount to adding position vectors which does not
exist. What we can add is the velocities since we just promoted T, M into a vector space.

5.2 Components of a vector w.r.t. a chart

Definition 5.2.1. Let a chart (u,z) € Agmooth and a curve v : R — u C M, where v(0) = p.
Then we calculate

Uy p(f) = (f07)(0) = ((foa™) o (x09)) (0) = (x04)"(0) - i(f o 2~ )(z(p))
¥z*(0) (Bf )p

Azt

=300 (5) £, v1 € o=

therefore

w230 (57) (5.0

where the last part of the calculation is just notation.

Remark 7.
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o ~.': position of a curve w.r.t a chart

e 7,%(0) : chart-representative of the curve v w.r.t. to x(the i-th component of it), which
after we took the i-th component we derive and we evaluate at the point zero (0). Hence,
it is the i-th component of u,p, w.r.t. the chart x

° (8?&)17" basis elements of T,M w.r.t. which the components need to be understood.

o The 7i” has nothing to do with the chart . It is just bad notation.

o When we see (gi)p we need to immediately translate it into O;(f o x~1)(z(p)) , because

it not truly a partial derivative(although it can be proven later on).

Chart Induced Basis

Theorem 5.2.1. If (u,x) € Agsmooth then (%)p, ’(a%d)p € Tpyu € T,M constitute a
basis of T,u

Proof. It remains to be shown that they are linearly independent. Taking the definition of
linear independence we require \; (%)p 20 iffVi= 1,...,d X\ =0.
zJu—R

i notation ; P ; .
A (), (@) " NGl oY) ((p) = Xidh = N, j=1,....d.

Hence, iff \; = 0V s then )\; (%) = 0 which means that the basis elements ( ai)
ozt ) p Oz /p

are indeed linearly independent. O

The basis Vectors(a‘zi)p act on functions f : M — R from the definition of velocity (5.0.1).

That is why we plugged in the component maps 27 : u — R.

Corollary 1.

. _ a 8 .
o dimT,M = d because we have (@)p, R (W)p d basis vectors.
e dim M = d because we have a collection

liu—R
— z:u—R? (5.5)

2iu—R

of d coordinate maps

Therefore dim M = d = dim T, M

top.mfd vector space
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5.3 Change of vector components under a change of chart

A vector does not change under a change of chart. It is an abstract object. The velocity of
a bird does not change just because we our thinking about the coordinate system.

Terminology:

dy:R=>M: X =1uy,

7

X e T,M

Let (u,z) and (v,y) be overlapping charts and p € uNwv. Let also X € T,M. Then we know

that we can write 5 5
X/ <> =X =X} <> (5.6)
() Oy » @) \ 9z »

In order to derive the formula for the change of components we have to relate the two charts

(621‘) f=0i(foa (ap) =ai(foy toyor ) (z(p) =i ((foy ) o(yor™)) (x(p)

- (5), = (35)
— \ Ozt pR oyl ),

therefore

(5),-(35), ), 6

. oy’ )
J 7
Xy = (axi>pX(I) (5.8)
The last equation shows the correlation of components of the same physical vector in two

different charts. The transformation from one chart to another can be wildly non-linear . We

can have a non-linear dependence between x and y . however, in the transformation of the
OyJ
oz
value and hence becomes a constant. That means the components transform in a linear fashion
even if the "global” transformation is non linear.

and the equation (5.6) becomes

components we evaluate the term ) at a specific point p, therefore it takes a particular

Remark 8. A lot of times in Special Relativity we are using the term ”Minkowski vector space”.
If the Minkowski space(position space) had a vector space structure, it would mean that we can
add positions and trajectories which cleary is not the case in General Relativity. The truth is
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Minkowski space is not a vector space either. The formulas only work because we restrict
ourselves to changing from one coordinate system to another by linear transformations. Which
we further restrict to be Lorentz transformations. The fact is Velocities transform under
Lorentz transformations(not positions) in each point of the tangent space by a linear map

O’
want to be able to do physics in ,let’s say polar coordinates, if we wish so. Indeed we can do it.
We can change from Cartesian coordinates to polar coordinates however, in the velocity spaces
(T, M ) it will induce a linear map

(ayj) . That does not mean that we mix the points of our space only by linear maps. We
P

It is an over-structuralization to equip the position space of special relativity with a vector space
structure because then we restrict ourselves to transform position vectors only by linear maps
(structure preserving maps of vector spaces ).

5.4 Cotangent Spaces

Definition 5.4.1. For each point p € M we define the dual of T,M :
(T,M)" = {¢ : T,M —— R} (5.9)

called the cotangent space to M at the point p.The elements of the cotangent space are
called covectors.

We would to investigate whether there are any objects we are interested in that lie in it.

Example 5.4.1. Let a smooth function f € C*. We define the gradient of f as

(df)p : TyM —=R
X (df)p(X) = X f

i.e. the gradient of a function f € C* at a point p is an element of the cotangent space.

Corollary 2. The gradient is defined independently of the choice of chart

The components of gradient w.r.t. the chart induced basis (u, z) can be calculated as

(1)), = )y ((£)> = (%) =005

5.5 Change of components of a covector under a change of chart

Theorem 5.5.1. Consider chart (u,x) = x* : u — R coordinate maps. Then the collection
(dxY),, ..., (dz?), constitutes a basis of T, M.

In fact, it can be easily proven that the above collection is
0 oz®
(12%) ((b) ) (2 s
Ox » oz »
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the dual basis of the dual space. If we wanted we could have constructed a basis in the cotangent
space that is totally independent from the basis of the tangent space. In conclusion, (dz'), is
the dual basis (on T; M) of the chart induced basis (%)p (on T, M).

Now, let w € T7M be a covector. Then we can write

Wiy (dy’)p = w = w(zyi(da'), (5.10)

where the change of components is given by(same proof as for the vectors)

o0zl
Wiyyi = (ay> Wia)s (5.11)
p
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Chapter 6

Fields

Up until now, we have technically focused on a single tangent space. We managed to equip
it with a vector space structure and found all the necessary tools to define vectors in that
particular space, but nevertheless we were always at one point. As physicists we are also
interested in vector fields. That is, we would like to think that at any point there is a given
vector. The notion of field was introduced into physics by Michael Faraday. He was the first
one to speak of such an entity. In fact, Faraday did not know any mathematics by modern
standards and so he invented the fields to try and deal with that fact.

Roughly speaking, the following analysis can be understood by just drawing pictures just
like Faraday did however, in order to really work with this new notion we will need some
mathematics that underly the pictures in a ”1 —1” manner. This area of mathematics is called
Bundle theory.

Definition 6.0.1. A bundle is an entity consisting of three pieces of data E,m and M such
that

E-"s M (6.1)

where E is a smooth mfd" called "total space” (of the bundle), M is also a smooth mfd called
"base space” (of the bundle) and, ™ is a smooth and surjective map between them that goes by
the name “projection map”.

Any such three pieces of data, relating in this way, are called a bundle.

Example 6.0.1. Consider E to be a two dimensional cylinder, M to be a one dimensional
circle, both equipped with o tolopogy, a smooth atlas etc. and, m a smooth surjective map
m: E — M. Let us now provide a more intuitive approach by drawing two possible pictures of
that bundle.

'a mathematician would say that this is called a ”smooth bundle” but we will only consider such.
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- D
> e’
>

Q& M or < D
7(e) w(e) P
~—— preim({p}) i

" fibre”

over p

One can invent any map he wishes as long as the map is smooth and surjective i.e. it maps all
the point of E to all the points of M in an infinitely continuously differentiable manner. The
two pictures differ only by the choice of map . As we can observe, spaces E and M remain
as they were, but the mapping of the points from E to M has changed.

The afforementioned example, naturally leads us to a new definition.

Definition 6.0.2. If E —— M consists a bundle and p € M a point on the base space, we

define a fiber over p as the preimage of the set with the element “p” wrt the projection map
that is,

preimz({p}) (6.2)

Now comes the basic idea that is going to allow us, after some more work, to establish the
notion of a field.

Definition 6.0.3. A section o of a bundle E — M, is a map M —— E with the extra
condition that

mToo = ZdM (6.3)

Notice that a section of a bundle requires all the structure a bundle has to give. It requires the
pair E,M as the target and the domain, respectively but, also the map 7 by the afforementioned
compatibility condition. The condition is chosen such that projecting down(to the base
space) using the map m, after having gone up(to the total space) using the map o, is the
identity on the base space. This prevents the point o(p) € total space, where p € base space,
to lie in a different fibre than the base point p. This extra condition is what separates a simple
map from M to E from a section.

Now as physicists, imagine that we were able to construct the tangent space T,M as the
fibre over p (i.e. the fibre would consist of all the tangent vectors at the point p). Then what
would a section be? What would it do? ...It would go to the point p € M and pick an
element o(p) of that particular fibre over p (otherwise it would not be a section but just
amap (6.3) ). That means it would pick a tangent vector X € T,M iff the fibre is indeed
the tangent space.

This is the reason we need (6.3) to be true because, if o mapped the point p in a different fibre
(lets say a fibre over ¢) it would be like stating that a tangent vector on p (i.e. o(p)) belongs
in a different tangent space T, M.
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6.1 Tangent Bundle of a smooth manifold

Let (M,Opr, A) be a smooth mfd, which is going to be the base space of the bundle we are
going to construct.

1. Firstly as a set, the tangent bundle is defined as

T™ = | J T,M (6.4)
peEM

°
where by J we denote the disjoint union which is there so as to emphasize that elements

of T,M are different from elements of T,M. It is just a reminder that there are no
elements to be identified from the different sets. The T M is supposed to be the total
space of the bundle we are constructing.

2. The second piece of data we need is the projection map

m: TM — M (6.5)
X —p (6.6

where p is the unique point p € M : X € T,M. Furthermore, since T'M includes every
possible tangent space, the map 7 hits every point in M and so it is a surjective map.

To recapitulate, so far we have constructed the set T'M along with a surjective map
m : TM — M where M is a smooth mfd by assumption. We cannot judge wether the
map 7 is smooth because we need to promote the set T'M into a smooth mfd first. If we
do not do it we will not have a bundle structure.

3. In order to make T'M into a smooth mfd we firstly need to promote it into a topological
mfd and then discard pages from the atlas until we have smooth mfd. Therefore

o firstly, we equip the set T'M with a topology. We can construct the coarsest topology
st the map 7 is just continuous (sometimes called ”initial” topology wrt 7), that is

Oy = {preimz(u) | u € O} (6.7)

so now we have the topological space (T'M, Oryy).

e Secondly, we want to construct an atlas Apys st we will always going to be able
to choose charts with smooth transition maps between them. Thus, we construct a
C*-atlas on TM from the C'*°-atlas A on M.

Aryr = {(Tu, &)} (6.8)
where

€+ Tu — RZHMM (6.9)

X — (xl O’]T)(X), ,(wdoﬂ)(X),(dxl)n(X)(X): 7(dxd)7r(X)(X)

(u,z)—coords of the”base” point m(X) components X of vector wrt chosen chart

(6.10)
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The first d-components stored inside £, are just the coordinates of our base point
m(X) wrt the chart (u, z). The next d-components are the components of the tangent
vector X also wrt the chosen chart. This can be seen if we expand the abstract vector
X wrt to the chart induced basis ( 0 ) and then apply the elements of the dual basis

. ox?
of the dual space (dxl). Hence, we expand
; 0
X=X ,— A1
(2) ( axz>ﬂ(x) (6.11)
and apply
' ' i (9 i si o xI
]Rl
) /Tp]\z\
"L(u) g Rl €T \q/

MDu /\+< > M=5!

p (1 —dim mfd)

point on a fiber
over g € u 1t.e.
Xel,M

r i(u) CR!
i — th component of m(X)
Now the question is “is this construction of &, a chart map?...does it do the job?”

If we think of chart maps and changes of charts then we need to think the inverse
of a chart map.

Note: The inverse of &, is defined by
&1 6 (Tu) — Tu (6.13)
(0
1 d pl d i
... . = . 14
(CL; 7aaﬁ7 76) ﬁ (afﬁl)x_l(al,.”’ad) (6 )

(X)
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which means that the inverse of &, reconstructs the tangent vector. Therefore now
all that is left is to check whether the chart transition maps of Arjs are smooth.
We calculate

.0
(gy © 5;1)(611’ .- "ad’ﬁl’ T ’Bd) - gy (BZ (8xi>zl(a1,...,ad)> -

. a
? J
<. o (y ° ﬂ-) (B <axj)xl(a1’...,ad)> T
. a,
(3 J =
ey (dy )z*l(al,...,ad) (5 <a$j>x_1(a17.”7ad)> 5o )

where the map 7 just selects the base point 7(X) =z~ !(a',...,a?) and afterwards
y* acts on that point, thus

, Lo 0
i -1 1 d J 7
(,(y ox  )(a,...,a%), . .oy, BAY ) g 1(ar,. a9 <<8wj>m1(a1,__,ad)> ,> =

—_— Oy
i 1y 1 d J =
(...,(y ox )(a,...,a%,..., <3xj>x—l(al,‘,,,ad)7'”>

(...,(yiox_l)(al,...,ad),...,ﬁjaj(yiox_l)(al,...,ad),...)

where the first d-components are just the ctms on the base space hence these com-
ponents are indeed smooth. The last d-components are also smooth as they consist
of real numbers 37 times the derivative of ctms which are still smooth.

Hence, we have constructed a smooth atlas Ap;.

After this long procedure, we have constructed a triple TM —— M where M is smooth
by assumption, T'M is also smooth as we just proved and the map 7 is also smooth as it is a
projection on the base space of the first d-components. That means we have finally constructed
the so called Tangent Bundle.

6.2 Tensor Fields and the C*°(M)-module I'(T'M)

Definition 6.2.1. A smooth vector field X is a smooth map on the bundle TM —— M that
is also a section. That is TM «>— M, with the extra condition mo X = idy;

Vector fields are just sections of a bundle. To study them we do not need the total space T'M
to be smooth at all. However in order to derive the notion of a smooth vector field we need
smoothness on the spaces that the map(section) is acting. That is why we put so much effort
into deriving that the total space is a smooth mfd.
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Now recall that C°°(M) is the collection of all smooth functions promoted into a vector space
as we defined in chapter (5). That is written as (C°°(M), +, ) where the “fat” multiplication
sign denotes that , besides the S-multiplication with R, we can multiply two smooth functions
i.e. two elements of the vector space, and get a smooth function. The addition operator is
commutative, associative and there is a neutral and an inverse element wrt it. On the other
hand, the multiplication operator is commutative,associative, there is a neutral element wrt it
however, there is not an inverse element. We cannot multiply two smooth, non-zero, functions
and get a zero result. This small detail is what separates a “vector space” from a “ring” as
a mathematician would say. Although it is not evident at this point, the fact that the inverse
element wrt the multiplication does not exist, is very important.

Let us first define what I'(T'M) is and then we are going to elaborate on why (C*°(M),+, )
being a ring is important.

Definition 6.2.2. T'(T'M) is defined as the collection of the sections over the total space T M
(tangent bundle) that is, the collection of all vector fields.

X :I(TM) = {M — TM | smooth section} (6.15)

By equipping this set with an addition & and a multiplication © s.t.

L (X & X)(f) = (Xf) +co(u) (X f) (6.16)
2. (@0 X)(f)—a- - X(f),aeR (6.17)
3. (90 X)(f) = g ecery X(f), g € C™(M) (6.18)

we define a new structure (I'(T'M), ®, ®) which is called a C*°(M)module.

If we kept only 1. and 2. from the above properties then we would have an authentic vector
space. The whole difference lies in the third property. It allows us to multiply a vector field
by a smooth function, which means we can rescale our vector field in an arbitrary manner i.e.
scale it differently at every point. Basically, we have just defined a vector space over a ring
and not just over R, and that is the definition of a module. A module satisfies almost all the
vector space axioms but the underline scalars g € C°°(M) for the “S-multiplication” are just
a ring. Thus, the upshot is that the set of all smooth vector fields can be made into a
C° (M) — module i.e. a vector space over the ring C*°(M).

This small mathematical modification in the structure is going to have major consequences.
The fact that every vector space has a basis depends on the choice of axioms (Z.F.C.) of our
set theory. Basically, it is the axiom of Choice (C. in Z.F.C.) that permits us to define a basis.
It is literally a shame that no such result exists for modules. I'(T'M') does have a global basis.
It is a sure thing that if we define a global basis on a module, it will vanish at some point hence
it will lose its power. When it comes to modules, we can define bases only in a local manner.
Therefore the general strategy, from the point of view of a physicist, is that we will deal with
modules as if they are vector spaces but we will not define bases globally.

Therefore, so far we have constructed the set of all smooth sections over the tangent bundle
['(T'M) which constitutes a C°°(M)-module. Similarly, we can construct the set of all smooth
sections over the cotangent bundle i.e. I'(T*M) which will also constitute a C'°°(M )-module.
Now, take your attention away from the I"s and recall that T,M and T; M were the basic
building blocks from which we understood every tensor. Analogously, TM and T* M
are the basic building blocks from which we are going to understand every vector
field.
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Definition 6.2.3. An (r,s) tensor field T is a C°°(M) multilinear map

T : T(T*M) x ... x I(T*M) x T(TM) x ... x TI(TM) —= C®(M) (6.19)

thus it s a multilinear map between modules.

Example 6.2.1. Let f € C°°(M) be a smooth function on a mfd M i.e. f: M — R. Then
we define the gradient of f as

df : T(TM) —— C°°(M) (6.20)
Xr—df(X) = X f=(Xf)p)=X({)f (6.21)
where p € M and recall that X : M — TM. Writing X f is just weird notation to denote

that X acts on the function f. What we actually mean is X(p)f where, X (p) € T,M and
recall from chapter (5) that every element u, of T,M is a map u, : C*°(M) —— R.

It is easy to check that the gradient map is C°°(M)-linear. We just rescale the vector field X
by an arbitrary function g and feed it inside df

gX — df (9X) = gX = (9Xf)p) = I X(p)f (6.22)
€C>(M) €R

therefore the gradient is indeed linear which means that it qualifies as a (0,1)-tensor.
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Chapter 7

Connections

In this chapter we are going to provide further structure on our smooth mfd, which comes by
the name “connection”. This new structure is different in a way, because it will eventually be
determined by the Einstein equations as opposed to whatever structure we established so far
(i.e. the notions of set, topology, topological mfd, smooth mfd, bundle etc.) which was intro-
duced by hand. Following this course is inevitable since there are no equations that determine
what happened so far therefore, one has to make all of these aforementioned mathematical
assumptions in order to start doing physics as we know it.

At this point we are to introduce yet another stucture, the connection, which also goes by the
name “covariant derivative” however, there is a slight difference between the two but, for our
purposes we will not elaborate in this difference. Roughly speaking a connection is the slightly
more general notion.

As being said, the connection in spacetime will be determined by the Einstein equations
(through the metric) and the reader should keep in mind that everything from now on will
be objects that are the subject of Finstein equations. They will be determined by the equations
of GR, depending on the matter content in the universe. Having said that, we will continue in
the same mathematical fashion.

So far, we saw that a vector field X can be used to provide a directional derivative of a function
fe C®(M):
Vxf—Xf

where we just introduced a new way of denoting it. Vx f basically denotes “the derivative
of f in the direction of the vector field X” and we should underline the fact that so far,
the directional derivative acts only in functions, see for example (6.21). The addition of this
new symbolism seems like an absolute notational overkill since, we have introduced three
different notations (Vxf = X f = (df)(X)) to refer to the same thing precisely. The reason
for this is that they are not quite the same thing

? ?

Vxf=Xf

(df)(X)
because the objects that appear are not exactly the same, namely

X : C%(M) — C®(M). (7.1)
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That is what happens when we write X f. On the other hand df takes a slightly different
perspective on what is going on since

df : T(TM) — C®(M) (7.2)

however, Vx f is precisely the same as X f and is there just to emphasize that this whole thing
is a derivative. Thus the use of V, is indeed a notational overkill but it is introduced because

Vxf:C®(M) —s C®(M)

can be generalised to “eating” an arbitrary (p,q) tensor field and yield an arbitrary (p,q) tensor
field whereas X can only act on functions. We want to extend the action of a directional
derivative to acting on any (p,q) tensor field. Moreover note that, it would not be necessary
to invent a new symbol if this extension came for free i.e. it was automatically defined on any
mfd. However, this is not the case. One needs to provide extra structure on a mfd in order to
define a directional derivative that acts on objects other than functions. Thus, this the reason
we invented V, because it will stand for this additional structure. That means that Vx
includes also the case X f but it can also act on more general tensor fields.

7.1 Directional Derivatives of Tensor Fields

Now we wish to find what kind of structure we should provide to our mfd so as to define V,.
First, we formulate a wish-list of properties which the directional derivative acting on a tensor
field should have. We are going to put the list into a form of a definition however, after we
have completed this list, there may be many structures that satisfy it. It will be important for
us to find out how many or how to “parametrise” these different structures because, depending
on the situation, we will have to pick only one. Hence, we will have to identify the type and
amount of information we will need to provide as extra structure (beyond (M, O,.A)) in order
to fix a particular covariant derivative.

Definition 7.1.1. A connection' V on a smooth mfd (M,O, A) is a map that takes a pair
consisting of a vector (field) X and a (p,q) tensor field T and sends them to a (p,q) tensor
(field) VxT, satisfying:
1. Vxf=Xf, Vf € C®M) ie V(0,0)-tensor fields
2. Vx(T+8S)=VxT+ VxS, additive in the higher entry.
3. VxT(w,Y)=(VxT)(w,Y)+T (Vxw,Y)+T (w,VxY)  “Leibniz Rule”
Where T : T(T*M) x I'(TM) — C*>®(M), therefore T(w,Y) € C>*(M).
The Leibniz rule applies analogously for any (p,q) tensor field.
4. VixizT =VixT + VT = fVxT + V7T, C®(M)-linear in the lower entry.
Remark 9. Vx is the extension of X. V is the extension of d (gradient operator).

A manifold with connection is a quadruple of structures (M,O,A, V). At this point we
would like to identify the remaining freedom we have in choosing a particular V.

In the literature there is also the name “linear connection” which is more precise but we will not look at
non-linear ones for our purposes. It mostly goes by the name “covariant derivative” which definitely emphasizes
the way in which we use it...Some people also use the term “affine connection”.
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New structure on (M, O, A) required to fix V

The questions we want to answer basically are “how many such structures are there?” and
“what is the new structure required to fix the covariant derivative?”. It turns out that it is
useful to first consider the simplest case i.e. what do we need in order to be able to make V to
act on a vector field, beyond acting on a function 7 We will consider this case and then move
on to more general ones thus...let X, Y be vector fields. We calculate

v 25y (120 i (1)

At dxt

ox? ox?

_ X (ViYm> aam L XYMV <88m>
3 xr a

vector field

— Xt <8ym> i + Xxtymrd 9

oxm oxm @mi §pa (7.3)

where I'? - are the connection coefficient functions (on M) of V wrt the chart (u,z).

Definition 7.1.2. Let (M,0,A,V) and (u,x) € A. Then the connection coefficient func-
tions wrt (u, ) are the (dim M)3-many, chart dependent functions

i 0

where recall that V _a_ (%) is a vector (tensor) field thus, we extract its i-th component by
dzk

acting with the covector field da’.

Therefore, VxY is a vector field with components

. o . .
(VxY) = X" <axmw> + T Y X (7.5)

Hence if we are provided with all the (dim M)? many functions T (im)jk then we are able to
calculate the directional derivative of Y wrt X, in the chart (u,z). This is the freedom that
is left. That is all the information we need in order to calculate covariant derivatives of vector
fields. In the next step we will see that the use of the same (dim M)? functions enables us to
calculate covariant derivatives of any tensor field , thus. ..

Remark 10. On a chart domain u the choice of the (dim M)? functions F(iz)jk suffices to fix
the action of V on a vector field. Fortunately, the same (dim M)3 fix the action of V on any

tensor field.

The key observation to see that we don not need any more information, is to check whether we
have to require new I"s (let’s call them ¥'s) when we calculate the action of V on a covector
field. Obviously the calculation will be the same as before up to the point where we arrive at
the elementary question

Vo di' £, dat (7.6)

Pra
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but now consider that

Voo <d:ci ((;ZJ)) = &% (6%) =0. (7.7)

However, if we apply the Leibniz rule, the same object is written as

V.o (d“fi <ai)> = (Vg0 <i

= (V o, d' <£ﬂ + T
= (V_o,d2") +T{)im (7.8)
thus, combining the last two relations we arrive at
(V.. dxi)j — T - (7.9)
Now recall that we assumed
Voo da' = % gmdz? . (7.10)
From the last two equations we see that
Sim = —Thm (7.11)

which shows that indeed we do not need any more functions than the already established I"s.
Summarizing, so far we saw that

(VxY)'
(Vxw)i

XYY + I‘;ijXm :(0,1)-tensor (7.12)

X(wi)+ T w; X™ :(1,0)-tensor, (7.13)

similarly by further application of the Leibniz rule one is able to calculate the covariant deriva-
tive of any tensor field irrespectively of its rank. For example in the case of a (1,2) tensor field
we get

(VxT)5y = X (Th) + I, T35 X™ =I5, T4 X™ — 1%, 5. X™. (7.14)

s km* js

Question: If we consider a flat/Euclidean space, the I”s all vanish, in a (then existing) global
chart?

Answer: Yes! But what is flat/Euclidean space? ... At the level (M = R3 O, A) it is just
a smooth manifold. T's are not even defined at this level. However, if we assume a (global)

chart (u,z) = (R3,idgs) € A and also that in this particular chart
Féx) gk = dx’ (V B2 %) < 0 then yes, this is a flat/Euclidean space. All this happens at the

level (M = R3, Oy, A, V). Which means that flat/Euclidean space is one in which we are
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able to find a (global) coordinate system where the T's all vanish (globally). If choose another
chart (one in which the mapping is non-linear e.g. a polar coordinate chart ) then we will find
non-vanishing I''s, however the underlying structure of the that space remains the same .

Besides the above, if we also choose a different connection on the same smooth mfd i.e. choose
(M =R3, 04, A, V Hyperbolic), then we may find that there is no global chart in which the I"s
vanish, globally. There may be a local chart but definitely not a global. Intuitively, we provide
the following picture

(R27 Ost., Au vEuclidean) (RQ, Ost., Au vaperbolic)

which is like stating that the choice of the connection will have consequences on the curvature
of our mfd, as we will see in the next chapters.

Definition 7.1.3. Let X be a vector field on (M, O, AV). Then the divergence divergence
of the vector field X is the chart dependent function:

div(X) (v > X)i (7.15)

Bzt

7.2 Changing of ['s under change of chart

Let overlapping charts (u,z) and (v,y) € A, u[)v # 0. The connection coefficient functions
in these charts are related by

i g 9 2w oz® 0
Liyyin = dy <Vak <6x3>> &qux <vgﬁz a7 <8y9 8553))

B oy g 02 az®\ 0 or® 0
- 04 da dy* [(Vagrf 8yj> oz oy’ (Vagrf 8963)]

oyt 0xP 0 [0z° q Oy’ Ox* OxP q 0
= —_— - - — 1
Ox1 dyk Oxp <8y3) o5t Ox1 OyI Oyk du V% oxs (7.16)
(z) sp
hence,
' i s D i 2 q
I oy" 0x® Oz I ay' 0°x (7.17)

() jk = % @ aiyk (z) sp % aykayj
which destroys the tensor component transformation law due to the appearance of the last
term. That is, I's are not tensors. Recall that we defined I''s as chart dependent functions
(7.4). This becomes evident from the form of (7.17) as, even if in one chart z, I‘(qw) =0, we

can always find another chart y so that F(y)j L(F0) = because of the second term in the

transformation law.

akaﬂ
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Normal Coordinates

Theorem 7.2.1. Let p € M of (M,0,A,V). Then one can construct a chart (u,x) with
p € u s.t. the symmetric part of the connection coefficient functions vanishes at p i.e.

Tlayiky = 0 (7.18)

at the point p but, not in any neighbourhood.

Proof. Let chart (v,y) and point p € v. Thus, in general Féy)jk # 0. Then consider a new
chart (u,x) to which we transit by virtue of

—1yi i Lo j
(zoy YHial,...,a%) —a +§F(y)(jk)ajak (7.19)
then
07 oyt oy~Y) = 8 + T m 7.20
o7 ) O oy = 0 Ty (P (7.20)
0z > :
I - ) (7.21)
<ayk8y] ) (y)(kj)

but if , without loss of generality, we choose the point p to have coordinates wrt the chart (v, y)
as :

then

ox' i
<8yj>p =5, (7.22)

022’ > 4
——— | =T ) (7.23)
< oYk Oy ) (y)(5k)
and the transformation law (7.17) gives

B oyt Ox® OxP q oy’ 92z

Ty je @) = o4 Oy Oyk (@) Sp(p) + o1 OyF oy (7.24)
- 53 03 0, F((Iz)sp(p) + 52 F((Iy)(kj) (p) = (7.25)
Fl@)jk(]?) = Fz@)jk(l’) - FZ('y)(jk) (p) (7.26)
=Ty (7.27)

which means that in the new chart (u, z) we have removed the symmetric part of the connection
coefficient functions. Thus indeed

O

Terminology: The chart (u,z) is called a normal coordinate chart of the connection V
at the point p € M.
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Chapter 8

Parallel Transport and Curvature

Thought Experiment: Consider that we have an arrow Y, representing a vector,
and that we move it along a closed curve ~ keeping its direction unchanged. Mathematically

this requirement is written V,_ Y = 0 i.e. the directional derivative of the arrow!' wrt to the
curve 7 is zero. Intuitively, as can be seen in the following picture, the arrow is still in the
direction it was when it “started to move”, when the space is flat. If we now consider the same
situation but in a “curved” space like the surface of a round sphere then we will realize that the
direction of the arrow will not remain the same as it was in the beginning of its “movement”.
This means that V, Y # 0 when we are in a curved space. Therefore by “giving the arrow”
the same “instructions” we obtain a different result. This shows that the covariant derivative
which gives a directional derivative on tensors, in particular on vectors, has something to do
with curvature. Inside the covariant derivative is encoded somehow, the information about the
curvature of space.

flat space curved space
5 Y
\ (SQ, 0, A, V)
VUWY =0 with a very specific quY 75 0
connection :

"round sphere”

All of the above is just our motivation that in the covariant derivative there must be information
on what we intuitively call curvature. The purpose of this chapter is to make these statements
precise.

Note that, if we move the “stable arrow” so as to cover every point of the given space then, it defines a
vector field.
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8.1 Parallelity of Vector Fields and Curves

Definition 8.1.1. Let (M,0, A, V) be a smooth manifold with connection V.

(1) A vector field X on M is said to be parallely transported along a smooth curve
v:R— M if
Vu, X =0 (8.1)

i.e. if we evaluate at each point of the curve y(\), we may write

(Vume)v(A) =0

(2) A slightly weaker condition (it allows more) is that a vector field being “parallel” along
a curve vy if, for p: R — R,

(VquX)W(/\) = N X500 (8.2)

Note that although “parallely transported” sounds like an action, it is actually a property.
This property is satisfied if, the directional derivative of the vector field in the direction of the
tangent of the curve, always equals to zero.

Example 8.1.1. Consider the Euclidean plane in the sense we defined it earlier, (R?,0, A, V).
The connection Vg enables us to define a specific (global) chart in which all the T's vanish,
like before. But lets not go into any chart. If we “draw pictures in the real world” then

wa ol ug

X parallely transported X neither parallel nor
along v X parallel along ~y parallely transported
along v

One should be very careful as one may be tempted to talk about the “lenght” of vectors, but
there is no notion of length yet, only “affine length” (lenght wrt the parameter of the curve). All
this is made just by our connection V. Therefore keep in mind that the pictures despite the
fact that they can provide some intuition, they can also be misleading when one studies more
general spaces other than the Fuclidean plane.

Definition 8.1.2. (1) A curve v: R — M is called autoparallely transported if

Vi ity = 0 = (VU%W(A)UV)W(A) —0 (8.3)
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(2) The weaker condition of a curve being autoparallel?® is defined by
Vo, Uy = pitl (8.4)

Example 8.1.2. Again consider the Euclidean plane (R?, 0, A, V), where we have good in-
tuition. . .

¥(2) ’ ‘

’
(1) i ,’
7(0) // o
,
’ -
, .
4 /
4 ’
,
autoparallely
transported autoparallel

In physics, the curve on the left would describe a uniform, straight motion whereas the curve on
the right would describe just straight motion. Recall that Newton’s first law talks about uniform,
straight motion. In our context, Newton’s first law is a measurement prescription. If you take
something and throw it (and there is no additional force) then, whatever you see as the path it
takes, is an autoparallel(-ly transported) curve. Therefore, the first axiom of Newton’s tells us
to do an experiment and conclude what the connection is. It is a measurement prescription for
our geometry.

8.2 Autoparallel Equation

Consider the portion of an autoparallely transported curve v which lies in the chart (u,z) € A.
We would like to find the chart representative of the condition (8.3) i.e. express it terms of
objects of the chart.

0=( Vuvuv)
= 9 1l that v/ — 2™ o
- wz) 7o) 7 (@) ggm recall that 7(,) =27 0y
= 4™ (V o \Y ) +7 Vi o o
() Az (7o) Oz
:m 8 n msn a
R i P (V< 25 )
= 4™ <aj~m;7q> % +9M4" <Fqnm£1> change of index in 1st term
d 0
_ [4m q 4 zmznya Y
<7 oo T anm)amq
(AT, o
x4

2Usually in the literature they use the this term but they actually refering to the autoparallely-transported
curves. From now on we will make the same abuse of terminology thus when we write “autoparallel” we mean
“autoparallely transported”.
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One can perform the last part of the calculation in a cleaner way however, for our purposes
we will just provide an intuitive explanation. The term g% is the tangent vector components
to the curve, derived in all possible directions. But this vector field is not “everywhere”, it is
just along the curve «. Hence, strictly speaking that term alone is not well defined. However,
the whole term is f'ymg%i that is, there is immediately the projection of % to the direction of
the curve i.e. a projection of a derivative in the tangent space (space of directional derivatives)
thus the whole term gives a second derivative. The first derivative is 49 and the projection in

the direction of the curve is ﬁm&%.

From the last line of the calculation, we find that the chart representative of an autopar-
allely transported curve ~ satisfies 3

A0+ T e (VO Ay (VA (A) =0 (8.5)

This is one of most important equations to understanding general relativity. As we will see
in the next chapter, Newtonian spacetime carries a connection, in such a way that we can
trasform gravity from a force into a curvature of that Newtonian spacetime. In fact one must
do that conceptual transition because of Newton’s first axiom.

The axiom states that under the influence of no force, a particle will move in a uniform and
straight fashion i.e. on an autoparallely transported curve. Now consider that there is at least
one other particle in our universe (also recall that in Newtonian mechanics all particles have
positive mass, there are no massless particles etc.). The question is “how are we suppose
to use the first axiom if we know that all particles interact gravitationaly up to
infinite distance?” In such a universe, the first axiom would be totally out of work if gravity
was a force since the condition is “look at a particle on which no force acts...”.

However, if we interpret gravity as curvature and not a force then, in a universe with at least
two particles, Newton’s axiom will maintain its credibility. Let m1,m2 be the masses of the
particles, with m1 < m2. We know that due to gravity, we are going to observe an elliptical
motion of m1 around m2. In this case we have got to declare that this path is consists an
autoparallely transported curve. Not solely in space as we shall see tomorrow but in space-time
this is possible.

arrow of
time

ml

elliptical motion autoparallely transported
in space curve in spacetime.

3Note that the only acceptable reparametrization of A that still satisfies the autoparallel equation is X = a\+b.
Parameters relating this way are called “affine”
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Therefore, in order not to make the first axiom useless we must not describe gravity as a force
and, this is the way out. Then the axiom will tell us what the autoparallels are, by experiment
and, if a path of particle deviates from the autoparallels then we will know that this due to an
external force.

Example 8.2.1. (1) We already know that in a FEuclidean plane having a chart
(U = R% x = idg2), then F;-k(m) =0 = 4 = 0 which reminds us the equation of a
straight line. This is the autoparallel equation in this particular chart of the Fuclidean
plane. The solution reads 'y?;)()\) = a™\+ b, where a,b € RY.

(2) Consider the round sphere (S%,0, A, Vyound), i.¢., the sphere (52,0, A) with the connec-
tion Vyound. Consider the chart x(p) = (0,¢) where 6 € (0,7) and ¢ € (0,27). In this
chart V oung s given by

I'3o(z) (270, ¢)) := —sinf cos b
F%:):)12 (93‘1(97 ¢)) = F%x)Ql (ac_l(&, ¢)) := cot 0

All other T's vanish. Then, using the sloppy notation (familiar to us from classical me-
chanics) i.e., z'(p) = 0(p) and 2%(p) = ¢(p), the autoparallel equation is

0+ I’l(x)QQQZ}gZ.) =0 . 0 — sin cos 0d = 0
¢+ 207 1500 =0 ¢ +2cot 00 = 0

It can be seen that the above equations are satisfied at the equator where O(\) = 7/2, and
d(A) = wA + ¢o. This means that running around the equator at constant angular speed
w is an autoparallel curve. The autoparallel curves are the straightest curves wrt V ound-
However, ¢(\) = wA? + ¢g would not be an autoparallel.

8.3 Torsion and Curvature

Torsion

Now, having understood that a connection on a mfd gives us a notion of autoparallels, we are
ready to proceed to another question that at first sound abstract but in fact is very concrete.
The question is “can one use V to define tensors on (M,0,A,V)?

We know that V is given by non tensorial objects (I's do not transform as tensors) but
nevertheless there is some tensorial information inside a connection, as we shall see.

Definition 8.3.1. The torsion of a connection V is the (1,2)-tensor field
T(w,X,Y) — w(VxY — Vy X — [X,Y]) (8.6)

where [X,Y], called the commutator of X andY is a vector field defined by [X,Y]f = X(Y f)—
Y(Xf).
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Proof. We shall check that T is a tensor field i.e. T" is C"*°-linear in each entry.

T(fvavy) = fw(vXY - VY(X) - [XvY])
— fT(w, X,Y)
T(w 44, X,Y) = (w + 9)(VxY — Ty (X) — [X,Y])
= T(w, X,Y) + T(4), X, Y)
T(w, fX,Y) —W(VfXY Vy (fX) = [fX,Y])
w(fVxY = (Vy ()X = f(VyX) = [fX,Y])
w(fVxY = (Y )X — f(VyX) = [fX,Y])

But
[fX,Y]g=fX(Yg)-Y(fX)g=fX(Yg)— (Y[)Xg) - fY(Xg)
Therefore
T(w, fX,Y) =w(fVxY = (Y )X = f(VyX) — fIX, Y]+ (Y [)X)

=w(fVxY — f(VyX) — fIX,Y])

= fw(VxY = (VyX) - [X,Y]) = fT(w,X,Y)
Further, T(w, X,Y) = —T'(w, Y, X), which means scaling in the last factor need not to be
checked separately. Additivity in the last two factors can also be checked. O

Definition 8.3.2. A mfd (M,0, A, V) is called torsion-free if the torsion of its connection
1s zero. That is, T = 0.

The torsion components wrt a chart are given by

i g 0 0 0 o 0 ;
b (df” Frarr b) <Va;'3a o Y oue [ax (‘M’]) dat (®7)
o . 0 , 0 0 : 0 0 -
— I‘q _ T Fq v i v 3 v i .
b 94 de ba 9xa da Dz <8:cb da ) T o (8x“ d > (88)
% 9 9 %
=2r [ab] — oo (5b) ox 9..b (5 ) (89)
Toy = 21" oy (8.10)

From now on, we only use torsion-free connections.

Curvature

Definition 8.3.3. The Riemann curvature of a connection V is the (1,3)-tensor field

Riem(w, Z, X,Y) = w(VxVyZ = VyVxZ - Vxy|Z) (8.11)
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It can be shown that C'°°-linear in each slot i.e. a tensor field.

The components wrt to a chart (u,x) can be calculated.

0 0
Z = YH—ZP + TP ZFYY)—
VxVyZ =Vx((Y'5 220 + 17, )50
- (Xai(yuizp+rﬂ ZMYV) 4+ 17 (yuiza+pa ZuyV)Xﬁ)i
Oz OxH e aBAT Qm i oxP

For X = 0,,Y = 0y, Z = 0;, then the partial derivatives of the coefficients of the input vectors
become zero.

o . .
— V4, V,0; = @( o) T Teal'%
Now ,
, 5 9X1
XY'=X'—Y'-Y/ -
X, Y] O’ I
For coordinate vectors, [0;,0;] =0Vi,j=0,1...d.
Thus,
% 9 % 9 % % K % K
R jab — %Fjb - wrja + Fna jb I_‘/<;b]:‘ja

Algebraic relevance of Riem:
We ask whether there is difference in applying the two directional derivatives in different order.
From the definition of curvature we get

VxVyZ —-VyVxZ = Riem(-,Z, X, Y) + Vixy)Z

In a chart (U, x) and by using the chart induced basis (denoting V_» by V,*)

0
oz

(VaVZ2)™ — (VyVoZ)™ = Riem™ 2™ + v[ 9 9 ] Z

Oz’ dxb
—————
=0
where the last term vanishes®. Therefore in a coordinate induced chart, the Riemann tensor

components
Riem™,, 2" = (VoVpZ)™ — (VpVoZ)™ (8.12)

contain all the information of how the covariant derivatives fail to commute when they act on
a vector field. If they act on a tensor field, there are several terms on the rhs like the one term
above; if they act on a function, of course they commute. Being a tensor, Riem vanishes in all
coordinate systems if it vanishes in one coordinate system, as it does in flat spaces.

Geometric significance of Riem: If we parallel transport a vector X along two different
paths, the resulting vectors at the final point are different in general.

‘Dangerous notation if one changes charts.
5The commutator vanishes because the basis is “holonomic”. If one chose a more general basis, for example
a tetrad basis, then in general the commutator would not vanish.
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parallel 82

transport
along X

parallel
transport
along Y

The difference §Z for very small parameter distances (6, do), if T' =0, is given by
(6Z)™ = Riem™, , XY Z" + O(6X%50,07A607)

If, however, we parallel transport a vector in a Euclidean space, where the parallel transport
is defined in our usual sense, the resulting vector does not depend on the path along which
it has been parallel transported. We expect that this non-integrability of parallel transport
characterizes the intrinsic notion of curvature, which does not depend on the special coordinates
chosen. Hence, the Riemann tensor control of how much, parallel transport along one path fails
to match parallel transport along another path. Whenever we observe this effect, we have
detected curvature. Curvature is just tensorial information contained in a connection. The
basis notion is still the connection.

To recapitulate, we first introduced a covariant derivative, which induces a notion of parallel
transport (not a tensorial object). However, there is still some tensorial information in
there. .. the torsion which we set to zero (because of the later use we are going to make of the
whole structure) but, the Riemann tensor will not be set to zero.

We shall see in the next chapters that,a certain combination of the Riemann tensor including
some metric, will be equivalent to the Stress-Energy tensor of matter (Einstein’s equations)
therefore, the matter tells us something about the curvature of spacetime. Moreover, the
curvature tells us something about the underlying geometric structure, which is not a connection
but a special kind of it. .. a connection that comes from a metric. Hence, matter will determine
in an indirect manner the underlying connection.

"round

2 29
sphere” peanut

( M7 07 Au vround) ( M7 O? ‘A? Vpeanut)
%F_J

prescribed

by hand
W hich is right 7 Vyound o7 Vpeanut *

The matter will determine
(via the Einstein equations)
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Chapter 9

Newtonian Spacetime is Curved

In the standard formulation newtonian spacetime is not curved of course; and this formulation
still holds up. But if we inspect the axioms properly, newtonian spacetime must be considered
curved, and in fact this curvature absorbs the effect of a gravitational force, so that no longer
gravity can be considered a force. With that in mind we proceed by writing down Newton’s
axioms of classical mechanics.

Newton I: A body on which no force acts moves uniformly along a straight line.

Newton II: Deviation of a body’s motion from such uniform straight motion is effected by a
force, reduced by a factor of the body’s reciprocal mass.

We can read both axioms as statements about what a particle does under various circumstances.
However, if we read the first axiom as a postulate about what a particle does, it is merely a
special case of the second axiom. But it is evident that Newton was not naive. Why would
he need to emphasize this special case into an extra axiom. Therefore the nature of the first
axiom must be something else. The idea is that, one assumes that no force acts on the particle
and then one checks what a straight line is i.e. one is testing the geometry of space(time).
Therefore we conclude that:

(1) In order for the first axiom to be relevant, it must read as a measurement prescription
for the geometry of space.

(2) Since gravity, universally acts on every particle, in a universe with at least 2 particles,
gratity must not be considered a force if Newton I is supposed to remain applicable.

The first to think about this was Laplace. . .

Laplace’s Question

Question: Can gravity be encoded in a curvature of space, such that its effects show if particles
under the influence of (no other) force we postulated to more along straight lines in this curved
space?
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The answer is no. We are going to see why because it is instructive to see what does not work.
That way can repair it.

Proof. By describing gravity as a force one has to consider that the force in Newton’s second

. «
law , F'* = ma®(t) is equal with the force in his law of gravitation F'* = — <%) m= f*m

mi () = mf* (alt)
force:F&

where —0, f* = 4nGp (Poisson); p = mass density of matter.
The same m appearing on both sides of the equation is an experimental fact, also known as the
weak equivalence principle. Therefore,

#(t) — f(o(t) = 0. (9.1)
Laplace asks: Is this last equation of the form &*(t) + Faﬁy(x(t))x'ﬂ(t)aﬂ(t) = 07 That is, is it

possible to take the form of autoparallel equation?

The answer is no. The I' can only depend on the point z and if we assume that

Fo =T ((t)i ()i (1)
then we will run into a problem because the last equation implies

fe .
I, (2(t)) = )i (D) =T, =T, (x(t), #(?))
which against the definition of I's. Therefore the I's cannot take care of the f¢ in the preceding
equation. Had there been such I's, we would be able to find the notion of straight line that
could have absorbed the effect we usually attribute to a force. Conclusively, one cannot find
I's such that Newton’s equation takes the form of an autoparallel equation. O

9.1 The Full Wisdom of Newton 1

What Laplace basically asked is: Can we find a curvature of space st particles move along
straight lines. He did not read Newton I properly. Newton I talks about straight lines; but he
also talks about uniform motion and Laplace did not take this into account. Therefore, one
must use this extra information too. Recall that

7(2) a /’
v(1) i e
7(0) // ‘..'
, R
’ R
’ »
’ ’
’ ’
’

autoparallely

transported autoparallel
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the curve on the left represents uniform and straight motion while the curve on the right
depicts just straight motion, not uniform. This is an example which shows that a curve is
more that the set of its points; it is the set of its points and its parametrization,
which makes the whole difference. In order to talk about this difference easily we have to
introduce an appropriate setting. The appropriate setting would be one in which we do not
have to remember the parametrization of the curves, unlike the prevously displayed images. To
achieve that, we attach a time axis and we store the data concerning the parametrization there.
Consider a curve v in a 1-dimensional world, whose dimension we are going to denote by =«.
The curve will of course lie on this xz-axis. A graphical illustration of uniform and non-uniform
motion is given by the following picture.

equal time equal time
dif ferences dif ferences

A1) 2(2) A(3) (1) (@) (3)

non — uni form motion

uni form motion (getting slower)

Now all the information about the parametrization of the curve is stored in the t-axis. We
observe that, uniform and straight motion in space is simply straight motion in
spacetime. This gives us a hint. Laplace’s idea might work, if you only want to implement
straight lines, but it will work in space-time. In Newtonian spacetime particularly. This has
nothing to do with relativity it is just representing the data differently.

So lets try the same idea in spacetime.

The worldline (history) of

' the particle is defined as
Let z: R — R? be a particle's

trajectory in space X R s R4

where the Xs are called worldline coordinates. Now we have stored the information regarding
uniformity, namely the parametrization of the curve, into the X? coordinate. Let’s see why
this works.

In section (??7) we saw that in space (e.g. little xs) one cannot write the equation Z#(t) —

48



f(z(t)) = 0 into the form of an autoparallel. We simply rewrite, using the new notation
X)) =t=X0t)=1
= X%t) =0 (9.2)
and now we assume that the equivalence principle is still true i.e.
(1) — f((t)) = 0
only for @ = 1,2,3 . By multiplying with X°(¢) = 1 we get
B (1) — [ () XO(OXO() = 0 &= X (t) - fH(X(1))X(1)X°(t) = 0. (9.3)

Note that f*(X(t)) is just bad notation since it is a different function than the previously
defined f¢ in the sence that it ignores its first entry, namely the X° coordinate. We take (9.2)
and (9.3)

X°t)=0
X(t) = fAX @)X (6)X0(t) =0
and we observe that together, they are of the form of an autoparallel
- o vBvy
X+ T, XPX7 =0.

We simply choose I'Yy; = —f* and all others to vanish. But now one may wonder if this is a
coordinate artifact i.e. if we can make go to a chart where the connection coefficient functions
vanish altogether, using (7.17). The answer is no since we can calculate a non-zero Riemann
curvature R%q 5, = —%1 (only non-vanishing components) but also

R()O = Rmomo = _8afa = 47TGp (94)

where we used the Poisson’s law. Since the curvature being non-zero is independent of the coor-
dinates, the I's cannot be removed by a coordinate transformation. Hence, we have managed to
brought (9.1) into the form of an autoparallel. Conclusively, Laplace’s idea works in spacetime
despite the fact it does not in space. This becomes obvious when one checks that R%’y s = 0 for
a, B,7,0 = 1,2,3 meaning that the curvature components regarding only spatial dimensions
vanish. That is roughly speaking, the “space curvature” is zero. On the other hand equation
(9.4) shows that “spacetime curvature” is not.

Moreover, note that neither I' nor X transform as tensors in such a way that the autoparallel
equation as a whole does. It is the acceleration vector components

. By
X« —i—FO‘B,YX X7"=0
(vuzuaz)a

a®:—acceleration

9.2 The foundations of the geometric formulation of Newton’s
axiom

Definition 9.2.1. A Newtonian spacetime is a quintuple (M,O, A,V ,t) where (M,O, A)
is a 4-dimensional smooth manifold, andt : M — R a smooth function on the mfd satisfying:

IThis is known as the tidal force tensor, it’s minus the Hessian of the gravitational potential
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(1) “There is an absolute space”  (dt), # 0 VpeM

(2) “Absolute time flows uniformly” i.e.

Vdt =0 everywhere
~—~
(0,2)-tensor field

(3) The connection is V = 0 torsion free
Definition 9.2.2. The absolute space at a time 7 is defined as
S;:—A{p € M|t(p) =1} .

Remark 11. From the condition dt # 0 follows that M = UST which means that spacetime
can be decomposed into purely spatial slices Sr,.

dt #0 (dt), =0
Definition 9.2.3. A vector X € T,M is called

(a) future-directed, if dt(X) > 0
(b) spatial, if dt(X) =0

(c) past-directed, if dt(X) <0

future
directed

spatial

past
directed

57—:1 @
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Now we can rewrite Newton I using what we learnt.

Newton I: The worldline of a particle under the influence of no force (gravity is not) is a
future directed autoparallel (wrt to the connection we have). That is it satisfies

Ve =0 dt(ug) >0

Newton II: The deviation from such motion is effected by a force i.e.

F
Vi, Uy = —

m

where F is a spatial vector field dt(F) = 0. The last, in term of components, is rewriten as
ma® = F¢ ,where aa:Xa—f—FamXBX”

Hence we did not change Newton’s law, we just generalized the notion acceleration to incorpo-

rate what we call “gravity”.

At this point, let us introduce a very practical convention. We restrict attention to atlases
Astratified Whose charts (u,z) have the property

2 u—R
r'iu—R
— 29 = t|,, therefore Vt = 0 — (V ) dqro)ﬁ = —Foﬁa in this stratified atlas.
Oz
r'iu—R

Let’s evaluate Newton II in a chart (U, x) of a stratified atlas Agpeet-

F
Vuyx = — gives the equations
m

- (XO)// +Wstratiﬁed atlas —0 and

/ / / / / / FO(
= (X)) 4+ T s X7 X7 + T X" X" 421 ( X7V X" = —

m

a,v,6 =1,2,3
The solution of the first equation gives

(XN =0= X°\) =a\+b
where a, b constants. But in a stratified atlas

X000 = (2% 0 X)) " (o X) (V)
meaning the time of a point along a curve runs proportionaly with the A parameter of the
worldline curve X. This enables us to parametrize the worldline by absolute time, if we wish
S0 since, % = a%. Then the second equation from Newton II takes the form
1 e

X 4T s XX 4T, X0X0 4 212 (X7 X0 = -

a®—acceleration

2Since a force is suppose to accelerate a body only in spatial dimensions.
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We saw that in the presence of gravity 'Yy, = — f =gravitational force thus they correspond
to the acceleration due to gravity and as we also saw, they cannot be transformed away. If
there is no gravity then we can find a suitable chart ( section (??) ) where all I's vanish. The
components FO‘M, containing only spatial indices, are non-zero when we choose a curvilinear
coordinate system (e.g. polar coordinates). On the other hand, in a rotating system I'*y,
will be the centrifugal pseudo-acceleration and I'* 4 will be the coriolis pseudo-accelaration.
Why do we call them pseudo-accelerations?. .. Because they are coordinate artifacts, not real
accelerations. Only their sum is.
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Chapter 10

Metric Manifolds

We would like to establish a structure on a smooth manifold that allows one to assign vectors
in each tangent space a length (and an angle between vectors in the same tangent space). A
geometric structure on a vector space that induces a notion of both angle and length is an
inner product (if we only wanted length we would establish a norm). However, we do not
want a inner product on just one tangent space, we want it on each tangent space. That’s
an inner product field if you like. An inner product is basically a (0,2)—tensor with certain
properties. That’s the so called metric

From this structure, one can then define a notion of length of a curve. Because if we know
how to measure the velocity to a curve, that is to make the velocity into a number (section (5)
), we can call that number “speed”. By integrating speed over the parameter distance we will
get the “distance”. Then we can look at shortest curves (which will be called geodesics).

In flat space it is evident that the shortest curves are always the straight curves. We know how
to talk about straight curves if we have a covariant derivative. But if we now introduce such a
structure (which will be called a metric), we will get from it the notion of shortest curves.

If we establish fully independently the two structures (connection and metric) then the shortest
curves won’t be necessarily the straight curves. However, requiring such condition i.e. the
shortest curves (wrt metric) coincide with the straight curves (wrt V), will result in V being
determined by the metric structure’. Hence the metric will further determine the curvature.

shortest

straightest

metric \Y% Riem
T=0

IThat is true only in the presence of zero torsion and is called “metric compatibolity” condition
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10.1 Metrics

Definition 10.1.1. A metric g on a smooth manifold (M, O, A) is a (0,2)-tensor field satis-
fying

(i) symmetry: g(X,Y)=g(Y,X) VX,Y vector fields
(ii) non-degeneracy: that is, the musical map (also called “flat”)
b:T(TM) — I'(T*M)
X —b(X), where b(X) (YV):=g(X,Y)
——
er(T*M)

must be a C'*°—isomorphism, in other words it is invertible.

One can think the musical map as b(X) :— g(X,-). Note that by virtue of the metric, now we
have a way of converting a vector field into a covector field.

Definition 10.1.2. The (2,0)-tensor field g" =Y with respect to a metric g is the symmetric
g V(T M) x T(T*M) == C*°(M)
(w,0) — wb o)) , b Ho) e T(TM))

In a chart the components of the, so called, inverse metric satisfy (g=1)*" gy = op.

We call g—! “inverse metric” due to the condition its components satisfy in a chart. However,
stricktly speaking a rigorous definition of an inverse metric should include a mapping like
C>®(M) —=T(TM) x I'(TM) which not the case.

Remark 12. As previously stated, due the the metric we now have a means of converting
vectors field into covector field and vice versa. In a chart

(O(X))y = gau X" (M) = (g7 Py
These operations are known as “lowering/raising the index” by applying the metric. In the

literature one is probably going to encounter the above relations in the form

Xo = ga,uX'u s w* = gauwu

which is a dangerous notation because it does not show if, for example, the object X% is an
original covector or a covector constructed from a vector by a metric.

Example 10.1.1. Consider (S?, O, A) and the chart (u,z)

¢ € (0,2m), 6 € (0,m)
Then )

R 0
(1 —
Gij ((IZ (07 SO)) - |: 0 R2 sin2 6:| y

where R € R is a constant, defines the metric of the round sphere of radius R. Recall that at
the level (S, 0, A, V) the round spheres (as mfds with connection) had a fived shape , depending
on the connection, but not a fired size. As mfds with a metric the round spheres have eveything

fixed, intuitively speaking. Moreover note that one could establish a different metric on the
same smooth space (S%,0,A) and provide it with a completely different shape.
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Signature

Recall from linear algebra the eigenvalue problem
Av = v — Aot = A
where A is a (1,1) tensor. The eigenvalue form of A is

A 0
0 An
The same problem is not well defined for (0,2) tensor .

?
G = M

Notice that on the lhs we have a covector whereas on the rhs just a vector. An eigevalue is just
not a well defined notion on a (0,2) tensor. Eigenvalues and eigenvectors are meaningful for
mixed tensors, but the metric is a symmetric bilinear form that must be expressed by a purely
co- or contra-variant tensor. In matrix notation, mixed tensors, under a change of basis, would
transform as M = PM P!, but symmetric bilinear forms as S = PSPT. Under the former,
eigenvalues are invariant; but under the latter, only the numbers of positive, negative, and null
eigenvalues are invariant. The closest to an eigenvalue form one can bring the metric to is

1

0

However, there is still something that is well defined and invariant under a change of basis, on
such a tensor and it is called a signature. Thus,

e A (1,1) tensor has eigenvalues.

e A (0,2) tensor has signature (p,q) where p :— #0f 1 and q :— #of — 1. The number of
the remaining zeros is of course dimV —p —gq.

e The condition that b is an isomorphism means that there will be no zeros, hence dim V' =
p+q

+

)

+Fr
+ +

(
Example 10.1.2. In three dimensions there are E d+ 1 possible signatures.
(

-)
-)
-)
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Definition 10.1.3. A metric is called Riemannian if its signature is (++---+) or (——---—),
and Lorentzian if it is (+—---—) or (—+---—) etc.. Every signature other than Riemannian
is called Pseudo-Riemannian.

Due to their signature, only the Riemannian metrics define in each tangent space an inner
product of which one property is that g(X, X) = 0 iff X =0 i.e. every non zero vector has a
non zero length. This is not the case for Pseudo-Riemannian metrics.

Now that we have defined our metric we finally can talk about length of curves.

10.2 Length of a curve

Let « be a smooth curve. Then we know its veloctiy v, ,(x) at each point y(\) € M.

Definition 10.2.1. On a Riemannian metric manifold (M,O, A, g), the speed of a curve at
v(A) is the number

o= ( g(vww))w) (10.1)

The speed is defined only in a metric mfd and not just in a smooth mfd like velocity. Thus,
velocity is a more fundamental object that speed. Furthermore, notice that you do not see a
connection V anywhere. That is because we do not have to imply any relation between shortest
and straight curves; that is an additional assumption.

Remark 13. The physical dimensions of the velocity vector components are [v*] = % i.e.

they are mot “speeds” in different directions. They are defined in an arbitrary chart in which
the notion of distance is not established if a metric is not introduced. Therefore, in a sense
the physical dimensions of the metric components are [go5] = L?. Only then we observe that

[\ gapv®vP] = \/% = % which reconciles us with the classical notion of speed. The trick is

that v's transform as vector components, gog as (0,2) tensor components but they cancel out
and the final result is invariant. Furthermore [gog] = L* shows that the metric carries the
information on how to translate coordinate distances into real length. Hence, without
a metric, coordinate distance has nothing to do with real distance.

Definition 10.2.2. Let v : (0,1) — M a smooth curve. Then the length of v, L[y] € R is

the number
1 1
£p)i= [ axs) = [ anflatu ). (10.2)

Due to its definition A is called a functional. It maps a function to a number.

Given the above definition we realise that velocity is more fundamental than speed and
speed is more fundamental that length.

Example 10.2.1. Reconsider the round sphere of radius R. Consider its equator. In a chart
(u,x) the chart representatives (the “first” and the “second” coordinate) of v are

000) = (21 07)(N)
hence, 6'(\)

p(N) == (@2 0 7)(A) = 2mA®

_T
=3
=0, ¢'(\)=6m\?
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where we have parametrize in a non trivial way on purpose. After all we can parametrize
RZ
however we want. On the same chart g;; = [ R2 sin? 0]

The length functional is given by

1
£0) = [ an/a @ 000 e ) a0 1) (@ 01N

1
- / dA/R? -0+ R2sin? (9(A))3672 A1
0

1
1
= 67R / dIN? = 67rR[§)\3](1) = 27R
0

where along the way of the calculation, some “funny” factors appeared due to the weird parametriza-
tion but in the end the correct result was produced. In this example it becomes clear that the
parametrization does not matter.

Theorem 10.2.1. Let vy : (0,1) — M be a smooth curve and o : (0,1) — (0,1) be a smooth
bijective and increasing map.>2 The length functional is independent of the parametrization i.e.

Lyl = Llyoo]

Now that we have defined the length of any smooth curve on a mfd, it would be interesting to
look at extremal curves.

10.3 Geodesics

Definition 10.3.1. A curve v : (0,1) — M is called a geodesic on a Riemannian manifold
(M,0,A,g) if it is a stationary curve with respect to a length functional L.

Theorem 10.3.1. A curve v is geodesic iff it satisfies the Euler-Lagrange equations for the
Lagrangian
The Lagrangian is just a function on the tangent bundle i.e.

L:TM —R

X = Vg9(X, X)

In a chart, the Euler Lagrange equations® take the form

OLN _ oL _

oiH oxH

Here the chart representative of L is

£0r%,4%) = /g (YN FE)

2Basically it is a “reparametrization” map. That why it has to be increasing. Otherwise the new parameter
would run backwards and the value of length wrt it would change.
3They are just a reformulation of the stationarity condition.
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Apart from the square root, this is what we would write in classical mechanics. Here, the
square root is important so as to make the Lagrangian parametrization invariant. In classical
mechanics we do not want this invariance because we want uniform parameter. The difference
is that we are doing classical mechanics, we are doing geometry. Having said that, now it is
important to extract the Euler-Lagrange equations. Therefore we calculate

% _ \}gug(v()\))"ﬁ()\)

oL\ 1\ . 1 § Y .
<5W> = (f) gue(v(N)) - 45 (N) +F (gug(v(/\))vg(A)Jrv (ﬁagug)vﬁ(/\))

where we have used the chain rule in the last term*. Now what remains is to calculate the deriva-

tive ( —=) . However, we saw that the length functional does not depend on the parametriza-

tion. Thus we can impose a suitable condition on our parameter to make the calculations
simpler. The condition we require is

9(1,7) =1
i.e we choose a parameter such that at every point the velocity is equal to unity. Hence

g(¥,%) =1 and ( (¥, ’y)) = 0 for any choice of our A parameter. Moreover we calculate
oL 1
= uGac (Y)Y (N)F (A
o = 3= e (YD VFY)

and by putting of these together, the E-L equations will give
. o 1 o _
9ue7* + Qo gue 173 = S0ugac1™ ¥ =0 [+ (7)™
. _ 1 s
77+ (97" (Batu — 50u90¢)1"7* =0

1 (s
iaugag)v( ) =0

. -~ 1 o
vP + (g 1)'0“5(8(19#5 + 8{9#(1 - 8#9015)70[75 =0

which is the geodesic equation for a curve ~ in a chart. We observe that it is equivalent
with equation (8.5) if we choose

¥+ (97" (Ol —

_ 1
(g 1)'0“5(8049;15 + aég,ua - augozf) = L.C.Fpag(’Y()‘)) .

The choice of such connection coefficient functions implies that shortest curves wrt the metric,
coincide with straight curves wrt the connection.

Note: We wrote the E-L equations,in a chart, in the standard notation as we do in classical
mechanics. However, because the Lagrangian is a function on the tangent bundle , a more
mathematically rigorous way to write down the E-L equations would be

( oL > B <8£> _0
angrdlmM o'(x) 8{% O'(I)

where &, is a chart of the atlas on the tangent bundle T'M which was constructed from the
atlas A on the underlying mfd M (see §6.1 ). o(x) is the curve () also lifted on the tangent

29 (Y(N) =57 (D5 gun)
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bundle TM. That would be the precise formulation where the £ is a function on T'M. This also
gives a hint on why, in the standard Lagrangian formulation, we treat 4 as being independent
of v. They are not but we treat them this way because in the preceding relation we plug in the
curves o only after the derivation has been done. The final result would of course be the same.

Definition 10.3.2. LCT are the connection coefficient functions of the so-called Levi-Civita
connection “C V. They are also called Christoffel symbols.

We usually make this choice of V if g is given.
(M,0,A,g) — (M,0,A,g, V)

It is just a particular choice of a connection. Namely a connection which identifies the
goedesics with the autoparallels.

Definition 10.3.3. (a) The Riemann-Christoffel curvature is defined by

Rapys = gauRugya (10.3)
while the
(b) Ricci curvature is given by
Rap = R, (10.4)
and last but not least the
(c) (Ricci) scalar curvature is
R=g"" R,z (10.5)

where we have adopted the heavily used notation, g®? :— (g~1)°P.

Definition 10.3.4. The Einstein curvature of (M,0, A, g) is defined as

1
Gap = Rop — §ga5R. (10.6)
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Chapter 11

Symmetry

In this chapter we are going to talk about symmetry but we will pick a number of elementary
techniques in differential geometry that we will need in Einstein’s theory. We shall motivate
these techniques by appealing to the feeling that the round sphere (52, O, A, g"°""4) has rota-
tional symmetry, while the potato (52, O, A, gP°*°) does not.

All this seems simple enough however, it is quite different from the ideas of symmetry we
typically consider. So far you have probably considered rotational symmetry as an SO(3)
group. Meaning that, so far we have considered symmetry by having established an inner
product first, and then demanding that wrt that inner product we can classify linear maps A
acting on vectors X and Y such that inner product of AX and AY results in inner product
XY. Therefore these As are linear transformations in a vector space that respect the inner
product.

Here we talk about something different altogether nevertheless, it is the same idea. First of all,
we must realize that the distinction between (52, 0, A, ") and (S2, O, A, gP°*%°) is entirely
contained in g. Up to the level (S?, O, A) there is no metric thus there is no inner product.
Secondly, once we have a metric, since it is the only thing that distinguishes these two objects,
we talk about a symmetry of the metric itself and not, given a metric we have additional
transformations that respect something. Hence symmetry is a property of the metric. One
more difference is that a metric provides an inner product on each tangent space and; since
there are many different tangent spaces with many different inner products, one could use
them to redefine for example SO(3) (or any other group) with respect to some of those inner
products.

Recall that ¢ talks about the distribution of these inner products over the mfd (sphere in this
case). That distribution is, in some sense, rotationally invariant or not.

Therefore, the question is: How to describe the symmetries of a metric? This is important
because nobody has solved Einstein’s Equations without assuming some sort of additional
assumptions such as symmetry of the solution. Hence this is not an “academic” question but
a very important one in a technical sence.

In order to begin talking about these symmetries there are a number of technical concepts that
have to be introduced.
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11.1 Push-Forward and Pull-Back Map

Push-Forward

Definition 11.1.1. Let M and N be smooth manifolds with tangent bundles TM and TN
respectively. Let ¢ : M — N be a smooth map. Then, the push-forward map ¢. (induced
from @) is the map

o8

TM ——— TN
T M TTN

M N R

defined by X +— ¢.(X) € TN where for any function f € C®°(N) : ¢(X)f :— X(f o ¢)

Notice that the push forward map ¢, takes a vector X € T),M in the tangent space at the point
p € M to the vector ¢.(X) € T,N in the tangent space at the point ¢(p) = ¢ € N, such that
the action of ¢,(X) on any smooth function f € C°°(N) gives the same result as the action of
X on the function (f o ¢).

Note: From this construction we can see that if we apply the push forward to an entire fiber
T, M, over the point p then, the result lies inside the fiber Tj,)N. That is

G« (TpM) C Ty -

O Ty N
T, M )

P

In order to remember what the push forward does there is a little mnemonic that says

“vectors are pushed forward”.

Having defined the map abstractly we can now find its components wrt two charts (since
the whole construction involves two separate mfds). Consider (u,z) € Apr and (v,y) € An.
We know that 8(Zip is a vector i.e. an element of the tangent bundle 7M. Then gb*(%)p is
a vector in N i.e. an element of TN. We can extract the a'’-component of this vector by
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applying the dual base vector dy® as follows:

e (o ((5) ) e ((5) )= (5% o0

0,
- (), 00 (55 oy

One must be very careful of the notation because ¢¢; are not tensor components. a : 1,2,...,dim N
whereas ¢ : 1,2,...,dim M. The two indices refer to different mfds. Moreover, the map ¢ is
defined as

R? D x(u) e o¢oy; y(v) CR®

chart representative

of ¢

thus now we have completely defined the push forward map. In order to understand it in
greater depth it is a clever idea to consider that the point p lies on a curve v : R — M. We
know that the tangent vector of v at p is a map u,, : C*°(M) — R. By using ¢ we can map
all the points of v into the mfd N. Hence the map ¢ o~y is the image of v under the map ¢
in N. The claim is that while ¢ “pushes” the curves; the push forward map ¢, “pushes” the
tangent vectors of curves v to tangent vectors of the pushed-forward curves. Therefore we have
the following theorem. ..

Theorem 11.1.1. If v: R — M is a curve in M and ¢pov: R — N is a curve in N then,
¢« pushes the tangent to a curve «y to the tangent to the curve (¢ o7y) i.e.,

D (Vy,p) = V(gom),(p) - (11.2)

Proof. Let p=~(\g). Then V f € C*>°(N),

G (Vyp) [ = vyp(f o) = ((fo9) 07) (M) = (fo(d07) (Xo) = Vigoy).etr(ro) S
= U(gon),6(p)f
O

The importance of the aforementioned theorem lies in the fact that it provides a simple and
geometric picture of what the push forward does.
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Pull-Back Map

Definition 11.1.2. Let M and N be smooth manifolds with cotangent bundles T*M and T*N
respectively. Let ¢ : M — N be a smooth map. Then, the pull-back map ¢* (induced from
¢) is the map

¢* T*N — T+ M
w i ¢*(w)

where ¢* (w)(X) := w(p«(X)) for any X € T, M.

Its components wrt two charts (u,z) € Ay and (v,y) € Ay are given by

5 = ((dy“)¢(p)> (((jﬂ)p)
e ((3) - (3) -

Thus, the components of the push-forward and pull-back maps are exactly the same

(¢« (X)) = 9% X'
(" (W>)z = ™% we = Py Wa -

The mnemonic phrase regarding map ¢* goes

“covectors are pulled back”.

Remark 14. This remark is about an important application regarding these two maps. Let
M and N be smooth mfds and ¢ : M — N be an injective map. Suppose that dim M < dim N,
which corresponds to the embedding of M in N, and that we have metric g in the “bigger” mfd
N . Then, usign g, we can induce a metric on the “smaller” mfd M which is given by

gM(X7Y) B g((ﬁ*(X)v(ﬁ*(Y)) (11'3)

for any X,Y € T,M. In terms of component we get

la 2b
((QM)ij)p = (gab)d)(p) <gi’ > (gi) . (11.4)
?(p) #(p)

Notice that the induced metric depends on the embedding map ¢.

11.2 Flow of a complete vector field

Definition 11.2.1. Let X be a vector field on a smooth manifold (M,O,A). A curve v : 1 C
R — M is called an integral curve of X if

V() = X500
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Thus, for a curve 7 to be called integral, its tangent vector u, at each point () must reproduce
the given vector X at the point v(\). Consequently a curve v can be an integral curve wrt a
vector field X but not wrt another vector field Y.

As an analogy, one may think that the vector field X is the velocity of water molecules in a
river. Then an integral curve v would the the trajectory of a ship that has no propulsion and
just flows with the river.

Definition 11.2.2. A vector field X is complete if all integral curves have I = R.
Definition 11.2.3. The flow of a complete vector field X on a manifold M is a 1-

parameter family
P Rx M — M
(A, p) = ()

where 7y, : R — M s the integral curve of X with v(0) = p.

Then for fixed A € R we get a map hf : M — M that is smooth. This map takes every point
on the mfd and pushes it, for a parameter distance )\, according to the integral curves of the
field X. Thus it can be considered as a special case of the map ¢ from which we induced the
push-forward and the pull-back maps.

Notice that we have not used a metric in this “flow business”. Somebody somehow gave us a
vector field and now we can flow the points of our mfd along that vector field. One can give
many different vector fields on a smooth mfd. If we push the points using A~ i.e. let them
flow along X, then we can look at the pushed-forward vectors or the pulled-back covectors.
Even better we can check the induced metric that we have, let it flow, and then check what
the result is. If the induced metric hasn’t change then it is symmetric.

The concept of flows is the key to understanding what symmetry is. The next step is to
understand how to distinguish the different types of symmetries.

11.3 Lie subalgebras of the Lie algebra (I'(TM),[,:]) of vector
fields

Recall that I'(T'M) = { set of all vector fields } , which can be seen as a C°°(M)-module
(since we can multiply field with C°°(M) functions). However we can restrict ourselves such
that I'(T"M) is an R — vector space. Then

Definition 11.3.1. If we have two vector fields X,Y then the commutator [X,Y] € I'(T M)
s defined by

(X, Y]f = X(Yf) - Y(X])

satisfying

(1) Anticommutativity: [X,Y] = —[Y, X]
(ii) R-Linearity: A\X + Z,Y| = ANX, Y|+ [Z,Y] where A € R
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(i11) Jacobi identity: [X,[Y,Z]| + [Z,[X, Y]]+ [Y,[Z,X]] =0

Any vector space equipped with a map [X,Y] is called a Lie algebra, therefore

Definition 11.3.2. The vector space (I'(TM),[-,:]) constitutes the Lie algebra of all vector
fields on M.

Now as a next step lets consider the following:
Let X1,...,Xs be s (many) vector fields on M, such that
Vi,je{l,...,s} [Xi,X;]= Cr Xk
linear combination of Xjs

where C’fj € R are called structure constants.

Moreover let spang{Xi,..., X} be the set of all linear combinations of X} (thus they can
define a sub-vector space). Then

Definition 11.3.3. The vector space L :— (spang{X1,...,Xs},[,"]) is called a Lie subalgebra

Example 11.3.1. In S?, assume that the vector fields X1, Xo, X3 satisfy

(X1, Xo] = X3,
(X2, X3] = X3
[Xg, Xl] =X5.

Then (spang{Xi, Xo, X3}, [-,¢]) (= SO(3)) is a Lie subalgebra. An instance of vector fields
satisfying these conditions (with X;,0,¢ all taken at a point p, and x' = 0,2 = ¢) is

9

., 0
X = —s1n¢% —cotHcosqba¢

0 0
Xy = cos ¢% — cot 0 cos ¢%
0

Note that the above is defined on a merely smooth manifold without any additional structure
like metric. These are just vector fields given in a particular chart on S2.

Now we can use this to define what we mean by symmetry of the metric.

11.4 Symmetry

Definition 11.4.1. A finite-dimensional Lie subalgebra (L, [-,-]) is said to be a symmetry of
a metric tensor field g if VX (complete vector field) € L, \ € R, A,B € T,M

g ((r3), (4), (hX), (B)) = g(A, B)
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In another formulation (using pullback), one would write (hi( )* g = g. Recalling the definition
of pull-back of ¢ : M — M we see that for a (0,2)-tensor field g the pull-back is defined by

(¢"9)(A, B) := g(¢+(A), o«(B)) -

The map hf is called an isometry. Here we have a 1-parameter family of isometries generated
from each vector field X € L.

11.5 Lie derivative

The Lie derivative must be introduced at this point since it makes the job of checking for
symmetries easy.

It is obvious that VX € L (symmetry subalgebra) then (hi( )* g — g = 0. Therefore we also
have that iff

(hY) 9—9g

) =0

Lxg:= lim
. A—0
then L is a symmetry of the metric g.

Definition 11.5.1. The Lie derivative L on a smooth manifold (M, O, A) defined by
(h3) 9—9

= i A
Exg o A

takes a pair of a vector field X and a (p,q)-tensor field T to a (p,q)-tensor field such that

(i) Lxf=Xf VfeC®M
(i) LxY =[X,Y] where X,Y are vector fields
(iii)) Lx(T+S)=LxT+ LxS whereT,S are (p,q)-tensor fields of the same valence

() Letbnitz rule: LxT(wi,...,wp, Y1,...,Y) = (LxT)(w1,...,wp, Y1,...,Yq)
+T(Lxwi,...,wp, Y1,...,Y) + -+ T(wi,...,Lxwp, Y1,...,Yy,)
+T (Wi, .oy wp, Lx Y1, Y+ AT (wi, .o wp, Y1, ..., LxY,)  where T is a (p, q)-tensor

(’U) ﬁX_:,_yT = EXT + £YT

Note that conditions (7), (ii7), (iv), (v) are less restrictive than the conditions on the covariant
derivative. This means more freedom. Also recall that for the covariant derivative we had to
put extra structure to fix that freedom. Therefore it must be condition (i¢) that lets us do
whole thing without introducing extra structure.

The careful reader might wonder why we didn’t define it before since it doesn’t need additional
structure (whereas V needed). Roughly speaking there is a kind of cheating because Lx sucks
in the information, of how the field X behaves away from the point where we do the derivative.
Indeed we want to calculate the derivative at a particular point (Lx), = [X, Y], but this does
not suffice to prescribe the value of X at that point, in order to calculate the whole thing
(LxY),. We need the whole information of how X behaves in the neighbourhood, in order
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to make the flow, in order to calculate the Lie derivative. This is reflected on L£x not being
C®°-linear.

The proof of finding the components of £ xY is very similar with that of the covariant derivative.
We proceed by just writting down that in a chart (u,x)

. o . o .
LxY) =X"—(Y") — xXHys 11.5
(LX) = X" () = (X) (11.5)
whereas for the covariant derivative we had
. o . .
(VXY)’L - Xmaxim(yl) + ]._‘lszmYs

and now the point we emphasized earlier becomes evident. Because we added extra structure
for the covariant derivative, we do not need a vector field just a vector at a point. That’s
why in the second term we have the I's and not a derivative. On the other hand, notice the
term ais (X?) in the Lie derivative. This is a derivative of the components and just like every
derivative it requires knowledge of the behaviour of X in the neighbouhood of a point and not

just at the point. This is the price that we paid for not imposing extra structure.

In general

([’XY)j =X W(Tj) -

oxt . Oxf

Ozs~ 7 QI

T (11.6)
As above, it is easy to calculate components of Lie derivative of metric g, Lxg. Thus, by

checking if the derivative equals 0 or not, it can be determined whether a metric features a
Symmetry.
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Chapter 12

Integration on Manifolds

In this chapter we are going to complete the mathematical apparatus that we need in order
to proceed to physics. So far we have managed to lift differentiation, parallelism etc. to the
manifold level sometimes, with the cost of adding extra structure. This chapter will be the
completion of our “lift” of analysis on charts to the manifold level.

We want to be able to integrate a function f over a manifold M. This |’ a J will be an important
tool for writing down the action which produces the Einstein Equations. However, to define
such an integral we need a mild new structure on our smooth manifold (M, O, A). It requires

(i) a choice of a certain tensor field, the so-called volume form and

(ii) a restriction on the atlas A, which is called ’orientation’.

12.1 Review of integration on R?

We review this because, after all, this is what happens in a chart; and we want to use this
knowledge to have a well-defined integration on manifolds.

a) If F: R — R, we assume a notion of integration is known. We define an integral over an
interval (a,b) by using the Riemann integral as follows:

b
/ F::/ dx F(x).
(a,b) a

b) If we have slightly more interesting function F : R — R, then we define its integral in two
steps

(1) On a box-shaped domain, Box = (a,b) x (¢,d) X - - - x (u,v) C R?, the integral is defined

by
b d v
/ F::/ dml/ d:v2---/ ded F(at, 22, ... z?)
Box a c U
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therefore it reduces to single integrals over the variables and one has to execute one
after another.

(2) for other domains, G C R?, we first must introduce an indicator function g : R —

R such that
(2) 1, reG
x:
Ha 0, 2¢G

and then define

+o00 +o00 +oo
/F:—/ dml/ de.--/ dz? pg(x) - F(z' 22, %)
e —00 —00 o

While this may not be a practical definition, it tells us what we mean by an integral
over a function from R¥ to R over an arbitrary

Note: All of the above comes with the disclaimer “if the integral exists’ since there could be
many issues that do not allow the existence of the integral as defined above.

Change of Variables

Theorem 12.1.1. If F: G — R and ¢ : preimy(G) — G, then

[F@=[ et@)w)]-(Fos)w
G preimy(G) S——~———

Jacobian of ¢

e.g. from cartesian
to polar coordinate:

R? D preimy(GQ)
later, on mfd:
o=y oz

chart trans. map

e

Example 12.1.1. Consider the domain G C R?, which includes the entire R? except the z-azis.
Let

¢ :RT x {(0,7)U (m,27)} — G

(r,p) — (rcosp,rsingp)

Thus, G is in Cartesian coordinates and the preimg(G) is in polar coordinates. Let us calculate
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the Jacobian.

(&sz) (r,¢) =
det (8 ) (ryp

2
:>/ dx de?  F(at, / / d’rd@r F(rcosp,rsingp)

volume element volume element

cos ¢ sin
—rsing 7rcosp

In our context R? will be the image of some chart. Our goal is take that theorem and apply it
in differential geometry .

12.2 Integration on one chart

Let (M, O, A) be a smooth manifold, f : M — R be an integrable function and choose charts
(u7 x)? (u7 y) e 'A °

Now lets consider integrating over a chart domain and by using the preceding theorem we will
try to make the transition to the other chart. We have to do that check since we need an
integration method that is independent of our choice of chart. We begin by considering an
integration using the chart (u,y). Thus,

L/ 48 £ (8 /“ dla [det By 0 2~ )(@))| (fiy 0 (wo ) (@)

J
- / do |det <ay )
x(u) dx’ z= ()

Hence using an integral over a chart in this way, is ill-defined. This means our attempt to
define fuf as fx(u) d% fe)(@) is wrong. Then why did we do it one might wonder... We

det <ayi)

0 ) o1 (a)
is what causes the problem. Thus, if manage to find an object which transforms in an opposite
manner, i.e. creates the term deg%m)', our problem is solved. We will then put this object

additionally inside the definition of integration and all our integrals will result in something
that is chart independent.

oy toyor ! dé =
(foy oy x)@w¢éw o fy()

showed this explicitly because inside the failure there is an insight. The term
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Unfortunately there is no such object coming from the smooth structure (M,O,.A) alone.
Therefore we are going to have to introduce new structure.

12.3 Volume forms

Definition 12.3.1. On a smooth manifold (M, O, A), a (0, dimM )-tensor field  is called a
volume form if

(a) Q vanishes nowhere (i.e. Q#0Vpe M)

(b) is totally antisymmetric

Ao, X o ¥ ) =0, Y X )
ith jth ith jth

Due to antisymmetry its components in a chart have the property:

Qiy..ig =

i1...44]

The volume form contains all the extra structure that is needed . As we will see in the example,
the “volume form structure” may not be included into smooth mfd however it is included into
a metric mfd structure.

Example 12.3.1. Consider (M,QO, A, g) metric manifold. Then one can construct a volume
form Q from the metric g. In any chart: (u,x)

Qa)iy.ig = 1/ eUG(2)ij)€ir...ig

where €, _;, is called Levi-Civita symbol (independent of charts) and is defined as

€123..d = +1

€1..d = E[il...id] °

We make the claim that the rhs transforms as a (0,d)—tensor. We have to check it by going
into another chart and observe how it transforms.

Proof. In a different chart (u,y) we write

QY)iy..ig = \/det(g(y)ij)€ir...ig =
~ et ozx™ Jz™\ Jy™ Oy . B
- Y@mn g5 Gy ) Bt " Baia ma-mal

ox dy Ou
= |detg(z)ij\ det (5’3/)' det <8:U> €i1.ig = \/deT(aj)ijeil...id sgn <det (E);y))
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where in the last Step we used det (%) = q t<18"c> 1 and |x’ = Sgn(m) 2. The result shows that
e :

By

Q is well defined iff det (g—;) > 0 for every pair of charts (u,z) and (v,y). O

We can require such a property by further restricting our choice of A. Therefore we make the
following requirement. Lets restrict our smooth atlas A to a subatlas

Al cA

1

such that any two charts (u, ), (v,y) have chart transition maps y o 27!, 2 o y~! such that

Jy
det | == ) >0.
‘ (ax>
Such an atlas is called an oriented atlas.

Hence we cannot define a volume form Q from g using the structure (M, O A, g). We need to
further restrict our atlas to A" and use the structure (M, 0 A", g).

If we just have a smooth mfd it may not be orientable; in those manifolds one cannot integrate.

Definition 12.3.2. Let Q be a volume form on (M,O A") and consider a chart (u,z). We
then define

CU(I) — Qil...id €'l

where €1 is defined exactly as €ir...ig- One can show that

ox
(,U(x) = det @ W(y) .

Such an object is called scalar density.

12.4 Integration on M

Integration on one chart domain u

Definition 12.4.1. The integral over a chart domain u of a function f : M — R on a
manifold is defined as

(u,z)
f = dd T ! f T
MA LAQO & Wiy (@) fy (@)

Now we need to check whether it is well defined, by going into another chart.

'Recall that g—;” —9(xo yil) is map from R? to R? i.e. an Endomorphism. The determinant is well defined

abstractly for Endomorphisms and; the inverse map would of course be yoz™! = %. This is why we can write
det (%) = 1
oz det(g—i)
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Proof.

(u7)
/ s / 448 wipy (y™(8)) Fipy(B)
U y(u

)
= / / da

- / ( )ddo‘ W) (@ (@) fa) (@)

e (32 ‘ foy (@) i) et (57

O

Therefore, by substituting w and then €, ;. , on an oriented metric manifold (M, O, AT, 9)
the integral is defined by

[ e i@ @) S
\/g

Integration on the entire manifold

Lets consider an oriented metric mfd. If we choose a chart (u,x) we know we can integrate
a function over the chart region u. After that, we can use the chart transition maps so as to
cover and integrate over the entire mfd. However, there is a problem with that strategy. The
problem is that we are going to double-count the overlapping regions between the various charts.
Moreover, we cannot cut out the intersections between the charts, so as not to double-count,
because the intersections are not open sets. We need a different idea.

The idea is that we require that the mfd admits a so-called partition of unity. Roughly
speaking, by partition of unity we mean that :

for any finite subatlas A’ C AT there exist continuous functions pi + u; — R such that:

VpeM: > plp)=1

PEU;

This will act as weight distribution function that equally distributes a weight when the inte-
gration takes place in an overlapping region. Thus in the overlapping region we will take a
smaller contribution (from both charts) in such a way that if we weight the function with the
various p;(p)s, we will not get an overcounting.

Example 12.4.1. Let us consider M = R and only two charts with overlapping regions uy, us.
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6! Uul

M=R
s o
P2
1
’\ 1 + p2 = 1
us everywhere
on M
P1
1
()

The integral over the entire mfd is then written

Definition 12.4.2. [, f :— Z{ﬁm fuL (pi- f)-

The atlas A’ must be finite in order for the sum to be finite otherwise we will run into conver-
gence issues.
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Chapter 13

Relativistic Spacetime

All the previous chapters dealt with the mathematical foundations of general relativity. From
this chapter and on the character of our course will change significantly i.e the physics begin.
We are going to employ all the mathematical tools we introduced in order to describe relativistic
spacetime. We should emphasize that from now on some of our arguments will be more vague,
because we will have to deal with physics and physics is more complicated than mathematics.
In mathematics everything is more clear due to the fact that mathematics are self-referencial;
and that their power. On the other hand, in physics we need to relate our notions to the world
and in the end we need make predictions. Therefore a lot more handwaving and arguing is
required.

Having said that we would like from the reader to recall the definition of Newtonian spacetime:
(M,0,A,V. 1)

where V a torsion free connection, t € C*°(M), dt # 0 (purely time slices exist) and Vdt = 0
(time flows uniformly). Also recall the definition of relativistic spacetime which in the language
of mathematics is given by

(M7 O,A7 v797 T)

where V torsion free, g Lorentzian metric and is the so-called time-orientation. We will define
exactly what we mean by time-orientation but for the moment we would like to stress that the
role played in Newtonian spacetime by the absolute time function ¢ is now being played by the
interplay of two additional structures; the Lorentzian metric and the time-orientation.

13.1 Time Orientation

Definition 13.1.1. Let (M,0 A", g) be a Loretzian mfd. Then a time orientation is given
by a smooth vector field T that:

(i) Does not vanish anywhere

(ii) g(T,T) > 0
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In Newtonian spacetime we had the absolute ¢t which satisfied dt # 0. That enabled us to
“draw” purely spatial slices of equal time. Then we defined the future directed vectors as those
satisfying the condition dt(X) > 0. All vectors live in a tangent space and; by selecting only
those that satisfy dt(X) > 0, we are basically selecting only “half” of that tangent space. The
space of all future directed vectors which is of course a subset of a T),M.

In relativistic spacetime we do not have an absolute time but instead we have a Lorentzian
metric, which produces a “double-cone” structure (in a tangent space) similarly like dt #
0 produced equal time slices. Combining such a metric with a time orientation produces
a distribution of “single-cones” of the tangent space, similarly like dt(X) > 0 produced a
distribution of “half-spaces” of the tangent space, everywhere across the manifold.

Besides the Lorentzian metric, a time orientation is also critical if we want to make a particle
definition. Because in order to define what a particle is we have to talk about future and past.
We want particles to run forward in time rather than backward. Hence, we need to eliminate
one of the cones. However, the metric does not distinguish between the cones therefore, we
need an extra choice of vector field (7') that lies in one of the cones. That is why we can select
only the future directed cones.

g(X, X) <0 :
(

This definition of relativistic spacetime has been made to enable the following physical postu-
lates:

(P1) The worldline v of a massive particle satisfies:

1) gy (u%,y()\) ) u%y(/\)) > 0 i.e. for every point the tangent to the worldline lies inside
the cone.

(i) gy(n) (Tﬁf(,\) , u,m()\)) > 0 i.e. we choose only the future directed cones.

T,M
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(P2) The worldline of a massless particle satisfies:

(1) gy (uﬂmo\) , u,m(/\)) = 0 i.e. for every point the tangent vector lies on the bound-
ary of the cone.

(i) gy00) (Tyn) s Uyn(n) >0

Having established these two postulates, we can now distinguish between these different kinds
of particles. Usually one says that “nothing runs faster than the speed of light”. But “faster”
refers to speed and we haven’t talk about that yet. It is very important to distinguish velocity
and speed. They are not the same thing. Speed is what an observer sees in his laboratory,
velocity is not. For instance, we could measure the length of the velocity vector at some point
Le. gy (uﬁm( A) s Uy A)), and we would get a positive number if the particle is massive. But
that is not its speed one would measure. The only restriction on the velocity vector is that it
must lie inside or on the boundary of the cone for a massive or a massless particle, respectively.

13.2 Observers

From now on we will always assume that the underlying structure is the relativistic spacetime
(M, O,.AT, V,g,T) unless we state otherwise.

Definition 13.2.1. An observer' is a worldline v with

(1) g(uy,uy) >0

(it) g(T,uy) >0

together with a choice of basis
eo(N), e1(N), e2(A), e5(N)

of each T.(\yM where the observer worldline passes, if uy ) = eo(A) and g(ea(N),es(N)) =
Nap = diag(l,—1,—1,—1).

(P3) A clock carried by an observer (v, e) will measure a time

A1
T = /\ dX \/gw(/\) (“%W(/\)’U%V(A))
0

between the two “events”
v(Aog) = “start the clock” and (A1) = “stop the clock”.

LA more precise formulation states: An observer is a smooth curve in the frame bundle LM over M. The
frame bundle is a bundle whose fibers are no longer the various tangent spaces. That is, in the frame bundle, a
fiber at p no longer contains all tangent vectors at p; that is the tangent bundle. In the frame bundle, a point
of a fiber at p is specific choice of a basis at p. This means a fiber at p of the frame bundle, contains all the
possible quadruples ep(\), e1(A), e2(XA), e3(A) of tangent vectors that constitute a basis.
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This is the first instance the word time enters the discussion. In this context time is derived
notion. We do not just talk about time, we talk about time as the time that a clock measures.
Moreover, notice that according to (P3) there is no time associated to an individual event as
there is also no time difference associated to two events.

There is a time difference associated to a certain path, that a clock takes, between two events.

One can see that 7 is indeed in the real world and not a coordinate artifact since it is defined
in any chart...we did not use any components. In the literature 7 is mostly reffered to as
propertime and, it is nothing more than the length functional we introduced in §10.2.

Example 13.2.1. (Application):
Consider M = R*, O_Og., AT > (R*,idgs) and also take that in chart, the metric is given
by g : G(x)ij; = Mij and the time orientation by T(ix) = (1,0,0,0)".

If the chart (R*, idga) exists and 9@)yij = Mij then we know from a previous example that
Fi(x)jk = 0 everywhere. This means in our spacetime (M, (’),AT,g, V,T) = Riem = 0. That’s
because the metric induced connection V has vanishing connection coefficient functions, in a
chart that covers the whole mfd; and not just a portion of it. Riem = 0 means the spacetime
is flat. This situation is called Special Relativity.

Now, in that chart, consider two observers:
v :(0,1) — M, 'yfz) = (A,0,0,0)

and

(X, aX,0,0) A <
(A (1 = N)a,0,0)8 A >

5:(0,1) — M, ac(0,1): 5@):{

[N T

chart : (R4, idR4)

A=1/2
Ty 1,32,0,0)
“twin
paradox” 5

A=0
Yz = (0,0,0,0)
521) = (0707070)

We would like to find the time elapsing of the clock of v and & and compare them. We calculate

1 : 1
1/2 1 1
7'51—/ dX 1—a2—|—/ d)\\/12—(—a)2:/ Vi—a?dd=v1-a? <,
0 1/2 0
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which shows that the more o goes to 1, the more the 0 observer goes to the boundary of the
cone and his propertime goes to zero i.e. he doesn’t age that much. Notice that we didn’t talk
about relativity. This is just the definition of time shown by a clock.

(P4) Let (,e) be an observer and ¢ be a massive particle worldline that is parametrized
such that g(us,us) = 1 2. Suppose the observer and the particle meet at a point in
spacetime

6(m2) = p=(71)

This observer measures the 3-velocity (spatial velocity) vector of this particle as

Us(ry) = € (Uss(ry)) €a » @=1,2,3

0 0,1 .2 .3

where €0, €l €2, €3 is the unique basis, dual of the basis €°, e!, 2, 3.

Basically vs is a expansion in the spatial basis vectors e!, €2, e? of our observer. The covector

€ acts on the 4-vector us s(.,) and produces the component wrt the basis vector e,.

€2

The concept of 3-velocity is derived in our context. The 4-velocity us is objective, it is in
the real world because the worldline itself is objective and ug is just a tangent vector to it.
However, the 3-velocity vs we had to construct using an observer who sees this 3-velocity.
Another observer with another frame will extract from the same objective J-velocity, a different
3-velocity. That is the whole secret explaining why different observers see different things. On
the other hand it is a universal truth that nothing massive exceeds the speed of light. This
upper limit constraints the spatial 3-velocities an observer can see. However, in the spacetime
picture, it has to do with the 4-velocity not lying outside the cone.

Consequence: An observer(vy,e) will extract quantities measurable in his laboratory from
objective spacetime quantities always in that fashion.

Example 13.2.2. Consider the (0,2) Faraday tensor of electromagnetism

0 FEy E5 E3
| —E 0 By —By|
Fa,ﬁ “|-By —Bs 0 By | ~ F(emeﬂ)

—-FE3; —By —B; 0

2 I parametrize the worldlines according to the time a clock would display that travels with the particle. We
do this to avoid unnecessary normalizing factors in the following definitions. Recall that worldlines are curves
in spacetime and we know we can parametrize a curve however we want.
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where eq,eg are the basis vectors of a particular observer. This also explains why different
observers see different E and B fields. According to F those fields given by

E,— F(eo,ea) , B':— F(ej,ep)e”

where €% is the Levi-Ciwita symbol and i,j,k = 1,2,3. It is evident that the fields E,, B* are
highly observer dependent. Therefore, the objective spacetime quantity is the Faraday tensor
F which is unimpressed by charts and observers. It is just a consequence of the Maxwell’s
equations. However, if we want to go the lab and measure the Faraday tensor, then we measure
E,, B* because our lab is basically an observer.

13.3 Role of the Lorentz Transformations

Lorentz transformations emerge as follows:

Let (v, e) and (7, €) be observers with v(71) = 4(72) i.e. at some point in spacetime they meet.
For simplicity let us reparametrise the two worldline st v(0) = 4(0). We know that

€o,€1,€2,e3 , at7=0 and,

éoa €~1, €~2, €~3 3 at =10

are both bases for the same T )M. Thus if they are both bases, we can express one in terms
of the other by using a certain transformation. That is

€q = AP eg

where A € GL(4) a general linear map (thus invertible) otherwise we cannot send a basis to a
basis. Moreover, due to the observer’s definition we know that

Napg = 9 (€a,€8) =g (A”‘a €r A>‘5 e,\> =A%, A’\ﬁ gleg,en) = A%, A)‘ﬁ Ner =

Nap = Ao A% N
i.e. A is an element of the Lorentz transformation group, A € O(1,3). The result is that
Lorentz transformations relate the frames of any two observers, at the same point.

They do not act on spacetime. They act on one tangent space of spacetime, and relate observers
who meet there.

Sometimes in the literature one might encounter the statement: “ I# = A4, 2¥ where T# is
the new spacetime point and x¥ is the old spacetime point ”. Such a statement is simply not
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true since it implies that Lorentz transformations act on spacetime points. It is the General
Diffeomorphisms that can be chosen in order to act on spacetime points, hence go to different
charts etc. Not Lorentz transformations. No matter what curvature spacetime has. Thus,

both in special and on gemeral relativity, Lorentz transformations relate observer frames at the
same point and; General Diffeomorphisms can be chose so as to go to different charts.

An example of a general diffeomorphism but not a Lorentz transformation is the transformation
from Cartesian to polar coordinates.
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Chapter 14

Matter and Einstein Gravity

Matter in general relativity is a very big topic for which one chapter is definitely not enough
to be covered. We will just cover what we will need in order to continue with what we are
interested in thus, this chapter will be a simple introduction to the subject.

Essentially there are two theoretical models of matter. Point matter, like a particle of mass
m and, field matter like the electromagnetic field. Basically, in the real world none of the two
exists since they are both classical types of matter. However, it is well known that GR works
very well even without introducing a quantum mechanical type of matter. From the point of
view of GR, field matter is the fundamental type whereas point matter plays a big role in the
phenomenology of the theory. For instance, it will be field matter that generates the curvature
of spacetime.

On the other hand, one can always take point matter and transform it in a field type of matter
by considering its continuous limit. All this, simply shows that this is more of an academic
distinction. Sometimes it easier to express physical ideas using point matter and and other
times it comes in handy to use field matter to write down equations. Physicists are not claiming
there are actually two different types of matter.

14.1 Point Matter

Our postulates (P1) and (P2) already constrain the possible particle worldlines. The question
is how does a particular particle really moves? What is the precise law of motion in presence
of “forces” 7 To find an answer let us first consider a more basic question. What the precise
law of motion without the forces?

Without External Forces

The action of a massive particle worldline is given by

Smassive[’}/] —me /d)‘ \/g’y()\) (U’Y,'Y()\)’U%’Y()‘))
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YA s Uy ( ,\)) > (0. One can discard the square root by reparametrizing the curve
7 such that g,y (uW/(,\), ”%7(/\)) = 1 all the time . The dynamical law will be given by the
Euler-Lagrange equations of the preceding action.

where g,y (T

Similarly the action for the massless particle is

Smassiveh/a ,u] = /CD‘ K Gy (x) (U’Y:’Y(A)7U'Y"Y(/\))

where p is a Lagrange multiplier. Thus it will produce a constrain on the equations of motion.
Varying wrt p gives

Opt 2 g (U p(2) U ip(n)) = 0 null curve
and wrt v will give the corresponding eoms.

The reason we describe eoms by actions, is that composite systems have an action that is the
sum of actions of the parts of that system, possibly including interaction terms. For example
the action for two particles that interact with each other would be of the form

S[y] + S[0] + Sint[7, 9] -

Presence of External Forces

As we mentioned earlier, fields are more fundamental than particles in GR. In the language
of fields the presence of an external force translates into the presence of a field to which a
particle “couples”. That simply means there is an interaction term with the external field that
represents the force.

As an example consider a massive point particle that interacts with an external field. The total
action will be given by

Sly; Al == m - / A \/ Ty (U0 tya () + - Al 5(0)

where A an, assumed to be given, covector field on the mfd (e.g. the electromagnetic potential).
It is assumed to be given because it is external. Note that if the charge ¢ is zero, the particle
does not feel the field even if it is there. The Euler-Lagrange equations for this action yield

aLint ) 6Lmt .
m (Vo) + (%) ",

where in a chart Lins = q A(y), ”yé )- We calculate

8Lint o 8Lmt ) o i o 0  l
oy, 1 A (67&) ) =A@ =4 52 (Awa) Vo)
where the last result is due to the fact that A,), depends on the position along the worldline.
We further calculate
6Lint 0 .
—q. A M
a,yzxx) q oxe ( (37).“«) ’y(x)
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and substituting in E-L equations gives

04@a aA(x)u) VI

m (VUVU'Y)a +4q ( Ot Ore (z)

m (V)" = 54

where [y, is the Faraday tensor. The whole rhs can be recognized as the Lorentz force.

14.2 Field Matter

For our purposes we consider that classical field matter is any tensor field on spacetime
whose eom derive from an action. The only classical field theory we have is Maxwell’s theory.
It is given by the action

1 .
SMa;Uwell [Aa g] = Z /M d4$\/ -9 (FaﬂFngavgﬁé + A(])) :

For simplicity we assume that one chart covers the whole mfd. Otherwise we will have to do a
partition of unity etc. Moreover note that we assume a fixed curved background g, that what
the semicolon denotes. The Faraday tensor equals to Fg :— 20/, Ag = 2V |, Ag) The equations
of motion arising from this action, in a chart, are given by

,_ 0L 9 oL \ 9 @ 0°L
T 0A, 027 \0(0,4,)) 927 927 \0(0:0,4,)) "

We vary wrt A because the real degree of freedom of electrodynamics is not the F and B fields
but, the underlying potential. By £ we denote the Lagrangian density \/TQFagFV‘sg‘”gﬁ‘s. It
is a density due to the square root of the determinant of the metric. After some calculations
Maxwell’s action yields the inhomogeneous Maxwell equations
o
(V o F ) = j%.

OxH

If the current comes from point charged particle then j = qu,. The homogeneous Maxwell
equations are

(ViaF) g, =0

B~
and they arise directly from Fip :— 20,Ag = 2V, Ag).

14.3 Energy-Momentum Tensor of Matter Fields

At some point we want to write down an action for the metric tensor itself so as to find
the equations of motion of spacetime curvature i.e. Einstein equations. However, this action
Sgravlg] will added any Spatter[4, @,...] in order to describe the total system. Therefore we
will have an action of the form

Stotal [g, A] = Sgr(w [g} + SMaxwell [A7 g]
Varying wrt A will yield the Maxwell equations while varying wrt g will give eoms of the form
{contribution from Sgrqa.} + {contribution from Syrazpwen} =0

where the second term will be the energy momentum tensor of a Maxwell field.
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Definition 14.3.1. If Spaiter [P, g] is the matter action then the so-called energy momentum
tensor is given by

TP .

+2 <8Lmatter a aLmati&er + )

V=9 \ 09ap ° 9(0sgap)

The sign isn’t fixed because it depends on the convention one will consider. However, it wise
to choose all sign convention such that T'(e”, ®) > 0 where €” is an element of the unique dual
basis of an observer frame basis. Therefore T(¢, €”) with what an observer sees. Basically this
is a positive energy requirement.

Example 14.3.1. For Spjazwen we get
1
rlo]l\gazwell =1 oeul 5l/gwj 1} ,UV} w/gaﬁ

which of course changes from point to point depending on the form of the electromagnetic fields.
Some observer dependent quantities are

T(eo, 60) = E2 + B2
which is the energy density and,

T(ep,e0) = (E X B)q .

An important fact is that we usually do not specify the fundamental action for matter but
we are rather satisfied to assume certain properties of general forms of 7,,3. For example,
cosmology , in a homogeneous and isotropic universe it is usually considered that in the large
scales the galaxies and galaxy clusters form a perfect fluid of pressure p and density p. This is
modeled by an energy-momentum tensor of the form!

7% = (p+ p)uu” — p g°”

and one does not care about saying from what action does it come. This is phenomenology, it
is our idea of how the contents of the universe look like at very large scales.

IThis is in component notation; in terms of tensor operations the same equation is writen

T=(p+pu®u-—pg
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Einstein Gravity

Recall that in Newtonian spacetime we were able to re-formulate Poisson’s Law A¢ = 4nGpnp
in terms of the Newtonian spacetime curvature as

Roo = 4nGpnp .

Roughly speaking, this prompted Einstein to postulate that the relativistic field equations for
the Lorentzian metric g of (relativistic) spacetime ought to be

Ru5 = 8tGNT*P

However, this equation suffers from a problem. If one formulates the matter action in a
chart independent way, it can be shown that there is a conserved Noether current that gives
(VQT)O‘ﬁ = 0; which is a conservation law of energy-matter. However, the situation is different
on the lhs because in general (VoR)*? # 0. Thus if we take the divergence on both sides of
the equation it would lead to a contradiction. Einstein tried to argue this problem away ...
nevertheless it is wrong. The solution for this came of course by Einstein but at the same time
by Hilbert, a famous mathematician who was a specialist on variational principles.

Hilbert

As we saw in the previous chapter, the energy-momentum tensor generally arises from the
variation of L,,quer of an action. Hilbert thought since 7% comes from an action, why not to
derive also the lhs from an action.

SHilbert|9] = /M V=9 Rap g™, .

From Riemannian geometry it can be shown that , R.g ¢“? is the simplest function one can
built from a metric , its 15 and 27¢ derivatives. The aim is to vary this action wrt metric Jap
and result in some tensor G,3 = 0. We would like to find the specific form of Gg.

14.4 Variation of Hilbert Action

We require 6SHipert]d] L 0 and we calculate

5Sitbert|g] = /M [5\/—99‘”3 Rag + V=99 Rag +vV—99"" Rup

86



First Term:

3= = 5 =0l-0) = ~5 =20 = 5V=galIng) - 5v=30 (nfdet)

and by choosing a basis in which g is diagonal (it can also be proven using an arbitrary basis)

we get
1 3 1 5 1 3 1 S
0v/—g= 5\/TQ5 (hl (H%)) = 5\/jg5 (Zlngu) = 5\/@2 6(Ingi;) = 5\/—7!}2 ;5%
=0 i=0 i=0 i—g Ju
1 o
= 5\/jgg 659043

Second Term:

gaﬁga»y _ 5?; N 59045 Gory +ga6 59047 -0 — 5ga5 Jory = _gaﬁ 59(”/ N
59°% = =g ¢"" 6 gy

where we multiplied both sides by g** and remaned the indices.

Third Term:
If use normal coordinates we know that the connection coefficient function will vanish. Then
the variation of the Ricci tensor will give

0Rap = 605", — 58#F“a5 = Ogol',,, — 8#(5F“a6
= Vgdl'*,, — VuéF“aB
Let us explain what happened here. We know that 0I' is basically a term of the form
T @ik = Tlwyse

which is a tensor because the non-tensorial terms that arise when we change charts, cancel
out due to the subtraction. Hence 6" is a tensor. In the next step we were able to lift the
partial derivatives into covariant derivatives because their only difference is some extra terms
that contain the I's. But since we are using normal coordinates all the I's vanish.? Therefore

0Rap = V(oD), — V(8D = oTF o —oT*

where we used the notation (VBA)z‘ — A;.B. Now the whole third term takes the form

Vg=0
V=99"0Rag " E" V=g | g°PT | —V=g|g*oT"
AP B Bu o

=Vl — Vel = (v - (v,

2The fact we are using these particular coordinates, greatly simplifies the calculations. One can follow the
same procedure in an arbitrary chart - so as to be sure the result is chart independent - and will arrive in the
same results, in the end.
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Collecting the terms one obtains

1 174 (0% 14
3SHitbert = /M {2\/—99“ 69 R ~ V=999 g R + (V=947 ,~ (V=9B"),

The last two terms are basically surface terms due to Gauss theorem. Recall from the variations
in classical mechanics that the initial and final points were fixed, in order for the variational
principle to hold. Similarly, the proper way to do this field theory calculation is to fix an
initial an a final surface and let the fields vary in between. Therefore in the action there may
be surface terms that survive. However, the surface term do not make a difference to the
equations of motion®. Hence we get

1
OSHilbert = / Yo [29‘“’]% - RW}
M

which must be zero for an arbitrary variation dg,,. Therefore the terms inside the bracket
must vanish. Thus,

GM = R — %g””R.

From this mathematical argument Hilbert concluded that one may take

1
R, — ig”VR =87rGNT

and in fact Einstein by physical arguments, arrived at the same result. The last equation is
the famous Einstein equation while the action from which we derived it is mostly known in
the literature as Sginstein—Hilbert-

As far as the solution of the (V,T)* = 0 issue is concerned, one can show that the Einstein
curvature G,g satisfies the so-called contracted Bianchi identities

(VaG)* =0.

Note that the Einstein field equations can be written down also in slightly different way. If we
multiply by g" we get

1 7Y
Ry — 59 R = 87GNT, SN R-2R=T: Tyg" — R=-T

and now we substitute this result back and we get

1
R'L“/ = T#V - ig‘u”T

so Einstein was not that wrong after all; he just took the wrong version of the energy-momentum
tensor.

Now just for completeness we mention that if one wants to introduce the so-called cosmological
constant into the game, the Einstein-Hilbert action becomes

SE—Hn = /M\/—ig(RjL 2A) .

3for a careful treatment of the surface terms see [6].
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Mathematically A is nothing mysterious, it is simply a constant over the mfd. Around 1915
Einstein stated that the cosmological constant must exist and also that A < 0 it is negative. He
made that claim because that is the only way to produce cosmological solutions that describe a
static universe. After some years Hubble observed that the universe is indeed expanding which
is perfectly compatible with A = 0. That mistake on the behaviour of A was what Einstein
called “his biggest blunder”. Today the cosmological constant is supposed to satisfy A > 0 to
account for the accelerated expansion of the universe. The problem is that according to our
measurements it must be positive but at the same time , very small compared to any effect we
could imagine that produces a non-vanishing A.

Taking a closer look at Sp_p we see that A # 0 can be interpreted as a contribution to the
energy momentum tensor of matter in spacetime. Specifically a —%Ag,w contribution of one
does the calculations. That means constantly over all the universe there energy provided by
A. This energy is recently known as dark energy. It does not interact with anything but it
contribute to the curvature of spacetime. That why we call it dark.
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Part 11

Modified Gravity
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Chapter 15

Einstein Gravity with Minimally
Coupled Scalar Field

In this section we are going to derive the local solution for the Einstein gravity with a minimally
coupled scalar field based on the work of [12].

The line element in isotropic coordinates is given by
ds? = —ef P g% 4 ¢=HP) [dp2 + rp2dQ§} (15.1)

while the Klein-Gordon equation for the scalar field gives

v#v”¢:0—>¢5+¢<f—h+i>:0

2 2
(2 25%,) =0 (15.2)
which in D-dimensions is written (ef/2+(3_D)h/2 pD_ng,p)’p = 0. After performing an integra-

tion, equation (15.2) gives

¢ [(D —3)h - f] . (15.3)

b= pe |y

From the Einstein equations R, = kV ¢V, ¢ only the (p, p)—component will survive, since we
have assumed a static and spherically symmetric solution. Hence, R, = k¢? and Ry = Ry = 0.
Let us now consider the relation

R, 4+ (D —3)R,, =0

= {f—(D—3)ﬁ}+;{fz—th(D—3)+(D—3)2h2}+(2DP_5){f—(D—?’)h} =0
(15.4)

which can be written as a first order differential equation with respect to y, where y = f —

(D —3)h .
o1 2D —5
oL, 2D=5)

=0 15.5
5 oY (15.5)
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The solution of the above equation is

4(D—-3)A

= 2 15.6
(PP ) 10

where A = —m an integration constant. After substituting y back and performing an
integration, one finds a relation between f and h.
2
. . 4(D —3)A A4 p2D-6
—(D-=3)h=—55—7"—"= —(D=-3)h=n|—— 15.7
fo (D= = A= f - (D=3 n< P LY
N\ 2
where Uy = —In <B> an integration constant. By introducing the relation (15.7) into the
scalar field equation (15.3), the last is written
- C (D—3)h—f] 57 . pb

Now we wish to write the (¢,¢)—component of the Einstein equation, in order to produce a
second relation between f and h.

w0 J[FF b2
it27aT,

Ry =017% f ~0 (15.9)

A

T

whose generalization in D—dimensions is f E + % + % + D=2 (1 - %)] = 0. In order to find

a differential equation purely with respect to f, one has to solve (15.6) with respect to h and
substitute in (15.9). Equation (15.6) gives

4A f

h =
p (PP 5+ 4) D3

(15.10)

therefore for arbitrary number of dimensions D > 4 equation (15.9) is written as

NS f b D=2 ph 1510) » 2(D—3)A— (D —2)(p*P~ 6+ A) .,
AT SR () [ — o _
ff+2+2Jr P) 2 0 f p(p2D=6 1 A) =0
(15.11)
which, after an integration gives
. pD+2 . . pD—4
f= C3W — f= BGM (15.12)
(15.13)

where C5 = BG another integration constant. Thus, now we have produced three decoupled
differential equations with respect to ¢, f and h, respectively. By plugging the relations
(15.6),(15.8) and (15.12) in the (p, p)—component of the Einstein equations, we obtain an
identity about the various integration constants encountered so far.

1D -2

R,, = k¢* — 4A(D — 3)(D — 2) = — | B*C%k + ZT—?)BQG2 (15.14)
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This relation indicates that A must be negative and that is why we shall denote it by A =
—pgD —6. This new information about the constant A puts us in a position where we are able
to solve (15.8),(15.10) and (15.12) explicitly. Note that (15.8),(15.12) are practically the same
equation. Let us now consider (15.8)

D—4

_ap_P

It can be verified that

d BC D—3 d BC D—3 R D—4
5\ D=3 tanh ™" (pOD—3> =5\ D=3 tanh™ (pD:s) =0UB . 2D—6
dp | po (D —3) p dp | po (D —3) Po p*P=6 — p5

(15.16)
D—3 —
hence, (15.8) admits two solutions in the intervals ‘Z o —| < 1and Z ﬁj < 1, respectively. For

now we will be concerned only with the first solution, for reasons that will be explained later
on. Thus the solution reads

B D-3
¢=—"p3 ¢ tanh ™! (,0%3>
po (D —3) p
and by taking advantage of

1 1
tanh™!(z) = §ln <1 i_ i) , Jz) <1 (15.17)
we arrive at
BC pD—3 o pD—S
¢ = 53 In ( 53 %_3 . (15.18)
200 °(D—=3) \pP3+4pp

Following the same procedure, the solution of (15.12) will be given by
BG <pD3—p?3>
= n
205 (D =3)  \pP=3 4 p5 77

and we have completely determined the form of the function f, we can proceed by solving
(15.10)

f

(15.19)

— h =

D-3
o

2D—6 T 5 D=3 ;I 5
p(pQD—G_pO - ) 2p5 3 (D — 3) pP=3 —p

(15.20)

These last three relations constitute the solutions of the scalar field and Einstein equations,
respectively. One can bring these solution on a more elegant form by replacing constants B
and G with a new parameter, lets say ~ given by

4(D - 3)pP=3y = BG. (15.21)
Now (15.19) and (15.20) take the form
D—3 _ D-3\ 27
D-3 _ ,D-3\ 2v/(D=3) 2D—6 _ ,2D—6\ 2/(D=3)
heln|(P—"Po__ (P —Po (15.23)
pD—3 4 D=3 p2D—6
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By replacing (15.21) inside (15.14) and making the substitution A = p2P~6 the coefficient of
the logarithm in (15.18) gives

A 1D -2 . .
1A(D —3)(D —2) = — | B20%k + - 2 — 2 prer| 122,
4D -3
. 4p2D—6
B*C? = ——(D=2)(D=3)(1 - 2. (15.24)
Consequently the relation (15.18) takes the form
1D—2 1/2 prz _ pra pr:s . prs
qb:[ 1—72] 1n<,°_>zmn<o_>. 15.25
kD—S( ) pD_3+p£)3 PD_3+P?3 ( )
Thus the final form of the solution for the metric and scalar field is
D-3 D—-3\ 27
f_<P ~ /o > (15.26)
el = .
pP=3 4 p5
_ _3\ 27/(D-3 _6~ 2/(D-3
o <pD 34 pb 3> v/( )'<1_p(2)D 6) /(D=3) (15.27)
pD_g . pOD—S p2D76
1/2
D-3 _ D-3
~ 4 — Po 5 1 D-2 2
_ A ~ |2 1— 15.28
o=im (L) [kD_3< ) (15.29)
(15.29)
15.0.1 Investigation of the Second Solution
Now lets examine the solution of (15.8), defined in the interval |2 ﬁ:ﬁ < 1. We write
. . D—4 GRB D-3 _ D-3 D-3 _ D-3
f:GB 2Dp 6 S f: D-3 n<p0D 3 ’ ) :271n <pi) 3 ’ )
pr A 200 (D =3)  \po " +pP? pe =+ pP=3
hence the corresponding metric component takes the form
D-3 D-3\ 27
f_ Po — P >
e =5 . 15.30
(poD 4 pPd (15:30)
Equation (15.10) now yields
: GB _D-3
S S SN Wi .2 LA LT
p(p*P=0+A4)  D-3 p(p*P=0 + A)
D-3 _ D-3 2D—6
Po =P 2 P
h =2vIn < — ) + In ( — >
pé) 3 + prs D—3 pgD 6 _ p2D76
(15.31)
thus,
D=3 | D-3\ 27 2D—6 2/(D=3)
e = <p733+p> <p"> -1 (15.32)
0o _ pD73 P
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and the whole solution takes the form

D—3 D—3\ 27
f_ po —pP >
el = —%——"-—7— 15.33
(poD_B + pP-3 ( )
_ _a\ 2v/(D-3 _ 2/(D—3
o pOD 34 pD-3 v/(D=3) ' pgD 6 . /(D=3) (1530
pon3 — D=3 p2D=6 :
1/2
D-3 D—3
~ Po —p ~ 1D-2 2
— 7] I = |===(1- . 15.
’ 71{1(;}?3+pD3>’Fy [kD—?,( 7) (15.35)

The transition to Schwarzschild coordinates is given by
r=pe "2 (15.36)

which in D = 4 dimensions yields

pot o\ [P\
r:p<o> <) —1],0<p<po- (15.37)
Po— P p
The areal radius r is found to be a decreasing function of p in 0 < p < p,. Moreover, r LNy

. —0
while r 27 co.

Along similar lines, the radial coordinate is well defined in both coordinate systems (isotropic
and Schwarzschild) for the solution (15.26)-(15.28). It is given by

+p0\" 2
r=pe?=p <ppo> 1-— ('00> , P> po>0 (15.38)
P = Po p

and is increasing with p. In this case, r L7 ) while r L7222 o0, Hence, both solutions have
an asymptotically flat limit in the isotropic chart, together with the fact that they correspond
to r =0 when p — p,.

y=0.6, p,=5 y=-006, p,=5

r{p=po)

=r \ — rip<po) \ — rip=ps)

, . \ .
. . B
10 15 2 ° 5 10 15 20

Figure 15.1: Plot of Areal radius r vs the isotropic radius for both solutions (15.26)
-(15.28) and (15.33)-(15.35). The point p = p, always corresponds to vanishing 7.
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Chapter 16

Complete Brans-Dicke Theory

We will consider a modified Brans-Dicke theory presented in [13] and described by the following
equations

Gr, = SJ(T“ +7%) (16.1)
™ :W{Q[(l+)\)y+4w(2—3)\)¢2] BB, — [(1+2)\)V+47T(2—3)\)d)2]5”V¢;p<b;p}
¢° :
+m (Cb’#;u_(wum(ﬁ)
(16.2)
Op =4mAT (16.3)
14
U LA (164

The new characteristic of these equations compared to the standard Brans-Dicke theory is
the appearance of the dimensionfull parameter (with dimensions mass to the fourth) v which
is encountered in the gravitational field equation (16.1) and at the same time it violates the
exact conservation of the matter energy-momentum tensor 7%, in (16.4). For v = 0 the system
(16.1)-(16.4) reduces to the Brans-Dicke equations of motion (in units with unit velocity of
light)

8

2 ¢ 5 T+ Th) (16.5)
T = 167r)\¢ <¢”¢V“5’L¢p ¢>p) 5 (0", —6",00) (16.6)
O¢ = 4n\T (16.7)
Thw = 0, (16.8)

which is described by the action

SBp = K d41'\/7(¢R— % lw(bu(b ) +/d4$ \/ngma (16'9)

where L, (gxx, ¥) is the matter Lagrangian depending on some extra fields ¥. Equations
(16.1)-(16.4) are the unique construction under the assumption of the simple form of the scalar
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field equation (16.3) and given that the energy-momentum tensor 7%, of ¢ is made from terms
each of which involves two derivatives of one or two ¢ fields, and ¢ itself. The parameter v
appears as an integration constant in this construction. The parameter A\ # 0 is related to the

standard Brans-Dicke parameter wgp = %

Here, we will be interested in the vacuum theory with 7%, = 0. Although the extra matter
vanishes, it leaves an impact on the vacuum equation (16.1) through the parameter v, and
this is the novel difference compared to the vacuum Brans-Dicke equation (16.5). This vacuum
theory arises from the action [14]

n 4 81 v+4m(2—3\)¢?
= Seaz | 4TV IR~ — e 16.1
S = s [d'ev=a (ViSRRI R - LR gg,0,] . (1610)

where n = sgn(¢). It is useful for the following analysis of spherically symmetric solutions to
transform the action (16.10) to its canonical form. Let the conformal transformation

Guv = QZ(¢)9MV ) (16.11)
where | ¢2| )
v+8m 1

0= <T> , (16.12)

together with a field redefinition from the field ¢(z) to the new field o(x) defined by

dp [\l 3
= =15 VIvF8re. (16.13)

The action (16.10) takes the form

S ”/d‘*m/—g (R— %6@@““07“07”), (16.14)

~ 167

where € = sgn(v+8m¢?), €y = sgn(A\). The Lagrangian (16.14) refers to the Einstein frame
where the gravitational coupling is a true constant and the field o behaves as a usual scalar
field. In order for o not to be a ghost, and so to behave as a normal field with positive energy,
it should be €€y > 0. This is achieved even if the kinetic term in (16.10) is positive. Therefore,
we assume throughout that eey = 1. For € > 0, the integration of equation (16.13) gives

2
o= /W In ’47rq§+\/27r\/1/+87r¢2
where an additive integration constant oy has been absorbed into o. Inversely,

¢ = i(@ %‘“—27r1/6_\/g0) , (16.16)

s

: (16.15)

/Al /Al
where s = sgn(4rd++v/2m\/v + 87¢?) = sgn (e 2 74 21ve V2 U). The conformal factor €2 in

terms of the new field o takes the form

1 1AL AL
Q= ‘eV 2 94 2rve V2 °
V8w

For the physically more interesting case with ¢ > 0, the absolute value in (16.17) disappears.
For e < 0, the integration of equation (16.13) gives

2 . 8T
o= o arcsin <\/;<;5) , (16.18)
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where again an additive integration constant oy has been absorbed into ¢ and it is

™ 1Al T
-5 </ 50 <7 Inversely,

[
¢ = |81;|81n< |2|0) (16.19)

The conformal factor €2 in terms of the new field o takes the form
1 by 1
Q= <|8];r|> ! [COS ( ’2’ O')] :. (16.20)

After the solution of the fields §,,,0 governed by the action (16.14) has been derived, the
solution for the initial fields g,,, ¢ is found through the equations (16.11), (16.16), (16.19) as
functions of p. The action (16.14) defines Einstein gravity minimally coupled to a scalar field
whose equations of motion are

~ 1 1.
Gu = 50#07” — Zgu,,g”)‘aﬁa,)\ (16.21)

Oo=0. (16.22)

The solution of this system, assuming spherical symmetry, has been found in [12]. In the
Einstein frame we consider a static spherically symmetric line element in isotropic coordinates

452 = —eldi? + e [dp? + p2(d6? + sin20 d?)] (16.23)

where f, h are functions of the radial coordinate p (we keep the symbol r for the radius in the
standard coordinates). Due to the symmetry it is also o(p). The solution of the system (16.21),
(16.22) is the following [12]

o=2\1-72 2"

P+ po

o (p—po)%
of — (P—Po
P+t Po

—h_ ( p§)2 (p - po)—%
e =(1-— — s
p P+ Po
where p, > 0,7 are integration constants. In the Jordan frame the line element is given

ds? = —Q2eldt? + O 2e " (dp? + p2d0?). (16.24)

in isotropic coordinates (t, p, 0, ¢), where dQ? = d#? + sin? 0d¢? is the line element of the unit
2-sphere. Again the exponentials are given by

of — (p—p())%

p+p/

= (1- pg)Q (2= p0>’2” _ 1 (p+p)0FY (L4 po/p)? 0t
P2/ \p+po

(16.25)

PP = po)? 07D (1= po/p)*=1)

where it must be p > p, > 0 and 0 < 42 < 1[12]. The conformal factors Q as functions of p are
given by the relations

0= (’”’)‘1‘ [cos (\/2|>\|(1 — ) ;:ZZ)F fore<0  (16.26)

8

) 1
2
Q= —

V8

_ A2 VA7)
("’OO> + 21y <'0 + po) fore>0.  (16.27)

P+ po P = Po
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The X # 0 parameter is related to the standard Brans-Dicke w = % — % Hence in our model,

A and v are parameters of the theory and p, and ~ are the parameters of this specific family
of solution. Moreover, note that (16.24) is the solution of Einstein gravity with a minimally
coupled scalar field pulled in the Jordan frame by applying an inverse conformal transformation.

16.1 Branch ¢ < 0 Solution

16.1.1 Scalar field

The Brans-Dicke scalar is given by the relation
M o (/AT =2 1 2P
=1/ — 2IA[(1 —~2)In—— ) . 16.2
0= gosin (VAT -9 m 22 (16.28)

Note that ¢ becomes constant when v = +1, and the theory reduces to GR. Moreover, the
scalar field vanishes in the limits p — oo or A — 0(i.e. w — 00), which means the effective
gravitational constant diverges.

|

L n L
2 13F

11
3
TN —

Figure 16.1: Behaviour of scalar field for v # £1, p, =1, # 0, XA # 0. ¢ vanishes at infinity
as well as for A =0 or v = £1.

16.1.2 Metric Components

The metric components in isotropic coordinates are given by

git =~ ()7 [cos (VERT =210 2 2)] " (22 20)

8 P+t Po P+ po

_1 _ _ 2

:—(M) QSec(\/Q\)\](l—’yQ)lnp pO)(f’ ”0)7
81 P+ po/ \p+ po

a0 =(10) 7 [cos (VAT 7220|1000

pt oo/l (o= )20

_(lvy2 7 2= P01 (p+po)? Y
_(87T> sec(\/2|/\|(1 fy)lnp_l_po)

P (o= o200
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The appearance of the secant function prevents gy and g,, from vanishing, however it causes
divergences at the points that satisfy the equation y/2|A\|(1 — ~2) In Z +Z ¢ = 5 +nmwheren € Z
,if v # +1 . The local minimums and local maximums of the secant function can be found by

solvmg the equations sec (\/2]/\| 1—72)In Z+£°) = 1 and sec <\/2|/\| 1—72)In Z+£") = —1,

respectively. Note that due to the minus sign in gy, the minimum of the becant function will
correspond to a local maximum of g, and vice versa.

It is rather easy to check the asymptotic behavior of our metric. By expanding the metric
functions around %" ~ 0 we get

(8ﬂ>1/2 1—7”5+%<7—1>’7<”5)2+0<(’3 3)
N7 1+w;+;<fy—1><4<7+1>|xw+v>(%’)2+0<(’?>3)
and
8\ 1/2 1+WTH%+%(72_1)<%)2+0 (%O 3) 4
9pp <|1/|> 1_1—T~/%o+%(7_1)(8(7+1)|/\|+’)/ 3)(f;>2+(9<<ppo)3> |

Thus, a straightforward calculation gives

. 81 8w
lim gy = —y /= , 1lim gy =4/
pP—00 |V| p—y00 |1/|

The fact that v is a parameter of a theory and not a dynamic variable , means that we can
absorb the above factors in the line element by redefining dt and dp. Thus, in this case the line
element (16.24) with Q given by (16.26), describes an asymptotically flat spacetime.

Let us now consider three particular cases.

o If v =1 then
_ _(|V|>5 p—po\" (16.29)
it = S o o .

(MR )
gpp_<87r) 2 (16.30)

Note that gy L7y ) while it remains negative for p # p,. Furthermore, the radial

1/2
component g,, diverges as p — 0 and, gy Lo, 94 <‘8”|) € R. The Brans-Dicke scalar

becomes constant for v = 1 and as can be seen from the forms of g;; and g,,,, the solution
reduces to the standard Schwarzschild metric in isotropic coordinates, with mass

M = 2p,.
e In the case v = —1 one can find that
_1 2
gt = _(M) 2 (f’+ /’0> PZhey o0 (16.31)
87 P — Po

a graphical depiction of this situation can be seen in the plot for v = 0.
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and

4
‘V‘ ) _% Po P—Po
=|— 1-—=)] —0 16.32
9pp (877 P ( )
which remains positive for every p > 0. On the other hand it diverges as p — 0 however,
as we shall see in the next section, the range 0 < p < p, is unphysical when v = —1. The

scalar field is again constant thus the solution corresponds to Schwarzschild spacetime
with a negative mass M = —2p,,.

When ~ = 0 the metric components take the form

‘V‘)_; ( P — Po
=—|— sec 2|\ 1n7>
- <87T A P+ po

2
|V|>—§ ( p = Po ( pQ)
=— sec [ v/2|A|In ) 1-=2] .
9pp (87r Al 0+ po 2

Due to the secant function both components exhibit divergences as discussed earlier,
however none of them vanishes at any particular point. Hence, in this case the solution
is horizonless i.e. a naked singularity. Although g,, seems to vanish as p — p,, its
limit is actually undetermined.

The features discussed above can be seen in the diagrams below.

L] o —ogulp) gl ~ Gulp)
— 9ee(P) GonlP)

v=-1 v=1

Figure 16.2: p, =2, v #0, A#0

J
(=)
L L

=]
LI B I

1 — ) — guip)

‘ r’\ 4 L GeelP)

Figure 16.3: v =0, po =2, v =5, A =2
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16.1.3 Areal Radius & Ricci Scalar

Now we wish to analyze the behavior of the Areal Radius since it can give us extra information
about the geometry but also, help us deduce about which ranges of the spatial coordinate p
are physically meaningful. Basically, what we call Areal Radius is just the radial coordinate
of the spherical(Schwarschild) coordinates and that is why we are going to denote it by . On
the other hand, the study of scalar quantities helps us detect real spacetime singularities since
they do not depend on our choice of coordinates. They are invariants and thus, if we manage
to find a point where a scalar curvature diverges we know that it will correspond to a true
spacetime singularity.

The areal radius is read off the line element(16.24)

r= pQ_le_%
and in this case is
r :prle% =Q" 17(p+ po)™!
p(p—po)~1
:(|8’;|)1/4 [cos <\/2|>\| 1- lnp Z)] %;W (16.33)

while its derivative is given by

dr_a2m 1 <p+po>7 [\/5 (0° + P2 — 27ppo) cos (a()w) In <p_po>) +

dp \[ v]p* \p—po P+ Po
V2a A, o SN <a A, y) In <p—po>> cos™3 <a A, y) In <p — Po)) 16.34
(A7) (A7) P (A7) P ( )
where we have denoted a(A, = /2|A| (1 —~?) for brevity. Here a few points should be

stressed.

e As p — p; the areal radius approaches r — 0(unless v = 1) since if we express r in terms
of p—po and expand around one we get

1

r :po(g;’)_lﬂl [cos (a()\,*y) lnz;ZZ)}_E .

[2%1 (1 B ppo>1_7 Yy +1) <1 - ’;) _7+2W—2(’y+ 1)y <1 - ’;) _W+O ((p;)gﬂ

(16.35)

which goes to zero if p = p,.

and has a

e Areal radius approaches infinity if p — oo or p = p, Zg*% = w

point of minimun value which satisfies the equation -

Po P — Po
e N S L 9y) =t A9)1
dp 212a(A,7) (p " 7) “ (a( X np+Po>
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o If v =1 then

1/4 2
- <87T) (p+p0)” (16.36)
|
dr 8\ /4 ( ,02)
ar _ (om _Fo 16.37
dp (!V!) p? (16.37)

A\ (5 52
- — (i,) (p ppo) ’ (16.38)

dr 8\ /4 ( ,02)
— = — 1-22 16.39
dp (!V!) P> ( )

which means that for these two particular cases, the areal radius decreases for 0 < p < po,

whereas if vy = —1

has an absolute minimum at p = p,(whose value is r = <| |> 4p, > 0 if v = 1, and

r = 0 if v = —1), and increases for p > p,. Thus, for v = —1 the range 0 < p < p, is
unphysical.

Additionally, note that » — 400 in the limits p — 0 and p — oo, for both cases v = +1.
Therefore the region near p — 0 corresponds to a second asymptotically flat region of
spacetime.

If v =0 then

r:(gl)_IM [cos( 2|\ In Z+ZZ)] /2[1) (p* = p2) (16.40)

dr<2ﬂ>1/41 V2 (p® + 2)cos< 2\l In (p_po>>+
dp \Iv|) p? PP P+ po

2 |Appos1n<\/2|71 (p go>)] \3(\/2|Tm<p p")) (16.41)

o + po

whereas their limits for p — p, are undefined due to the arguments of the trigonometric
functions.

The new parameter v does not play a significant role in the behavior of the areal radius
as it is just a multiplicative factor but, on the other hand it defines the scale.

A few diagrams are given below, in order to depict this behavior.
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y=-1 v=1
Figure 16.4: p, =2, v#0, A#0
80 -
ear 100
a0
; — () n] — e
& | &
| dp ".‘ 4
| /10 0 30 40 0 - 20 40 0 80 100
| 50
AZ£0 A=0

Figure 16.5: po =2, v #0, y=0

&0
80
&
&
a0 w0
—r —
£ ® r(p)
s e
J
| L i -
/i 20 20 1] 50 ‘ 7 E E
[ f
|
2 [

-a0
-a0 |

v=-0.3 v=0.3

Figure 16.6: p, =2, v 0, A #0

Now we proceed in the calculation of the Ricci scalar. In terms of the functions (16.25) and
the conformal factor, the Ricci scalar is written

eh

R d —on[(of i 0) 220l

0?2 [2pf—|— f (4 - ph) ¥ pf? — dph + ph? — sh] n 24p(22} (16.42)
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and by substituting the relation (16.25) we arrive at

2 (p+po\ ) . .
R="i <Z_Z > {9[39 (02 = p2)" = 492 = 1)2 =6 (p* = p2)” () + 6p Q. Q(p* - pi)} :

(16.43)
Note that in the limit p — p, it is 2 — oo in the case € > 0, while {2 remains finite for € < 0.

Now in order to obtain the Ricci scalar in terms of p, po, v, v, A, we just substitute the corre-
sponding (2 i.e., relation (16.26).

(o= po)* 07, P — Po
R = 7w(’y —1)SeC Oé()\,'y)lnp+po .

: {40084 <a(A,7) In 2= "“) 3 [cos (204()\,7) In 2= ”") - 5} } (16.44)

p+ po P+ po

Thus unless v = £1 we get a naked singularity at p = p,.

16.1.4 Metric in Terms of the Conformal Factor

Recall that the metric in isotropic coordinates is given by
ds? = —Q 72l dt? + Q2 (dp? 4 p*dD?). (16.45)

The exponential are given by the relations (16.25). The metric in standard coordinates is
obtained by performing the transformation

r=pQ e 2 = r(p) (16.46)
and then
2
ds®> = —Q %elat* + dr 5 + 12 (d6” + sin® 0dp?) (16.47)
<1 _pdQ _ pdh
Q dp 2 dp
or
2 721027"20”"2 2/ 102 e 2 2
ds® = —Q el dt —i—? - 5 +1r7(d6” + sin 67dyp?) . (16.48)

dp

The inverse of the transformation (16.46) does not exist and thus, we have no way of writing
the metric purely with respect to . What can be done is to find the inverse of (16.26) so as to
construct a relation of the form p(Q2). That way we can write the whole metric with respect to
the conformal factor. Equation (16.26) yields
1/2
arccos [(8“> 92]

Q—<|81;|>}1[COS(WIHM))}%é(p_pO)—eXp + =

P+ po P+ po 2\ (1 =~2)

(16.49)
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where we denote

arccos [(?”) 2 QQ}

= K(9). (16.50)
V2IA[(1=7?)
The function arccos(x) : [—1,1] — [0, 7] imposes certain bounds on the conformal factor
1/4 1/4
(YT cq (M (16.51)
8T 8T

but the argument of arccos is always positive and hence we can either ignore the positive or
negative ’s as they will produce the same values. We shall see that only the positive range is
needed because only this will produce positive values of the areal radius. Therefore

|I/| 1/4
o<a< (= 16.52
<as () (16.52)
and consequently
/2 K(Q) ol
0<K(Q) < ——L—— — 1 <8O <evanins?) (16.53)
V2IA(1=7?)
___m/2
— e VAR < e K@) < (16.54)

Solving with respect to p, equation (16.49) gives the solutions

14K
pP= Pom (16.55)
and
1+ e KO

The solution (16.55) is not well defined because, as can be seen from (16.53) it implies that
p < po. Therefore we only accept (16.56) as the solution of the system. From (16.25) and
(16.56) it is found that

ef = 72K (16.57)

eh — _ 16 2(1=7K () (16.58)
(11 k@)

therefore the metric functions and the areal radius, respectively take the following form
gy = —Q 72 e KO (16.59)

16 20-MK(©)

4p0 e('yfl)K(Q)

r@) = T eeEm

(16.61)
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At this point it is evident that only when  is positive and within the bounds (16.52) the
areal radius is also positive . The derivatives of (16.59),(16.60) and (16.61) with respect to €2
respectively, are given by

_ _ 4 2
dgu _ 2 (VI =2 = 570 — 4707 e 2K(Q) (16.62)
a0 wa L= 27)(] - 5m0)
A9 _ g 25 ey | VIO =) (] = 8700 (X +1) +4y70? (1= 1)@ + (3 — )
4 ! /I =) (] = 87607) (K + 1)
(16.63)
dr _ I [N = A2) (] = 8700) (2K@) — 1) 4+ 4702 ((1 — 7)e2K @ 1 (3 — 7))
- _ 2\/IA[(T — 42) (o] — 8aT) (2K(@) — 1)
(16.64)

1/4
Within the range 0 < Q2 < <|V|> , the derivative of gy is always positive and those of g,, and

r(§2) are always negative. Lets again consider three special cases

e If v =0 then
1
gtt——@a

—4

1z
16 arccos [(ll) Q ] 9 8\ 1/2 ,
Gpp = 2 1+exp| — Y - exp W arccos m Q ,

- () 2 e[ ()])
1 - exp (\ﬁ [(8“') / QD

e For v = —1 we cannot perform explicit calculations however, we can calculate the limits
of the metric functions and the areal radius as v — —17. Thus,

. . 1 2 8 1/2 9

lim gy= lim — |5 )exp|——=———==arccos || — Q = —00,
y——1+ o Q 2|1A|(1 - 72) ’V‘

2(1—) s\ /2 (42

. 16 exp < T[(TTH) &rceos [<|> Q

Mg ot <Q2) ' arccos{(
Jv|
2IA|(1-2)

lim
y——17+ Jop =

\_/
-
S~

l4+exp | —

' 12 -
1 —exp <— W arccos {(80 QQ])



e Again for v = 1 we calculate the limits as

)-o

1 9 1/2
lim g4 = lim = — <2) exp Y arccos <87T) 02
=1~ y—1— Q V2|Al(1 —72) V|

2(1—y) 8r 12 0o
<16) exp( N7 Arccos [(V|> Q ]) 16

® s (3) 2] | ) s

lim gpp = lim
y—1 y—1

v

V2IA(1—?)

— \1/2
4p0> exp <— 2\§\|(11)7) arccos [(f) Qﬂ) i,
' 1/2 Q-
1—exp (— W arccos [(F”) Qﬂ)

The diagrams of the metric and the areal radius with respect to the conformal factor, for all
possible values of the parameter space are of the form.

150

100 |
= Ou

-100fF

Figure 16.7: Plot of the metric functions and the areal radius with respect to the conformal
factor.

16.2 Branch ¢ > 0 Solution

16.2.1 Scalar field

In this case the Brans-Dicke scalar takes the form

2|A[(1—~2 2IA[(1—~2
<p—po> [AI(1=~2) ) <p+po) [Al(1=~2)
—_— — 27Ty
P+t Po P = Po

s = sgn(dngp + /27 (v + 87¢?)) . (16.66)

Just as in the case € < 0, ¢ becomes constant for v = +1 or A — 0 (i.e. w — 00), therefore the
theory reduces to GR. The scalar field becomes also constant as p — oo and diverges in the
limit p — p, hence,the effective gravitational constant vanishes.

_ 5
87

¢ , (16.65)
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Figure 16.8: Behaviour of scalar field for v # £1, p, =1, # 0, XA # 0. ¢ becomes constant at
infinity as well as for A =0 or v = +1.

16.2.2 Metric Components

The metric components are given by

<p—po> 2|A(1-2) <p+po>‘/”| (1-v2)
e + 2wy

gt = — 87

(p—po)%
P+ Po

P~ Po
16.67
i) 1647

P+ Po P = Po

(,0 — )Oé(/\,v)

(p = po)2 ) + 211 (p + po)2A)

= — 87

‘ <p — Do V2IA(1=7?) p+ o V2N (1=?) =
Gpp =0T + 2y ( )
p+ Po)

P = Po
(p2 o pcz))a(/\n)

=8
10— 90220 £ 2mu(p + po) 2

i (p+ P0)2(7+1)
FAVEFRECON

Similar to the case € < 0, expansion of the metric functions around %" ~ 0 yields

1— 78 4 3(y— 1)y (,)70)2 o <(p”)3>

11+ 27v|1/2 + % (a(A,y)(2mr — 1) + (1 + 27v)) (%") + ...

2

git = —8m

and
4

Lo () co ((2)')

11+ 2mw|1/4 + é% (a(\y)2mr —1) = (v = 1)(1 + 27v)) %’ + ...

Gpp = 8T

Hence, as p — oo we calculate

I 8w . 8w
im gy = ——— im = .
proroo It 27v + 1] 7 pooo Jee 127v + 1]

Again, the asymptotic behavior of g4, g,, depends only on the parameter v which means the
spacetime becomes Minkowskian in the large distance limit. Moreover we can observe
that
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o If v =1 then

8T P — Po 2 P—Po
=— 0 16.69
8w Po 1 P—Po 8w 4
= — 2 16.70
o0 =11 1 27| ( p> 11+ 27| (16.70)

Note that g,, diverges as p — 0. The Brans-Dicke scalar becomes constant for v = 1 and
the solution reduces to the Schwarzschild solution with M = 2p,.

e In the case v = —1 one finds
8 + 2 —
Git = — P Po P—7Po —00, (1671)
|1+ 2mv| \p— po
__ 8T (4 _re ' LdiNy) (16.72)
Jep = 11+ 27y p '

where again, the radial component ”blows-up” as p — 0. It is evident from the form

of the metric functions that this is again the Schwarzschild solution with negative
mass M = —p,.

o If v =0 then
2 2\V2A
(,0 —Po) P—Po
gt = — 8w 0, (16.73)
(p = po)?VE 4 210 (p + po)*V 2P
2 2\V2]A 2\ 2
(0* - 13) < po> ppo
Gpp =87 1-Fo) 2oy (16.74)
Pp (P _ pO)Q\/2|)\| + 27_[_V(p+p0)2 2|\l p2

Therefore, the coefficient g+ exhibits the standard behavior of a black hole horizon, as
P — pPo, in the cases v = 0,1 and as we shall see the point p = p, corresponds to finite
areal radius for v = 1, however when v = 0 then r LNy} Thus, the case v = 0

produces a naked singularity.

B W — gl af — gulp)
_ T Fep(P) R Gee(P)

’Y:_l. PY:]"

Figure 16.9: p, =1, v £ 0, A #0
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— gnlp) 2 : E C 0o gn(p)
Geo(P) Gee(P)
izl

Figure 16.10: p, =1, v #0, A#0

02

. . . — Gulp)
£ L g £ 19 Ger(P)

oz

Figure 16.11: v =0, po=1, v#0, A #0

16.2.3 Areal Radius & Ricci Scalar

By substituting the corresponding 2, the areal radius and its derivative now take the form

r :pgfleg _ Qfll (p + pO)’Y—i_l
p(p—po)~t
_1
- <P - po> s <p + po> VIR R (p 4 o)
P+ Po P = Po p(p—po)i~t

p(p—po)~t P+ Po P = Po

dr (1N (p+p\" 1
dp \87) \p—po) p*P¥

— 0, + Po
. {(p2+pg—2ﬁ’p07)87‘-92_ppoa()\”}/)[<Z‘|‘Z ) oA <p ; ) }}

/ y+1 o a(A) a(Ay) 49 —1/4
_v8r (p+ 7o) {[(p po> + 27w (p-l—po) } } (16.75)

One can observe the following;:
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o If v =1 then

8 1/2 2
S L (p+po)” (16.77)
1427y p
dr 87 1/2 02
— = — 1-—=21. 16.78
i (o) (-5) 1079
If v =—1 we get
] 2, 2
L (p=po)” (16.79)
1427y p
dr 87 1/2 02
— = 1-—=21. 16.80
i () (-5) 160
Hence, just like in case € < 0, if v = %1 then the areal radius is an decreasing function for
0 < p < po, has an absolute minimum at p = p, and increases for p > p,. If v = —1 its

1/2
minimum value is 7(p = p,) = 0 whereas, if v = 1 then r(p = p,) = (lf;w) 4p, > 0
Therefore, for v = —1 the range 0 < p < p, of the isotropic radius is unphysical.

Moreover, r — oo in both limits p — 07 and p — co.

Again,due to the fact that ¢ vanishes, the solution turns out to be Schwarschild with
mass M = +2p, for v = +1, respectively.

e In the case 7 = 0 one gets the, not so elegant, expressions

(p2_p2)\/2|/\|+2 1/2 .
r= (87r)1/2{ ¢ } P2ty (16.81)
(0 — po) VI 4 270 (p + po) VN

—3/2
dr 8 VI o /
a2 (P = po) + 27v(p + po)V :

o NVERI NV

{ <Z+Z°> (0° + P = pPoV/2IN]) + 27w (2+£°> (p2+p?,+ppo\/2\)\)} >0

(16.82)

for p > po. Again, the range 0 < p < p, is unphysical and, on top of that, the above
relations are not even well defined in this particular range, when v # +1.

To illustrate the situation, a few diagrams are been given.
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-

— e Lp = r(p}
dr/dp dr/dp

Figure 16.12: p, =2, v #0, A #0

— r(p) oL — r(p)
dridp dr/dp

Figure 16.13: v = 0.5 Figure 16.14: v = —0.5

Figure 16.15: po =2, v #0, A #0

— rip)
5L dridp

. ) . .
4 8 8 10

Figure 16.16: v =0, po =2, v #0, A #0

Now lets a closer look at the scalar curvature. Recall that the Ricci scalar is given by (16.43).
Therefore by substituting the corresponding 2 we get

o aalp—po)?0T
R _(7 1)p po (p + p0)2(7+2)

_ o\ 2a(A\) 2a(\y)
3|\ — 2) [(g+gg) + 47?2 (%) ] — 47v (15| + 2)

a(Ay) a(Ay)
P—Po P+po
(/H-po) + 27y (p—po )

(16.83)
2
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Again if v = 41 the solution again, corresponds to Schwarzschild spacetime. In all other cases
we observe that there is a naked singularity at p = p,.

16.2.4 Metric in Terms of the Conformal Factor

Just like in the previous section we would like to construct a relation of the form p(€2) and then
express the whole metric with respect to the conformal factor. We begin by manipulating the

the expression (16.27)
_ a(A7) a(A7)
<p po> + oy <p+po>
P+ po P = Po

(A7)
By denoting (%) = k > 0 the relation takes the form

1/2
1 /

= —
v/ 8w

8m? = ‘/‘i + 27r1//£_1’ = 8102 = (H + 27r1//€_1) -sgn(k + 2mvk ) =

870? =+ (k+ 27rwfl) =

K% F 81Qk + 27 =0 (16.84)
and thus we have to solve to two separate equations
Case k+ 2151 >0
The above inequality is true for
v<0& k>\2mv|orv>0 & k>0. (16.85)

and equation (16.84) is solved by

K2 — 8k + 27y = 0 = ky o = 4nQ% £ \/(4n02)% — 270

k1 = 4mQ% 4+ /(47 02)2 — 27 (16.86)
Ko = 4mQ% — \/(4702)2 — 27y (16.87)

where if v > 0 then, k1 and k9 are positive for 2 > (é)l/4 while if v < 0, k1 satisfies (16.85)
for every 2 > 0 and k9 does not satisfy them at all.

Case k+ 2mvk 1 <0

Now the last inequality holds if
v <0 & 0<k <27y (16.88)

where recall that the definition of k is valid only for positive values.
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In this case (16.84) is solved by
K2+ 8Tk + 21 = 0 = K34 = —47Q% + /(47Q2)2 — 271

Ky = —4mQ% + /(47Q2)2 — 27w (16.89)
Ky = —4TQ% — \/(47Q2)2 — 2710 . (16.90)

The solution k3 satisfies the bounds (16.88) for every € > 0 whereas, x4 cannot satisfy them
unless (2 is imaginary, therefore this solution is disregarded.

By now, we have found three expressions k;,7 = 1,2, 3 in terms of the conformal factor and the
new parameter v. We are going to use them to construct the inverse of (16.27) i.e. a relation
p(€2). Using the definition of x one gets

(A7) 1/e(An)
P — Po o (O _ L+ K
(P‘i‘ﬂo) = ki = pi(Q) = po (1 _ H;/Q(A”Y)> (16.91)

where the condition p > p, implies

1 + Hg/a(A7W)
1/a(x7)

)

>>1:> aM\y)>0&0<k <1 (16.92)
1—-k

which further restricts the range of x;. Note that x; — 1 corresponds to p;(2) — oo while,
ki — 0 corresponds to p;(Q2) — po.

If we now combine the results from (16.85) and (16.88), with the extra condition (16.92), we
will get the ranges of  and v on which the equation (16.91) is well defined, for every k;. The
combination of the bounds for «; gives

1 v\1/4 21v + 1 1/2
— R < .
V>O&0</€1<1—>0<V<27T& (871') _Q<< 3 > ,  (16.93)

9 1 1/2
il > : (16.94)

8

1
r<0 & \/27r]1/]</<c1<1—>—%<1/<0& 0§Q<<

where the restriction on v in (16.94) is there to ensure that /27|v| < 1. For ka3 one obtains

1 v\ 1/4
1/>O&0</@2<1—>0<1/§2—&QZ(8—> : (16.95)
T s
1 2 1\ /2
y>27r&9><7”;:> (16.96)

and for k3 we get

1 2| — 1\
vr<0 & {0</£3<\/27r|1/|0r0</£3<1}—>u§—2— & Q><7T|g|> , (16.97)
T T

1
——<v<0 & Q>0. (16.98)
2m
Note that in the bounds of k3, v < —% means that /27|v| > 1 and the true restriction is

0 < k3 < 1 whereas, the condition —% < v < 0 leads to /27m|v| < 1 thus the relation that
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must be satisfied is 0 < k3 < /27|v|. At this point we know all the acceptable ranges for the
conformal factor and thus, we are in position to calculate the metric functions and the areal
radius with respect to €.

- 2y
g =~ = Q7 (ZZ. - ZO> = Q7R (16.99)
2 o
2 2 1/a(A7)\ 2
Gpp = N 27 = 072 < — pg) <pi t po) ! —02(1- LM o2/ a(A)
" ;) \pi=po | k20 |
1—~ 2
Qg A
—o2 | | (16.100)
1+ kY
(2
1—vy
200 /{ia(%'y)

r(Q) = piy e M2 = , i=1,2,3 (16.101)

& 1-— /{W
From the bounds for the various r;’s i.e. the inequalities (16.93),(16.94),(16.95) and (16.97),
is evident that g4 does not vanish hence, there is no sign of a horizon. Only if x; = 0 there
would be a horizon but, expect the fact that this is a forbidden value, it also corresponds to
7(€2) = 0, which means that the singularity would not be covered by it. Moreover, g,, does not
diverge unless €2 — 0 so there is no sign of the singularity either.

When v — 1 we find that

g =50, (16.102)

Gpp T 4072, (16.103)
2

r(Q) 225 g". (16.104)

In this case g,, diverges s 2 — 0 but this singularity is actually pushed to infinity due to r(£2).

On the other hand if v — —1 we get

y——1

gt — — 00, (16105)
9o 250, (16.106)
r(Q) 224 0. (16.107)

The transformation from the isotropic to the areal radius becomes degenerate, along with the
fact that neither gy vanishes nor g,, diverges at any particular 2.
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