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dimM = m dimAN =n

o M—-N O
P Q= ¢(P)



g f=fop: M—=R
P foo(P)=f(o(P)) =

o If P— @, then P, () have the same value under ¢*f and f respectively
e ¢*f: pullback of [ on M



P'f=fodp: M—=R

Clo)-roe L foelP)=[(8(P)=f(Q)

I
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o If P— @, then P, () have the same value under ¢*f and f respectively
e ¢*f: pullback of [ on M

e o*: F(N) — F(M)
=@ f=fo¢



S f=fop: MR

Clon-rpe L foolP)=Ff(6(P))=f(Q)
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e Now use ¢* to map TpM — ToN

b, TpM — ToN
Vis W = ¢,V

® O, : push forward of T'r M to TQN

e There is no ToN — TpM (unless 3 ¢!, more later...)
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o VecTpM V:iFM)—R then g € F(M) = V(g) € R
* ¢'f e F(M)so V(¢ f) eR

o define W=0¢,V:FN)=R  stW(f)=V(¢*f)
i.e. 0, V(f)=V(o*f)



Compute components of W = W9, or ¢.V = (¢.V )0,

From the definition: OV (f) = (0«V)Ouf



Explain sloppiness
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Explain sloppiness
fy®) = foy™(y")
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fy*) = forvH(y")

" f@*) = ¢ foxTH(at) = fopox(a") R
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Compute components of W = W9, or ¢.V = (¢.V )0

From the definition: OV (f) = (0. V) Ouf
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Compute components of W = W9, or ¢.V = (¢.V )0,

From the definition: oV (f) —Oa f

V(o™ f) = V*0u(¢" )

— V"9,,(f 0 $)

= (6.) = Ly
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— (qb*)a’“Vﬂ



Compute components of W = W9, or ¢.V = (¢.V )0,

From the definition:

qb*V(f) — (gb*V)a@af

V(o™ f) = V*0u(¢" )
=V 0,(fo¢)
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Matrix notation for components: ¢, is a n X m mtrix
cO(u’W‘ n
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Abstract notation:
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* use ¢* to map THN — TpM



e use ¢* to map THN — Tp M
e pullback w € THN to ¢*w € Tp M



e use ¢* to map THN — Tp M
e pullback w € THN to ¢*w € Tp M

e definition: w : To N — R linear, s.t. W +— w(W)



e use ¢* to map THN — Tp M
e pullback w € THN to ¢*w € Tp M
e definition: w : To N — R linear, s.t. W +— w(W)

e use it to define ¢*w € Tp M

o*'w:TpM — R linear s.t. V — ¢"w(V)



define: ¢*w (V) = w(p,V)
A A
TEM TpM  THN TN
e use ¢* to map THN — Tp M
e pullback w € THN to ¢*w € Tp M
e definition: w : To N — R linear, s.t. W +— w(W)

e use it to define ¢*w € Tp M

o*'w:TpM — R linear s.t. V — ¢"w(V)



Compute the ¢*w components:

Definition: VYV € Tp M p*w(V) = (¢p*w) V*
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Compute the ¢*w components:

Definition: VV € Tp M




Matrix notation for components:

observe that:
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Abstract notation:

Matrix notation for components:

observe that:

P'w= ¢ - w
mx1 mxn "NX1
¢ = ()"
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Tensors: only (0,7) or (I,0)
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Tensors: only (0,7) or (I,0)
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Example: Pullback metric g,5 to (¢*g),.

M ) ¥

‘I 9 € TN 0" g € T M




Example: Pullback metric g,5 to (¢*g),.

M ® N

‘I Jos € TGN 6 g € T IM

(P?‘

qb*g(vv U) — g(c;b*V,, Cb*U)

¢*g not necessarily a metric on 7p M



Example: Pullback metric g,5 to (¢*g),.

M ) ¥

" 9 € TN 0" g € T M
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¢*g(V,U) = g(¢.V, ¢.U)
0y~ 0y’

m = i ogv o
= (0%),2(¢"). gas
= (¢%),"9ap(¢"),”
= (0"),9ap(0")77,

(0" 9)




Example: Pullback metric g,5 to (¢*g),.

M v
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¢*g(V,U) = g(0.V, 0.U)

B
(9" ) = gz“ gzygaﬁ
= (6"),(¢").” 9

" — (Cb*)gagaﬁ(gb*)yﬁ
= (0"),"9ap(&)T7,
Or, in matrix notation for components:
¢ g <;?5 - (¢7)T
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Example: Pullback metric g,5 to (¢*g),.
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¢*g(V,U) = g(0.V, 0.U)

Oy~ Oy’
(¢*g)ﬂV - azﬂazvgaﬁ
- ((ﬁ*)ya((b*)uﬁgaﬁ

" — (qb*)gagaﬁ(gb*)yﬁ
= (¢"),,*Gap(¢*)77,
g = ¢" - g (o)

If n > m and g is a metric on N, then ¢ is an embedding of M in N,

and ¢*g, if non—degenerate, is the induced metric on M by ¢
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Example: coordinate vectors




Example: coordinate vectors

0, =6."0,
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Example: coordinate vectors

0, =6."0,
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o 8ya v v
(C’b*ﬁﬂ) o 85[?1}(8”) o 8331/5# o 827“




Example: embedding
PIR)




Example: coordinate forms

M ¢ v




Example: coordinate forms

dy® = 6°5dy” = (dy®)s = 6%
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Example: coordinate forms

dy® = 6°5dy” = (dy®)s = 6%
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Example M=R*\{0} N =5 Vo Vo

(r,0) — ¢ with p = 0

0, =rcost 0, +rsind o,

OJg = —sin 6 J; + cos 6 0,




Example M=R*\{0} N =5 Vo Vo

(r,0) — ¢ with p = 0

0, =rcost 0, +rsind o,

OJg = —sin 6 J; + cos 6 0,
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