(Anti)Symmetrization of Tensors
Levi-Civita Symbol

Permutations

The Function Permutations|list] gives all possible permutations of the elements in the list

- = | Permutations[{1, 2, 3}]

our- - | {1, 2, 3}, {1, 3, 2}, {2, 1, 3}, {2, 3, 1}, {3, 1, 2}, {3, 2, 1}}

- = | Permutations[{uy, v, p}]

our- = | {{us v, PYs (M5 05 VI {v, 1y 0}, {v, 05 1}, {05 U5 V}, {0, v, u}}

Signature([list] gives the signature of the permutation needed to place the elements of [ist in canonical
order: (see the function Sort for definition of canonical order)

- J=| Print[Signature[{2, 3, 1}], " ", Signature[{2, 1, 3}]]

1-1

= | Print[Signature[{u, v, p}], " ", Signature[{y, p, v}
1 -1

Signature must be applied to all elements of the list to give their signature.
Use Map[perm3,Signature] or the equivalent Signature /@ perm3

n-J=| perm3 = Permutations[{1, 2, 3}];
Signature /@ perm3

ou-J-| {4, -1, -1, 1, 1, -1}

Show the permutations together with their Signature:



In[+ ]:=

Out[+ ]=

In[+ ]:=

outf+ J=

outf+ J=

In[+ ]:=

outf+ J=

In[+ ]:=

outf+ J=

Table[{perm3[i]], Signature[perm3[ill}, {i, Length[perm3]}] // Column

{1, 2, 3}, 1}
{{la 3: 2}7 _l}
{{2, l: 3}7 _l}
{2, 3, 1}, 1}
{3, 1, 2}, 1}
{{3, 21 1}, _l}

Test whether particular permutations are even:

{Signature[{1, 2, 3}] == 1, Signature[{l, 3, 2}] == 1}

{True, False}

(Signature[#] ==1) &

is an unnamed (pure) function. Like any other function f, which takes an argument x and evaluates to
f[x], it takes an argument

(Signature[#] ==1) & [perm]

The argument perm is substituted at all positions in the expression that has a #, and evaluates to
(Signature[perm]==1)

which is True, or False:

(Signature[H] ==1) & [{1, 2, 3}]

True

We can map this function on all permutations:

(Signature[H] == 1) & /@ perm3

{True, False, False, True, True, False}

Select even permutations:
Select(list,crit] picks out elements of the list for which crit[el] is True.

Then, Select can be used to to apply the pure function (Signature[#] == 1)& to all elements in the list,
and select the ones which return True:

Select[perm3, (Signature[H] == 1) & ]

{1, 2,3}, {2,3, 1}, (3,1, 2}}

0dd permutations:



Infe J:=

Out[+ ]=

Select[perm3, (Signature[H] == -1) & ]

{1, 3, 2}, {2, 1, 3}, 3, 2, 1}

(Anti)symmetrization

Infe J:=

Outf+ |=

Infe J:=

Out[+ ]=

Infe J:=

Out[+ ]=

In[+ ]:=

Outf+ |=

In[+ ]:=

Out[+ ]=

In[+ ]:=

Out[+ ]=

Define a permutation of all indices of a tensor:

perm3 = Permutations[{al, a2, a3}]

{{a1, a2, a3}, {a1, a3, a2}, {a2, al, a3}, {a2, a3, al}, {a3, al, a2}, {a3, a2, al}}

The function Subscript[s,a] returns the object s,:

Subscript[s, al]

Sa1

We can add more subscripts:

Subscript[s, al, a2, a3]

Sal,a2,a3

Construct all permutations of s,1 4 3 by applying Subscript[s,#[[1]],#[[2]],#[[3]]]& on a list {a1,a2,a3} of

3 elements.

#[[1]] is the first element of the argument of the function, and it will be replaced by al. Similarly for

#[[2]] and #[[3]].

Subscript[s, H#[1], H#HI2], BI3]] &[{al, a2, a3}]

sal,a2,a3

Since perm3 is a list of permuted objects, Subscript must be applied on each member of the list:

(Subscript[s, H[1], H[2], HI3]]) & /@ perm3

{Sal,az,a3; Sal,a3,a2, Sa2,a1,a3, Sa2,a3,al: Sa3,al,a2; Sa3,a12,al}

We can multiply with the signature of the permutation:

signed3 = (Signature[f] Subscript[s, H[1], H[2], HI3]]) & /@ perm3

{Sal,az,a3; _Sal,a3,a27 _saz,al,a3, Saz,aS,al; Sa3,a1,a2, _Sa3,a2,a1}

We can obtain the sum of those terms, by applying Plus on the list.



(the function Apply works by replacing the head List by the head Plus)

- | Apply[Plus, signed3]

Oul ]=| Sal,a2,a3 ~ Sal,a3,a2 ~ Sa2,al,a3 * Sa2,a3,al + Sa3,a1,a2 — Sa3,a2,al

or equivalently:

n-1-| Plus @@ signed3

Outl* J= | Sal,a2,a3 ~ Sal,a3,a2 ~ Sa2,al,a3 + Sa2,a3,a1 + Sa3,a1,a2 ~ Sa3,a2,al

Then we can write down the expression that gives the antisymmetrization Sp1,2a3

1= | (1131) Plus @@ signed3

1
Outf« J= g (Sal,a2,a3 — Sal,a3,a2 ~ Sa2,al,a3 t Sa2,a3,a1 + Sa3,a1,a2 — sa3,a2,al)

or, directly:

n- =] Plus @@
((Signature[H] Subscript[s, H[1], H#[2]1, HI31]) & /@ Permutations[{al, a2, a3}])(1/3})

Outf+ J= (Sal,aZ,a3 — Sal,a3,a2 — Sa2,al,a3 + Sa2,a3,al + Sa3,a1,a2 — 5a3,a2,al)

olr

Higher order tensor:

n-J-| perm4 = Permutations[{al, a2, a3, a4}l;

(1/Length[perm4])
Apply[Plus, (Signature[&]Subscript[s, ®#[1], &[2], BI31, 8I4]]) & /@ perm4]

1
Outf+ J= ; (Sal,a2,a3,a4 — Sal,a2,a4,a3 ~ Sal,a3,a2,a4 t Sal,a3,a4,a2 + Sa1,a4,a2,a3 ~ Sal,a4,a3,a2 ~

Sa2,al,a3,a4 * Sa2,al,a4,a3 + Sa2,a3,al,as4 — Sa2,a3,a4,al ~ Sa2,a4,al,a3 + Sa2,a4,a3,al +
Sa3,al,a2,a4 — Sa3,al,a4,a2 ~ Sa3,a2,al,a4 t Sa3,a2,a4,al + Sa3,a4,al1,a2 ~ Sa3,a4,a2,al ~

Sa4,al,a2,a3 * Sa4,al,a3,a2 + Sa4,a2,al,a3 — Sa4,a2,a3,al ~ Sa4,a3,al,a2 t Sa4,a3,a2,al)

We can symmetrize or antisymmetrize tensors using the Symmetrize function.

This is a (0,2) tensor:



In[+ ]:=

tl = Array[Aagn &, {2, 2}1;(*will Array[] explain later...%)
t1 // MatrixForm

Outf = J//MatrixForm=

In[+ |:=

[Al,l A1,2 )
Ar1 Axn

Here, we antisymmetrize wrt to the two indices in positions 1 and 2

Symmetrize[tl, Antisymmetric[{1, 2}]] // Normal // MatrixForm

Outf+ J//MatrixForm=

Inf+ J:=

[ 0 % (Al,z—Az,l)]
Al

—Al,2+A2,l) (0]

Now we symmetrize:

Symmetrize[tl, Symmetric[{1, 2}]]1 / Normal // MatrixForm

Outf+ J//MatrixForm=

Outf« J//Matri

A1 ‘; (A1,2+Az 1)
é (A1,2+ A1) A2

Ais defined as a (0,3) tensor

t2 = Array[Aun &, {3, 3, 3}];
t2 // MatrixForm

xForm=

A1,1,1 A1,2,1 A1,3,1
A1,1,2 A1,2,2 A1,3,2
A1,1,3 A1,2,3 A1,3,3
Az 1,1 A2 2,1 Az.3,1
Ar 1,2 Az 2,2 Ay 32
A2,1,3 A2.2,3 Az,3,3
Az 1,1 Az 2,1 Az 3,1

Az1,2 Az,2,2 Az,3,2

Az 1,3 Az 2,3 Az 3,3

Here we antisymmetrize only indices at positions 1 and 3 to obtain Ala|b|d]
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Symmetrize[t2, Antisymmetric[{1, 3}]] // Normal // MatrixForm

xForm=

(0]
(A1,1,2-A2,1,1)
(A1,1,3-As3,1,1)

(-A1,1,2+A2,1,1)
0

‘; (A2,1,3-As3,1,2)

(_Al’l’3 +A3!lil)

L
2
L
2

N -

N =

(0]
(A1,2,2-A2,2,1)
(A1,2,3-A3,2,1)

(-A1,2,2+Az,2,1)

(0]
‘; (A2,2,3-A3,2,2)

(_Al’2’3 + A3’2,1)

L
2
L
2

N =

(0]
(A1,3,2-A2,3,1)
(A1,3,3-A3,3,1)

(-A1,3,2+Az,3,1)
0

% (A2,3,3-A3,3,2)

(-A1,3,3+A3,3,1)

i
2
1
2

NlR NI
NlR N
NlR N

(-A2,1,3+A3,1,2) (-A2,2,3+A3,2,2) (-A2,3,3+A3,3,2)
(0] (0] (0]

Now compute A[abc]:

Notice that A+ 0 is not evaluated to True, so we cannot Select nonzero elements this way.
Instead we use (IMatchQ[A,0]), meaning “A does not match to 0”

in-J=| at2 = Symmetrize[t2, Antisymmetric[{1, 2, 3}]1// Normal;
Select[Flatten[at2], (! MatchQ[H, 0]) &] // Column

A1,2,3-A1,3,2-A2,1,3+A2,3,1+A3,1,2-A3,2,1)

—A1,2,3+A1,32+A2,1,3-A2,3,1-A3,1,2+A3,2,1)
—A1,2,3+A1,320+A21,3-A3,3,1-A3,1,2+A3,2,1)
outf- J-

A1,2,3-A1,3,2-A2,1,3+A2,3,1+A3,1,2-A3,2,1)

ol ol olk ol ol ol

(
(
(
(A123-A1,32-A21,3+A2,31+A5,1,2-As,2,1)
(
(

-A1,2,3+A1,3,2+A2,1,3-A2,3,1-A3,1,2+A3,2,1)

Antisymmetric[{1,2,3}] gives the same result as Antisymmetric[All]

in-J=| at2 = Symmetrize[t2, Antisymmetric[Al1l]] / Normal;
Select[Flatten[at2], (! MatchQ[H, 0]) &] // Column

A1,2,3-A1,3,2-A2,1,3+A2,3,1+A3,1,2-A3,2,1)

—A1,2,3+A1,32+A21,3-A2,3,1-A3,1,2+A3,2,1)
—A1,2,3+A1,320+A21,3-A3,3,1-A3,1,2+A3,2,1)
outf- J-
A1,2,3-A1,3,2-A2,1,3+A2,3,1+A3,1,2-A3,2,1)

A1,2,3-A1,3,2-A2,1,3+A2,3,1+A3,1,2-A3,2,1)

(
(
(
(
(
(

-A1,2,3+A1,3,2+A2,1,3-A2,3,1-A3,1,2+A3,2,1)

ol ol olk ol o0l ol
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Levi-Civita symbol

In[+ ]:=

Out[+ J//MatrixForm=

In[+ ]:=

Out[« J//Matri

In[+ ]:=

Outf+ J//MatrixForm=

In[+ J:=

outf+ J=

In[+ ]:=

Out[+ ]=

The function Array[f,{n1,n2}] generates a nested list of n1xn2 elements f[i1,i2]:

Array[f, {3, 3}] // MatrixForm

fl2, 11 f[2, 2] f[2, 3]

[f[l, 1 fl1, 2] f1, 3]]
f[3, 1] 3, 2] f[3, 3]

The array Ajj =i+
Plus is applied on {i,j}, giving Plus[i,j]=i+j

Array[Plus, {3, 3}] // MatrixForm

xForm=

2 3 4
[3 4 5]
4 5 6

Now, defineanlxn2xn3 array:

Array[f, {2, 2, 2}] // MatrixForm

(‘F[l, 1, 1]) (f[l, 2, l])

fl1, 1, 21/ \fl1, 2, 2]
(f[2, 1, l]) (f[Z, 2, l])
fl2, 1, 2]/ \f[2, 2, 2]

Array[f, {2, 2, 2}]

{f{fa, 1, 11, f1, 1, 23, {f1, 2, 1], f[1, 2, 2]},
{fl2, 1, 11, f2, 1, 21}, {f[2, 2, 1], f[2, 2, 2[}}}

Soif fis replaced by the pure function Signature, we can obtain the 3-d Levi-Civita Symbol.
Let’sdo itin steps:
This is what the Array function gives: {i,j,k} - f[i,j,k]

fl1, 2, 3]

fl1, 2, 3]

But Signature needs to act on the list {i,j,k}. So we have to take the arguments 1,2,3 and form a list
{1,2,3} on which the function will act.
We will use the symbol ##, which represents the sequence of all arguments supplied to a pure function



In[

J=

Out[+ ]=

In[

J=

Out[+ ]=

In[

J=

J=
Out[» |=

J=
Out[» |=

Out[+ ]=

In[

Out[+ ]=

In[

Ji=

Out[+ ]=

and putitinside {} to form a list:

fi{aE} &1, 2, 3]

f{1, 2, 3}

So, we got what we want: A function that gives the signature of its arguments!

(Signature[{HH}]) &[1, 2, 3]

1

We go ahead and apply this function on the arguments given to it by Array:

Array[Signature[{8&}] &, {3, 3, 3}] // Column

{{0, 0: 0}) {07 0: l}; {07 _l’ 0}}
{{0) 0: _l}, {0: O: 0}7 {17 0: G}}
{{0, l: 0}7 {_l, O: 0}7 {0, 0: 0}}

This is important, so Mathematica has already a function LeviCivitaTensor:
Itis a sparse array, so we apply the function Normal to obtain an ordinary list

LeviCivitaTensor[3] // Normal // Column

{{0, 0: 0}) {0) 0: l}; {07 _13 0}}
{{0: 0: _l}, {0’ O: 0}7 {17 0: 0}}
{{0, l: 0}7 {_l, O; 0}7 {0) 0: O}}

Or, obtain the same using:

LeviCivitaTensor[3, List] // Column

{{0, 0: 0}) {0) O’ l}; {07 _l: G}}
{{0, 0: _l}, {0’ O: 0}7 {17 0: O}}
{{0, l’ 0}7 {_l, O; 0}) {0) 0: O}}

The cross product:

LeviCivitaTensor[3].{x1, x2, x3}.{yl, y2, y3}

{x3y2-x2y3, = x3yl+x1y3, x2yl-x1y2}

Same as

Cross[{x1, x2, x3}, {y1l, y2, y3}]

{-x3y2+x2y3, x3yl-x1y3, -x2yl+x1y2}

Compute Fjj €k By, the spatial part of the EM tensor F,,:



First construct the tensor e® w (® is [Esc]t*[Esc], different from [Esc]c*[Esc] » ®)

m-1-| B={Bl1, B2, B3};
LeviCivitaTensor[3, List] ® B

our - | {t{{e, ©, 0}, {0, 0, 0}, {0, 0, O}},
{{e, o, 0}, {0, 0, 0}, {B1, B2, B3}, {{6, 0, 0}, {-B1, -B2, -B3}, {6, O, O}}},
{{o, o, o}, {0, 0, 0}, {-B1, -B2, -B3}}, {{0, 0, 0}, {0, 0, O}, {0, 0, O},
{{81, B2, B3}, {0, O, 0}, {0, O, O}}, {{{6, ©, 0}, {B1, B2, B3}, {0, O, O},
{-B1, -B2, -B3}, {0, 0, 0}, {0, O, O}, {{0, O, O}, {0, O, O}, {0, 0, O}

Same as using the function TensorProduct:

- = | TensorProduct[LeviCivitaTensor[3, List], B]

out - | {{{®, ©, 0}, {0, 0, 0}, {0, 0, O},
{0, 0, e}, {0, 0, 0}, {B1, B2, B3}}, {0, 0, 0}, {-B1, -B2, -B3}, {0, 0, O}},
{te, o, o}, {0, 0, 0}, {-B1, -B2, -B3}, {{0, 0, 0}, {0, O, O}, {6, 0, O},
{81, B2, B3}, {0, 0, 0}, {0, O, O}, {{{0, 0, O}, {B1, B2, B3}, {0, 0, O},
{-B1, -B2, -B3}, {0, 0, 0}, {0, 0, O}}, {0, 0, 6}, {0, 0, 6}, {0, O, O}

Now we can use the function TensorContract to obtain €y Bx

n-j=| TensorContract[LeviCivitaTensor[3, List] ® B, {3, 4}] // MatrixForm

Out[« J//MatrixForm=

-B3 0 B1

[ (0] B3 -B2
B2 -B1 O

Compute the magnetic field B =V xA or B, = € 0;A« ([Esc]del[Esc]-»V, [Esc]pd[Esc]-»d, [Esc]*[Esc]-
x)

Now we contract two pairs of indices:

n-J-| €=LeviCivitaTensor[3, List];

6={"9",, "9",, "8"3}; (» use & as character, not as partial derivativex)
a={A1, Az, A3};

tl = TensorProduct[e, 6, al;

TensorContract[tl, {{2, 4}, {3, 5}}]// MatrixForm

Outf« J//MatrixForm=
—83 A2 + 62 A3
03 A; - 01 As
—62 Al + 61 A2

Same as:
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in-j=| Cross[é, a] /I MatrixForm
Out[+ J//MatrixForm=
—83 A2 + 62 A3
03 A1 -01 A3
—62 Al ar 61 A2

Prove identity Eijk Elmk = 6][ 6jm - ‘5im (Sj[

n-j-| € = LeviCivitaTensor[3, List];

€€ =e€®c;

€2 =TensorContractfee, {3, 6}];

lhs = Table[e2[i, j, 1, m] -(KroneckerDelta[i, 1] KroneckerDelta[j, m]-
KroneckerDelta[i, m] KroneckerDelta[j, 11), {i, 3}, {, 3}, {1, 3}, {m, 3};

rhs = ConstantArray[0, {3, 3, 3, 3}]; (*a nested list filled with zeroess)

lhs == rhs

ouf- - | True




