Differential Forms with Mathematica

Use of the intrinsic function TensorWedge

We can compute wedge products of differential forms using TensorWedge:
w A A=TensorWedge[w,A]

The wedge like symbols is special, not the ordinary wedge A ([Esc]*[Esc]).
You can type it with [Esc]t*[Esc] or \ [TensorWedge]

First define some differential forms:

d = 4; (» dimension of space %)

(*Two forms:x)
A = Array[Subscript[a, H1, H2] &, {d, d}];
B = Array[Subscript[b, #1, H2] &, {d, d}];

(*One Forms *)
Q = Array[Subscript[w, H#1] &, {d}];
A = Array[Subscript[A, H#1] &, {d}];

$Assumptions =
{(A| B) € Arrays[{d, d}, Reals, Antisymmetric[Al1]], (Q | A) € Arrays[{d}, Reals]};

Print["A=", A // MatrixForm, " B=", B// MatrixForm,
" =", Q /I MatrixForm, " A=", A/l MatrixForm]

ai,1 d1,2 41,3 3A1,4 bi,1 bio biz bia wy Ar
A A1 Az,2 Az,3 A4 b2,1 bz,z b2,3 b2,4 0 wy A Ay
Aaz,1 az,2 a3,3 az,4 b3,1 b3,2 b3,3 b3,4 w3 A3
A4,1 Q4,2 A4,3 A4 ba,1 bao baz bag Wa Aq

Whenever you want the two forms A,B to keep only the independent components, apply the following
rule:



n-J=| rule = {
Table[ai,; » -aj,i, {i, 2, d}, {j, i-1}], Table[a;,;~> 0, {i, d}],

Table[bi,j - =bj i, {i, 2, d}, {j, i —1}], Table[bi,i - 0, {i, d}]
} /I Flatten;

Print["A=", A/. rule /[ MatrixForm, " B=", B/. rule// MatrixForm, "\nrule= "
0 a1, d1,3 adi1,4 0 b1,2 b1,3 b1,4
| -a1,2 0 az,3 az,4 _ -by, 0O bys baa
|-a1,3 -—a;,;3 0 azs | -b1,3 -baz 0 b3
-ai,4 -—a2,4 -a3,4 O -b1,4 -by 4 -bz s ©

rule= {32,1 = -Qa1,2, @3,1 > —Qa1,3, @3,2 > —3a2,3, A4,1 > —3A1,4, A4,2 > —A2 .4,
Q4,3 -33,4, 31,120, 3250, 33350, 34450, by1->-b;s, bz;1->-by3s,

b3, > —b2,3, ba,1 > =b1 4, bs,o > =bs 4, bz > b3 4, b11 >0, by 550, by 350, by, 0}

, rule]

- = | TensorWedge[Q A A] // Normal // MatrixForm

Out[« J//MatrixForm=

0 A wi—-A1 wy A3wi—-A; w3 Ay wi-A; wy
-A w1 + A1 Wy 0 A3 wy—Ay w3 Ay wo— Ay wy
“A3 Wy +A; w3 —-A3 Wy + A w3 0 Ag W3 — A3 Wy
—“Ag W1+ A1 Wy —Az Wy + Ay Wy —Ag W3+ A3 Wy 0

Same, use the A symbol:

m-1=| QAN Il Normal // MatrixForm

Outf« J//MatrixForm=

0 A wy—AL wy A3 wy;—Ap w3 Az wy—Ap wy
-A w1 + A1 wy (0] A3 Wy —Ay W3 Az wy— Ay wy
“A3 Wy +A] w3 —-A3 wy + A w3 0 Ag W3 — A3 Wy
—Ag W1 +A1 Wy —Az Wy + Ay Wy —Ag W3+ A3 Wy 0

Wedge product of 1 form and 2 form:




In[+ ]:=

Out[+ J//MatrixForm=

QAA /| Normal // MatrixForm

Inf+ ]:=

Out[« J//MatrixForm

W4 a1,2 - Wy A1,4+W; Ay 4
W4 a1,3—- W3 a1,4+ W) Az 4
(0]

0
W4 A3 ,3 - W3 Az 4+ Wy Az 4
0

0]
0
0
0
1 1 1
0 5 ©a (31,2—32,1)—3 w> (31,3—33,1)+5
1 1 1
0 5 W4 (31,2—32,1)—3 w» (31,4—34,1)+5
0
S 0
0
1 1 1
-3 Ws (al,z - a2,1)+ 5 W2 (31,3 - 33,1)— 5 W1 (az,s - 33,2) 0
1 1 1
-5 Wa (al,Z = a2,1)+ 5 W2 (31,4 - 34,1)— 3 Wi (az,4 - a4,2) 0
0 _1 _ 1 _ _1
L L L 5 W3 (31,2 a2,1)+ 5 W2 (31,3 a3,1) 5
5 W3 (31,2 - 32,1) -5 W2 (31,3 - a3,1) +2 W (82,3 - a3,2) 0
0 (0]
1 e 1 1 1 1
-5 wa(ar,3-2a3,1)+3 wa(a1,4-a2,1) -5 wi(az,a-2as,3)) | -3 wa(az,3-23,0)+ 35 ws(az,a-2as,2)-3
(0] _4 _ 1 _ _21
L L L S Wa (al,z az,1)+ 5 W2 (31,4 a4,1) >
3 Wa (31,2 = a2,1) -3 W2 (31,4 = a4,1) + 35 W1 (32,4 = a4,2) 0
1 1 1 1 1 1
5 Wa (31,3 -33,1)- S5 W3 (31,4-34,1)"' S5 W1 (33,4-34,3) 5 W4 (32,3 -33,2)- S W3 (32,4- a4,2)+ >
0 (0]
Get rid of redundant components of A: apply the rule:
(QAA /I Normal) /. rule // MatrixForm
0 (0] (0]
0 0 —W3zay+Wya;3-wiazs —Wy Ay,
(0] W3z ay,2-Wyay3+w;azs 0 -Ws Ay,
0 W4 a1,20 - Wy 3a1,4+ W1 Ay 4 W4 a1,3-W33;,4+W; Az 4
0 0 W3 a1,7 - Wy a1,3+W; a3 ws Ay,
0 0 0
—W3ay2+Wra;,3-W13a2;3 (0] 0 - Ws Ay,
—W4a;1 2+Wy3a1,4- W1 a2 4 0 W4 Ay 3-W3 A 4+ Wy a3 4
0 —W3a;,2+Wy3a;,3-W1az;3 0 Wy ay,.
W3 a2 —-Wza;,3+W; az;3 0 0 Wg Ay,
(0] 0] 0]
—W4a;,3+W3a;,4—-W1 334 —W4 a3+ W3 3az,4—-Wyaz 4 0
0 —W4a1,2+ W3 a1,4-W1 a4 —W4 a3,3+W33;1,4- W1 Az 4

—Wg4 a3+ W33az,4-Wy a3 4
0

0

Nonzero elements: (x ===y is SameQ[x,y])



In[+ ]:=

outf+ J=

Select[Flatten[(QAA // Normal)/. rule], (' H

W3 a1, -Wya;,3+W; az;3
W4 a1,2 - Wy 3a1,4+W; Ay 4
—W3a; 2+Wya;,3-W; a3
W4 a1,3—-W3 33,4+ W; Az 4
—W4a1,2+ W a1,4- W1 A 4
—W4 a1,3+W331,4- W13z 4
—W3z a;,2+Wya;,3-W; az s
—~Wga1,20+Wra1,4-W1 A2 4
W3 a2 —Wz3a;,3+W; az;3
W4 A 3-W3 a3 4+Wy a3 4
W4 a1,20 - Wy 3a3,4+W; Ay 4
—W43a3,3+ W33 4— W az 4
W3z a3, »—-Wza; 3+w;az;s
—W43a;,3+W33a;1,4—- W1 A3 4
—W3a; > +Wya; 3-Wiazzs
—W4 A3, 3+ W3 a3 ,4- W 3az 4
W4 a1,3-W33a;,4+W; 3z 4
W4 3,3 - W3 Ay 4+ Wy Az 4
W4 a1,2 - Wy a1,4+ W Ay 4
W4 a1,3—-W33;,4+W; Az 4
—Wga1,2+ Wy a1,4- W1 a4
W4 @y 3 - W3 Az 4+ Wy az 4
—W4a1,3+W33;1,4- W13z 4

—W4 a3+ W33a3,4-Wy a3 4

0) &] // Column

Nonzero elements: (x===y is SameQ[x,y]) with components:




Out[+ ]=

In[+ ]:=

Out[+ ]=

list = (QAA//Normal) /. rule;

Select|
Flatten]
Table[{Subscript["(QAA)", i, j, K], listli, j, kI}, {i, d}, {j, d}, {k, d}]

(»make pairs of name+valuesx)

s 2] (*Flatten to level 2 onlyx)
, (1HI[2] === 0) & (xselect nonzero elementsx)
]1// Column
{(QAA)1,2,31 W3 a3,2 — Wy a;,3+ Wy a2,3}
{(QAA)1 5,4, ws a1, - w; a1,4+wy 3,4}
{(Q/\A)l,3,2; —W3za;2+Wya; 3-wW; a2,3}
{(QAA)1,3,4a W4 A1 3-W3a;,4+W; a3,4}
{(QAA)1 4,2, —ws @12+ wp a1,4 - wy 33,4}
{(Q/\A)l,4,3a —W4 33,3+ W3 a;,4- Wy a3,4}
{QAA)y 1,3, —w3 a1 2+ wp a1,3 - wy ay,3}
{(QAA)y 1,4, —ws @12+ wp ay,4 - wy @z, 4}
{(Q/\A)z,s,la W3 a1,2 — Wy a3 ,3 + Wy a2,3}
{(QAA)2 3,4, w4 a3,3- w3 33,4+ W, a3, 4)
{(Q/\A)z,4,1a Ws 1,2 — Wy A1 4 + W1 a2,4}
{(QAA); 4,3, —ws a3 3+ w3 @3 4 - W) a3,4}
{(Q/\A)3,1,2; W3 a2 —-Wya;,3+w; 32,3}
{(Q/\A)3}1’4, —W4 33,3+ W3 a3, 4—- Wy a3,4}
{QAA)3 5,1, —w3 @12+ wp a1,3 - w; 33,3}
{(Q/\A)3,2,41 —Wz Ay 3+ W3 a4~ Wy a3,4}
{(QAA)3, 4,1, wsa1,3-wsa1,4+w; as,4)
{(Q/\A)3,4,2; Ws 83,3 -~ W3 Ay 4+ W a3,4}
{(Q/\A)4}1,2, W4 A1 2 -W a1 4+ W, a2,4}
{(QAA)4,1,3, waay,3-wsa1,4+ws az, 4)
{(Q/\A)4,2,la —Wga;,2+Wya;,4-W; a2,4}
{(QAA)4,2,3, wsa3,3- w3 33,4+ W, a3, 4)
{(Q/\A)4,3,1; —W4a;,3+ W3 a3 4- Wy a3,4}
{(Q/\A)4}3’2, —Ws4 a3+ W3 Az 4—- Wy a3,4}

Check graded anticommutativity of wedge product:

((AAQ -QAA) /I Normal) == ConstantArray[0, {d, d, d}]

True

5



In[+ ]:=

Out[+ ]=

In[+ ]:=

Out[+ ]=

Dimensions[list]

4, 4, 4}

Wedge product of two 2-forms: the nonzero elements

Select[Flatten[(AAB // Normal) /. rule], (!H# === 0) &] // Column

az,4 b1,2 —3az,4 b1,3 +az 3 b1,4 +3ai1,4 b2,3 —3d1,3 b2,4 +3a1,2 b3,4
-az,4byo+a3 4b13-a33b1,4-a1,4b3,3+31 3by 4-2a1,2b34
—3as3,4 b1,2 +3a2,4 b1,3 —az;3 b1,4 —3ai1,4 b2,3 +3a1,3 b2,4 —3a1,2 b3,4
az,a b1 2-az4by3+az3by s+a; 4by3-a1,3by 4+a1,,b34
as,abio-a4by3+a3 b1,4 +3ai1,4 b2,3 —3d1,3 b2,4 +3a1,2 b3,4
—az,4 by 2+a2,4b1 3-a33b1,4-a1,4by3+a1,3by 4-a1,2b3 4
—azabyo+ay4by3-a33b; 4-a1,4by3+a1,3b, 4-a1,5,b34
az,4 b1,2 —3az,4 b1,3 +az 3 b1,4 +3aj1 4 b2,3 —3d1,3 b2,4 +3a1,2 b3,4
az,4b1,2-2a34b1 3+a33by 4+2a1,4by 3-2a1,3bs 4+21,5b3 4
—3as3,4 b1,2 +3a2,4 b1,3 —az;3 b1,4 —3ai1,4 b2,3 +3a1,3 b2,4 —3d1,2 b3,4
—az,4 by p+az4b13-a33b; 4-a1,4by3+a1,3b 4-a1,2b3 4
az 4 bl,2 —3a,s b1,3 +3ds,;3 b1,4 +3ai1,4 b2,3 —3d1,3 b2,4 +3a1,2 b3,4
az,ab1o-az4by3+az3by a+a; 4by3-a1,3by 4+a1,5b34
—azabyo+ay4by3-a33b; 4-a1,4by3+a;,3b, 4-a1,,b34
—3as3,4 b1,2 +3a2,4 b1,3 —az;3 b1,4 —3ai1,4 b2,3 +3a1,3 b2,4 —3a1,2 b3,4
az,4b1,2-2a34b1 3+a33b1 4+2a1,4by 3-2a1,3bs 4+21,5b3 4
az,4 bl,2 — a2 4 b1,3 +3az 3 b1,4 +3aj1,4 b2,3 —3d1,3 b2,4 +3a1,2 b3,4
—az,4 by 2+az4b13-a33b; 4-a1,4by 3+a1,3by4-a1,2b3 4
—as,4 bio+ay4biz3-as3 b1,4 —3ai1,4 b2,3 +3a1,3 b2,4 —3d1,2 b3,4
az,ab12-az4by3+az3by a+a; 4by3-a1,3by 4+a12b34
az,abyo-ayabyz3+a,3by 4+a1,4by 3-a1 3bysa+a; 2034
—3as3,4 b1,2 +3a3,4 b1,3 —az;3 b1,4 —Qai1,4 b2,3 +3a;1;3 b2,4 —3a1,2 b3,4
-az,4byo+a3 4b13-2a33b1 4-a1,4by3+a13by 4-2a1,2b3 4

az,4 b1,2 — a2 4 b1,3 +3az 3 b1,4 +3ai1,4 b2,3 —3d1,3 b2,4 +3a1,2 b3,4

Use

of the function HodgeDual to compute duals of forms

Compare a two form and its Hodge Dual:



mn-=| Al = ( A I/l Normal)/. rule ;
A2 = (HodgeDual|[A] // Normal)/. rule ;

Print["A= ", Al // MatrixForm, " *A= ", A2 /| MatrixForm]
0 Ay, a1,z Ais 0 Az,;4 -—A2,4 a2,3
-ai,2 O a3 aA2,4 -az,4 O aj,a -ai3
A= *A=
-ai,3 —az;3 0 Az az,4 -ais O ai,»
-a1,4 —ax,4 -az,4 0O -az,3 ai,3 -ai;2 O

The Hodge dual of a 4-form is a scalar:

- - | HodgeDual[AAB] /. rule

Ouf-J= | a3,4 b1,2 —3az,4 b1,3 +az 3 b1,4 +3ai1,4 b2,3 —a1,3 b2,4 +3a1,2 b3,4

The Hodge dual of a 3-form is a vector:

- = | (HodgeDual[AAQ] // Normal) /. rule /l MatrixForm
Out[+ J//MatrixForm=
—Wg a3 ,3+W333,4-W3az 4
W4 a;,3—W33a;,4+ W) az 4
—Wga1,2+Wr3a1,4-W1 324

W3z a; 2-Wya; 3+w;azzs

Work with abstract forms without explicit components

Define 10 dimensional forms

inf-]=| Dim= 103
$Assumptions = {
(] &1 | &2 &3) e Arrays[{Dim, Dim, Dim}, Reals, Antisymmetric[{1, 2, 3}]],
o € Arrays[{Dim}, Reals, Antisymmetric[{1}]]
}

ouf - | {(6] €1 ] €2 | €3) € Arrays[{10, 10, 10}, R, Antisymmetric[{l1, 2, 3}]], o € Arrays[{16}, R, {}]}

This is left unevaluated:

1= §N o+ ONE

ouf- - | ENT+TNE

TensorReduce puts tensors in canonical form. Here it applies the anticommutative property of the

wedge product:



In[+ ]:=

Out[+ ]=

In[+ ]:=

Outf+ |=

In[+ ]:=

Out[+ ]=

In[+ ]:=

Out[+ ]=

§NOo + oA§ Il TensorReduce

0

Linear combinations and wedge product of those: Here they are left unevaluated:

(@l €1 + a2 £2) A (b1 €1+ b2 £2)

(al €1+ a2 E2)A(b1 €1 + b2 £2)

The products are expanded:

(@l §l + a2 §2) A (b1 {1+ b2 §2) /I TensorExpand

alb2 1AE2+a2 bl §2A¢81

A differential form of order higher than Dim is zero:

ENELAE2AE3

0




