Curvature and the geodesic equations

The code in this notebook is based on James Hartle’s Mathematica programs written as companions to
his book “Gravity: An Introduction to Einstein’s General Relativity”, available from the Book’s site:
http://web.physics.ucsb.edu/~gravitybook/mathematica.html

The original program was written by Leonard Parker, University of Wisconsin, Milwaukee (see the
Acknowledgement section in the end of this notebook). The code in this notebook is a modification of
the original program, adapted for the needs of the course “General Relativity and Cosmology” offered
at the National Technical University of Athens, by Konstantinos Anagnostopoulos (
http://physics.ntua.gr/konstant ).The site of the course for the Spring 2023 can be found at
http://physics.ntua.gr/konstant/GR .

This is the Mathematica notebook Curvature and the Einstein Equation available from the book website.
From a given metric gqz , it computes the components of the following: the inverse metric, g*?, the
Christoffel symbols or affine connection,

M =3 6"(0u Gov +0v Goy — o G)»

(0, stands for the partial derivative 8/9x“), the Riemann tensor,

R o =0y Mo =00 T + T T = g Ty,

the Ricci tensor

va = R/\p/\v,

the scalar curvature,

R=g"" Ry,

and the Einstein tensor,

Guv =R =5 g R.

We also compute:

Ruvpos R¥P?, R* = R,,p0 R¥P7, the Weyl Tensor

Coouv = Rpauy = ,%2 {gp[u Ruo=9Gop Rv}p} + Wz(,,_z) 9o 9o R,

and the geodesic equations.

You must input the covariant components of the metric tensor g,,, by editing the relevant input line in

this Mathematica notebook. You may also wish to change the names of the coordinates. Only the
nonzero components of the above quantities are displayed as the output. All the components
computed are in the coordinate basis in which the metric was specified.

Initialization:

First clear any values that may already have been assigned to the names of the various objects to be
calculated. The names of the coordinates that you will use are also cleared. The name of the



coordinates must be defined (the list coord), and then the dimension of the manifold n is set.

Note:

It is important not to use the symbols, i, j, k, |, s, R, G, C, T, T, or n as constants or coordinates in the
metric that you specify above. The reason is that the first five of those symbols are used as summation
or table indices in the calculations done below, and n is the dimension of the space. The rest are also
used for displaying results in the program.

Clear[coord, metric, inversemetric, affine, riemann, lriemann, uriemann,
ricci, scalar, einstein, weyl, geodesic, R, G, 7, i, j, k, 1, s];
Clear[r, 8, ¢, t, x, a, m];

(* *)
(* This is what you need to set + the metric below: %)

coord = {t, x, 6, ¢};

n = Length[coord];

(* *)

Print["The Manifold has dimension n=",

n, "\nCoordinate system: ", coord]

The Manifold has dimension n= 4

Coordinate system: {t, x, 6, ¢}

Defining the metric: The Friedmann metric
Input the metric as a list of lists, i.e., as a matrix. You can input the components of any metric here, but

you must specify them as explicit functions of the coordinates.

Compute for the metric:
ds® = -dt* + a(t)’[ dx* + sin’(x) (d6” + sin*(6) d¢?) |



In[+ ]:=

(* *)
metric = {

{_1’ o b 0 b 0}’

{o, a[t)?, o 5 o},

{o, 0 , a[t]®sinlx)?, 0},

fe,0 ,0 , a[t]* Sinlx]* Sin[61*}};
(* *)

metric // MatrixForm

Outf« J//MatrixForm=

In[« ]:=

-1 0 0 0
0 a[t]? 0 0
O 0 a[t]?SinxP 0
O 0 0 a[t]? Sin[6]? Sin[x]?

Calculating the inverse metric:

The inverse metric is obtained through matrix inversion.

inversemetric = FullSimplify[Inverse[metric]];

inversemetric // MatrixForm

Out[« J//MatrixForm=

Inf+ ]:=

Out[+ |=

Inf+ ]:=

Out[+ |=

Inf+ ]:=

Out[+ |=

-1 0 (0] 0
1
o (0] (0]
2
0 Csc[)g] 0
at]

Csc[6]? Cscix?

© 0 0 T

Let’s see how we can compute the derivatives:

metricf2, 2]

a[tl?

coord[[1]

t

D[metric[2, 21, t]

2 a[t] at]

Use the list of coordinates to specify the variable w.r.t. which we differentiate:



a4

In[+ ]:=

Out[+ ]=

In[+ ]:=

Out[+ ]=

Infe ]:=

Outf» |

In[+ ]:=

Out[» |=

D[metric[2, 2], coord[1]]

2 a[t] a’[t]

Table[D[metric[i, i], coord[1]], {i, n}]

{0, 2 a[t] a’[t], 2 a[t] Sin[x]* a'[t], 2 a[t] STn[6]* Sin[x]* a'[t]}

Table[D[metric[i, il, coord[jll, {i, n}, {ij, n}l

{t0, 0, 0, 0}, {2 a[t] at], 0, 0, 0}, {2 a[t] Sin[x]* a[t], 2 a[t]* Cos[x] Sinlx], ©, O},
{2 a[t] Sin[6]* Sin[x]* alt], 2 a[t]® Cos[x] Sin[6]* Sinlx], 2 a[t]* Cos[6] Sin[6] Sin[x]*, O}}

drmetric[2, 2]

2 a[t] a’[t]

acoordﬂlﬂ metri C[[2 9 2]]

2 a[t] at]

Calculating the Christoffel symbols:

The calculation of the components of the Christoffel symbols is done by transcribing the definition
given earlier into the notation of Mathematica and using the Mathematica functions D for taking partial
derivatives, Sum for summing over repeated indices, Table for forming a list of components, and
Simplify for simplifying the result.

The delayed definition performs a calculation on demand and caches the result:
E.g.: pi2:=pi2=N[Pi*2,50];
fib[1]=fib[2]=1;
fib[n_]:=fib[n]=fib[n-1]+fib[n-2]
fib[6] » 8
Definition[fib]

fib[1l] = 1

fib[2] = 1

fib[3] = 2

fib[4] = 3

fib[5] = 5

fib[6] = 8

fib[n_] := fib[n] = fib[n - 1]+ fib[n - 2]




In[ ]:=

outf+ J=

affine := affine = FullSimplify[Table[
(172)  Sum|

s

( g ( owes +
0i8sk - dsg5k) *)
(inversemetric[i, s])*(D[metric[s, jl, coord[k]]+
D[metricls, kl, coord[jl]1-D[metric[j, kll, coord[s]]),
{s, 1, n},
{i, 1, n}, {j, 1, n}, {k, 1, n}]];

Now let’s see how to display the nontrivial results. First let’s look what affine consists of:

affine

{to, 0, 0, 0, f0, altiattl, o, 0}, {0, 0, alt] Sinix? attl, o},
a2 alt] alt]

{e, 0, 0, aft] sineP sinpd® atell, {{o, il o}, {a[t] , 0, 0,0},
{0, ©, -Cos[x] Sinlxl, 6}, {0, 0, 0, -Cos[x] Sin[6] S'in[x]}},

{{0, o, %, O}, {6, 0, Cot[x], O}, {%, Cot[x], 0, 0}, {6, 0, 0, —COS[G]S‘in[G]}},

{{0, 0,0, %}, {0, 0, 0, Cotlxl}, {0, 0, 0, Cot[d]}, {%, Cotlx], Cotle], o}}}

We can look at ™, as matrices (™), ,;:

Table[affine[i] // MatrixForm, {i, 1, n}]

(0] (0] (0] 0
0 a[t]a’[t] 0 0
{ 0 0 a[t] Sin[x]? a'[t] 0 ’
°© 0 a[t] Sin[e]* Sinx* a'[t]
a1
alt] © (0]
a1y
alt] 0 0 (0] ,
0 0 -Cos[x]Sin[x] 0
6 0 0 -Coslx] Sin[6]? Sin[x]
ZL a1
0 0 e 0 0 0 0 e
0 0  Cotlx] 0 0 0 0 Cotlyl }
o5 Cotkxl © 0 o IR 0  Cotlf]
a1y
o 0 0 -Coslg]Sin[e)) \am COthd Cotle]l o

5



6

Many zeroes... We also need to associate the nonzero values with the indices y, v, p. Let’s make pairs of

values and I'*,, symbols:

We use the functions Superscript[l, -, and Subscript[A, j, kl-Ajx. The function
UnsameQ[<expression=>,0] evaluates to True, when <expression> is not the same as 0.
If[<condition>,<value>] returns <value> when <condition>is True and Null when it is False:

n- =] listaffine := Table[

Inf+ ]:=

Out[+ ]=

In[+ J:=

outf+ J=

If[
UnsameQ[affine[i, j, kI, O],
{Subscript[Superscript[l, il, j, kl, affine[i, j, kI}
] b

{i, 1, n}, {, 1, n}, {k, 1, 3}

Now let’s see what listaffine consists of:

listaffine
{{{Null}, {Null, {r;,,, altla[tl}}, {Null, Null, {r's s, alt] Sinl]* a'[tl}},
a’ft]
{Null, Null, Null, {r*s 4, alt] Sin[6]* Sinlx]* a[t]}}}, {{Nuu}, {{rzz,l, E}, Null},

{Null, Null, {3 3, -Cos[x] Sin[xl}}, {Null, Null, Null, {% 4, -Cos[x] Sin[6]’ S'in[x]}}},

{{Null}, (Null, Null}, {{r33,1, %}, {52, Cotixl}, Null},

{Null, Null, Null, {r% 4, -Cos[6] S n[G]}}}, {{Nuu}, (Null, Null,

S, i 2, Cotial, {5, Cottal), nut1}])

(Null, Null, Null}, {{r44,1,
a[t]

Now we want to get rid of the Nulls: First Flatten the list:

Flatten[listaffine]

{Null, Null, I, ,, alt]a’lt]l, Null, Null, s 3, a[t] Sinx]* a[t], Null, Null,

1 . 2 . 2 2 a,[t] 2
Null, 4,4, a[t] Sin[6]° Sin[x]” a'[t], Null, 5, —[ , » Null, Null, Null, I3 s,
alt

-Cos[x] Sin[x], Null, Null, Null, I, 4, -Cos[x] Sin[6]* Sin[x], Null, Null, Null,
a'[t]

3,1, ?, 3,2, Cotlx], Null, Null, Null, Null, I, 4, -Cos[6] Sin[6], Null,
a[t

a'[t]
Null, Null, Null, Null, Null, r, i, E , M4,2, Cotlxl, M43, Cotld], Null}
a

Then get rid of the Nulls, using the DelteCases function:



n- - | DeleteCases[Flatten[listaffine], Null]
out- J- {rlz,z; alt] a’[t], 3,3, alt] Sinlx]® altl, Ma4,4, alt] Sin[6]* Sinlx]* a'ltl],

, Al : ; s ;. am
P21y — o2 P20 ~CosKISTnN, Ma,a, ~Cosld Sinlaf* Sinkd, a0, ——
a

3 g i 4 am 4
3,2, Cotlx], 4,4, —Cos[6] Sn[6], 4,1, i’ 4,2, Cotlx], 4,3, Cot[f]
a

Then, reconstruct pairs of {Symbol,Values} using the Partition function:

- = | Partition[DeleteCases[Flatten[listaffine], Null], 2]

out- J- {{rlz,z, alt] a’[tl}, {'s,3, alt] Sinlx]* a'[tl}, { 4,4, alt] Sin[6]* Sinlx]* a'[t]},
a’[t] a’[t]
{2, =1, {5, ~Cosi Sinix}, {44, ~Cosl Sintel sinba}, {1, — 1,
a[t] aft]
Tt
{52, Cotlxl}, {44, -Cos[6] Sin[a]}, {r44,1, %} {42, Cotlxl}, {4 3, Cot[e]}}

Yeah, we are ready, now let’s make a pretty display:

n-j=| Partition[DeleteCases[Flatten[listaffine], Null], 2]/ TableForm
Outf+ J//TableForm=
50 a[t] a[t]
33 a[t] Sin[x]? a’[t]
44 a[t] Sin[6]% Sin[x]? a[t]

2 afrt

M1 =

33 —Cos[x] Sin[x]

4,4 —Cos[x] Sin[6]? Sin[x]
3 aftt

s alt]

3,2 Cotlx]

44 -Cos[0] Sin[6]

4 ard

a1 —

4,2 Cotlx]
M43 Cot[6]

Or use more spacing for more comfortable reading: TableSpacing - {yspaces, xspaces} adds spaces in
rows+columns



-~ | TableForm[Partition[DeleteCases[Flatten[listaffine], Null], 2], TableSpacing -» {4, 8}]

Out[+ J//TableForm=

1
M2,

1
33

)

1
4,4

il

2
r21

bl

2
3,3

)

2
4,4

k]

3
3,1

)

3
s,

>

g
4,4

)

4
4,1

bl
4
4,2

4
4,3

’

a[t] a'[t]
a[t] Sin[x]? a[t]

a[t] Sin[6]? Sin[x]? a[t]

aty
a[t]

—-Cos[x] Sin[x]

—Cos[x] Sin[6]? Sin[x]

aty
a[t]

Cotix]

-Cos[6] Sin[6]

ard
a[t]

Cot[x]

Cot[6]

Calculating and displaying the Riemann tensor:

The components of the Riemann tensor, R"HVU, are calculated using the definition given

above.

Rk =0k = 0+ Tk T = T T = Mo = Mg+ Mis Ty = Tis P




In[

J=

riemann := riemann = FullSimplify[Table|

(¢ Rij= &y - k%)
D[ affinef[i, 1, j1, coord[k] 1-D[affine[i, k, j1, coord[l] 1+
(x Mis ¥ - M ks %)
Sum[affine[i, k, sJaffinels, 1, jl1 - affine[i, 1, s]affine[s, k, jl,
{s, 1, njl,

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]];
listriemann := Table[
If]
UnsameQ[riemann[i, j, k, 11, 0],
{Subscript[Superscript[R, 1], j, k, 1], riemann[i, j, k, 1]}
] b
G, 1,n}, {j, 1, n}, {k, 1, n}, {1, 1, k-1}];
TableForm[Partition[DeleteCases[Flatten[listriemann], Null], 2],
TableSpacing - {2, 2}]

J//TableForm=

RY;2,1 -altla’[t]
R'3,3,1 -—alt] Sinx]? a’[t]

R'4,4,1 -alt] Sin[6)* Sin[x]* a[t]

2 a1t
R 1,2,1 T
R%3,3,2 -Sinx]*(1+a’t]?)

R%4,4,2 -Sin[6]* Sin[x]? (1 +at]?)

_am
a[t]

R32’3’2 1+ a’[t]2
R%4,2,3 -Sin[6]” Sinx]* (1 +a'[t]?)

a’[t]

4
R*1,4,1 —

R%2,4,, Ll+alt]?

R*3,4,3 Sin[x]* (1 +at]?)
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- | Table[riemann[i, jl // MatrixForm, {i, n}, {j, n}]
© 000 0 a[t]a’[t] © 0 0 0 a[t] Sin[x]* a“[t] ©
{{ O 00 06 -a[t] a”[t] 0 0 0 0 0 0 0
Out[+ ]=
© 000/ 0 0 00 —a[t] Sin[x? a”[t] © 0 0
O 00 06 0 0 0 0 0 0 0 0
0 0 0 a[t]Sin[A]* Sin[x]?a"[t]
0 0 0 0 }
0 0 0 0 ?
—a[t] Sin[6]? Sinx]® a”[t] 6 © 0
a’[t]
© 9 99 0000y (° 0 0 0
{_%[tt]] 06 0 0 O 000 0 0 Sinlx* (1 +aft]?) o
b b )
© 000 0 -Sin[x]* (1 +at]?) 0 0
0 O 00 900 0
0 o 00 0 0 0 0
0 0 0 0
0 ) 0 Sin[6]* Sin[x]* (1 +at]?)
0 0 0 0 }’
0 -Sin[6]* Sinlx]* (L +a’[t]?) © 0
a’[t]
@ 0 35 9 (0 o 0 ) (0 0 00
{ O 0 0 0 0 0 -1-aft]® o 0 06 00
-2l 9 o of |0 1+alt? 0 0|0 000
O 000
0 @ @ O 0 0 0 0
a“[t]
00 0 0 O OB
0 0 0 0 o 00 o
0 0 0 Sin[6)* Sinfx]® (1 +a’[t]?) }’{ O 00 0 |
0 0 -Sin[O]* Sinlx]? (1 +aTlt]?) ) -2 g ¢
a[t]
0 0 0 0 0 0 0 0 0 00
0 0 0 -1-a[t?| |© © 0 0 0 0 0
0 0 0 0 ’lo 0 0 -Sinxl? (L+altl’) [’ |o 0 o
0 1+aft]®> 0 0 0 0 Sin[x]*(1+aft]?) 0 600

© 6 © o

Check that: R¥, ,p = -R*, 4,




In[+ ]:=

11

Out[+ J//MatrixForm=

In[+ ]:=

outf+ J=

000 0 0 a[t]a’[t] © ©
000 0 -a[t] a"[t] 0 0 0
0 00 0 0 0 0 0
000 0 0 0 0 0
o *J oo 0000
%[tt]] 0 0 0 O 000
O 00 06
© 6 060 © 00 06
o} ® 00
o o 27 o) e o o o
© 0 0 of|e 0 -1-a[t]®> o
_al g ol |0 1+at)? 0 0
aft]
s @ 0 gl he 0 0 0
o 0020y /0 o o 0
O 00 0 0 0 0 -1-aft]?
© 00 0 0 0 0 0
-2 9 9 o0 0 1+alt]® © 0
a[t]

© © © o

Table[riemann[i, j] // MatrixForm, {i, n}, {j, n}]// MatrixForm

0 0 a[t] Sin[x]?a’[t] ©
0 0 0 0
—a[t] Sin[x]® a“[t] © 0 0
o} 0 0 0
0 0 0
0 Sinxl* (1 +aft]?) o
-Sin[x]* (1 +a’[t]?) 0 0
0 0 0
0 00 0
000 06
000 0
000 0
0 0 0
0 0 0
0 0 -Sin[x]* (1 +a’[t]?)
0 Sin[x]*(1+aft]?) 0

/—
|

© © © o

© © © o

riemann([i,j]] gives the matrix (Rij)kl

e.g. {{a,b,c},{d,e,f},{g,h,i}}{[2,3]] » f (2-row 3—-column)

riemann[1, 2, 2, 1]

-a[t] a"[t]

Now we calculate the R,pr = 9o R% o1



12 |

Ir

Outf

In[

Outf

e =

lriemann := lriemann = FullSimplify[Table[
Sum[metric[i, ii] riemann[ii, j, k, 11, {ii, 1, n}],
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}ll;
listlriemann := Table[
If[
UnsameQ[lriemann[i, j, k, 1], 0],
{Subscript[R, i, j, k, 1], lriemann[i, j, k, 11}
1,{i,1,n} {j, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
TableForm[Partition[DeleteCases[Flatten[listlriemann], Null], 2],
TableSpacing - {2, 2}]

J//TableForm=

J:=

J/Matri

Ry,1,2,1 -altla’[t]
Rs,1,3,1 -alt]Sin[x]* a”[t]

Rs,2,3,2 altl* Sin[x]? (1 +aTt]?)
Ra,1,4,1 —alt] Sn[6]* Sin[x]* a”[t]
Ra,2,4,2 alt]* Sin[6]* Sin[x]* (1 +a[t]?)

Ra,3,4,3 alt]* Sin[6]? Sin[x]* (1 +a[t]?)

Check the following antisymmetry properties: R, o = =Ry 0p = =Ry po

Table[lriemann[i, jI // MatrixForm, {i, n}, {j, n}] // MatrixForm

xForm=

0000 0 -a[t]a”
O 00 0 a[t] a"[t] 0
O 00 0 0 0
O 00 0 0 0
0 a[t]a’[t] © © O 0 00
-a[t] a”[t] 0 0 0 0000
0 0 0 0 0000
0 0 0 0 0000
0 0 a[t]Sin[x2a’[t] © 0 0
0 0 0 0 0 0 -a[t]
—a[t] Sin[x]? a”[t] © 0 0 0 a[t]* Sin[x]* (1 +at]?)
0 0 0 0 0 0
0 0 0 a[t]Sin[e]Sinx?at]) (©
0 0 0 0 0 =&
0 0 0 0 o} 0 6}
—a[t] Sin[6]? Sin[x]? a[t] 6 © 0 0 a[t]® Sin[6]* Sin[x]* (1 +aTt]?) ©

Now calculate contravariant Riemann: R¥** = g¥* gPP gV R¥ 5,




In[+ ]:=

uriemann := uriemann = FullSimplify[Table[
Sum[
inversemetric[j, jjl inversemetric[k, kk] inversemetric[l, 11]
riemann[i, jj, kk, 111, {jj, 1, n}, {kk, 1, n}, {11, 1, n}
]’
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}lI;
listuriemann := Table][
If[
UnsameQ[uriemann[i, j, k, 11, 0], {Superscript]
Superscript[Superscript[Superscript[R, 1], jl, k], 1], uriemannf[i, j, k, 11}
1,{i,1,n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k=-1}];
TableForm[Partition[DeleteCases[Flatten[listuriemann], Null], 2],
TableSpacing -» {2, 2}]

Out[« J//TableForm=

Infe ]:=

Out[+ ]=

g212 a1y
art®
R3131 _ Csa?artt
a[t)®

R3232 Cscix]? (1+a'[t]?)
a[t®
R4141 _ Csc[e] CscixP? a'lt]
art®

R4242 Csc[6]* Csclxl? (1+a'[t]?)
a[t)®

R4343 Csc[6]* Csclx]* (1+a[t]?)
a[ty®

Calculating and displaying the R? scalar:

Now calculate R? = R, R**

r2 = FullSimplify[
Sum[lriemannf[i, j, k, lJuriemannfi, j, k, 11, {i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]]

12 (1 +aTt]?)? + alt]? a"[tP?)

a[t)*

Calculating and displaying the Ricci tensor:

has the first index already raised).

The Ricci tensor R, was defined by summing the first and third indices of the Riemann tensor (which
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ricci :=ricci = FullSimplify[Table[
Sum[
riemannfi, j, i, 11,
{i, 1, n}
1, {3, 1, n}, {1, 1, n}]];
listricci :=Table[
If[
UnsameQ[ricci[j, 11, 0],
{Subscript[R, j, 1, riccilj, 1}
1,{, 1, n}, {1, 1, 3}
TableForm[Partition[DeleteCases[Flatten[listricci], Null], 2], TableSpacing - {2, 2}]

Out[« J//TableForm=

In[+ ]:=

_3amt
a[t]

Ry, 2+2aft]*+alt]a"[t]
Rs,3  Sin[x]? (2 +2 at]* + a[t] a"[t])

Rs,a  SIN[O]” Sin[x]* (2 + 2 a[t]* + a[t] a"[t])

ricci // MatrixForm

Outf+ J//MatrixForm=

Inf+ ]:=

Out[» |=

_ 3 a’[t]

art] 0 0 (0]
0  2+2at]?+a[t] a’[t] 0 0
0 0 Sin[x]* (2 + 2 a[t]* + a[t] a"[t]) 0
0 0 0 Sin[6)? Sin[x]? (2 + 2 a[t]* + a[t] a[t])

A vanishing table (as with the Schwarzschild metric example) means that the vacuum Einstein
equation is satisfied.

Calculating the scalar curvature:

The scalar curvature R is calculated using the inverse metric and the Ricci tensor. The result is
displayed in the output line.

scalar = FullSimplify[Sum[inversemetric[i, jlricci[i, j1, {i, 1, n}, {j, 1, n}]

6 (1 +a[t]*+a[t] a"[t])

a[t]?

Calculating the Einstein tensor:

The Einstein tensor, G,, =R, - —; guv R, is found from the tensors already calculated.



Infe J:=

| 15

einstein :=einstein = FullSimplify[ricci-(1/2)scalar xmetric];
listeinstein := Table[
If[
UnsameQ[einstein[j, 11, 0],
{Subscript[G, j, 1], einstein[j, 11}
1,4, 1,n}, {1, 1, j};
TableForm[Partition[DeleteCases[Flatten[listeinstein], Null], 2],
TableSpacing - {2, 2}]

Out[+« J//TableForm=

In[+ ]:=

3 (1+atp?)
G1 Peis a[t]2

Gy, -l-af[t]’-2a[t]a’[t]

Gs,3 -Sin[x]?(1+aft]*+2 a[t] a"[t])

Ga,a —Sin[6]* Sin[x]* (1 +a[t]* +2 a[t] a"[t])

einstein // MatrixForm

Out[« J//MatrixForm=

2et) 0 0 0
0 -1-a'[t]? -2 a[t] a"[t] 0 0
0 0 -Sin[x]? (1 +a’[t]* + 2 a[t] a"[t]) 0
0 0 0 -Sin[6]* Sin[x]* (1 +aft]* +2 a[t]

Avanishing table means that the vacuum Einstein equation is satisfied!

Calculating the Weyl tensor:

The Weyl tensor:

2 2
Coow = Roow = 755 (9ot Rao = Gorw Rui} + 0 9w 9vio R
Ci =Rijk - n—l {gi Ry - git Rig - gjk Rii + gji Ri} + Wlm—b {99 - g9} R
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= | weyl :=weyl = FUllSimpli fy[Tab'Le[
If[n >3,

lriemannf[i, j, k, 1]
1

(metric[i, kI ricci[l, j] —metric[i, 1] riccilk, jI-
n-2
metricj, k] ricci[l, i+ metric[[j, 1] riccifk, 1il)
1
+ ——————— (metric[i, kI metric[l, jl-metric[i, 1] metricfk, jl)scalar
(n=1)(n=-2)

(relse, if ns 3 return 0:%), 0],

{i, 1, n}, {3, 1, n}, {ks 1, 0}, {1, 1, n};
listweyl := Table[
If[
UnsameQ[weyl[i, j, k, 1], 0],
{Subscript[C, i, j, k, 1], weyl[i, j, k, 1T}
1,{i, 1, n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
TableForm[Partition[DeleteCases[Flatten[listweyl], Null], 2], TableSpacing - {2, 2}]

Out[« J//TableForm=

{

Calculating the geodesic equations:

The geodesic equations are calculated by asking Mathematica to carry out the sum -, ufu”, where
u® are the components of the four-velocity. (This gives the derivative of u® with respect to proper time
1. (Thisis replaced by s if the geodesics are spacelike.)

in-]-| geodesic := geodesic = Simplify[Table[
-Sum[affine[i, j, klu[jlulk], {j, 1, n},
{k, 1, n}l, {i, 1, n}l;
listgeodesic := Table[{"d/dt" ToString[u[ill, "=", geodesic[ill}, {i, 1, n};
TableForm[listgeodesic, TableSpacing - {2}]

Out[+ J//TableForm=

d/dru[l] = —a[t] (u[2]? + Sinlx]? (u3]? + Sin[6]? u[4]?)) a'[t]
d/dt u[2] = Cos[x] Sinlx] (U[3]? + Sin[6] u[4]?) - 2 U[l]:[[tz]] aft]
didtu[3] = -2 Cot[x]u[2]u[3]+ Cos[6] Sin[6] u[4]? - 2u[l]:[[t3]] alt)

2 u[4] (a[t] (Cotlx] u[2]+Cot[6] u[3])+u[1] a[t])
a[t]

d/dt u[4] =

And here they are displayed as differential equations for the coordinates. tis the affine parameter.
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n-)-| geodesic := geodesic =
Simplify[Table[-Sum[affine[i, j, kJuljlulkl, {j, 1, n}, {k, 1, n}], {i, 1, n}Il;
subst = Table[u[i] » Subscript[coord[il, 7], {i, 1, n}I;
nlistgeodesic :=
Table[{Subscript[coord[i], t7], "+", —geodesic[i] /. subst, "= 0"}, {i, 1, n}];
TableForm[nlistgeodesic, TableSpacing - {2}]

Out[+« J//TableForm=

te +  alt](Sink* (67 + Sinl6) ¢7)+ x7) alt] -0
Xe +  -CosixISini(e?+Sinfel ¢7)+ 2L <
O:r + ~Cos[6] Sin[6] ¢2 + 2 Cotlx] O, X, + > t,ae::c]ar[t] -
b. + 2 ¢, (alt] (Cot[6] Z,[::]Cot[x] Xo)+t, alt]) o

The Sphere S$?

We use coordinates (6, ¢), and the metric:

ds? = d6? + sin*(6) d¢*

Clear[coord, metric, inversemetric, affine, riemann, lriemann, uriemann,
ricci, scalar, einstein, weyl, geodesic, R, G, 7, i, j, k, 1, s, m];
Clear]r, 6, ¢, t, x, a];

(* *)
(* This is what you need to set: %)

coord = {6, ¢};

n = Length[coord];

metric = {
{1,0 }s
{0, sin[61?}
|5
(* *)

inversemetric = FullSimplify[Inverse[metric]];
Print[" g
Print["The Manifold has dimension n=",

n, "\nCoordinate system: ", coord];
Print[" g

Print["g,=", metric // MatrixForm];

Print["g''=", inversemetric // MatrixForm];
affine := affine = FullSimplify[Table[
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(172)  Sum|
(* 8" (0k8si+0;8sk-0s8;5k) *)
(inversemetric[i, s])*
(D[metric[s, jl, coordlk]]+
D[metric[s, ki, coord[jl]1-D[metric[j, kll, coord[s]]),
{s, 1, n}]’
{i, 1, n}, {j, 1, n}, {k, 1, n}]];
(*The non zero Christoffel symbols are computed and selected below: %)
listaffine :=Table[
If[
UnsameQ[affine[i, j, kI, O],
{Subscript[Superscript[l, il, j, kl, affine[i, j, kI}

I,
{i, 1, n}, {j, 1, n}, {k, 1, j}I;
Print[" "15
Print["Christoffel Symbols:"];
Print[TableForm[

Partition[DeleteCases[Flatten[listaffine], Null], 2], TableSpacing - {2, 2}11;
riemann := riemann = FullSimplify[Table|

(¢ Rij= &'y - o k%)

D[ affinefi, 1, j1, coord[k] 1-D[affine[i, k, j1, coord[l] 1+
(= Mks My - Mis My
Sum[affine[i, k, s]Jaffinels, 1, jl1 - affine[i, 1, s]affine[s, k, jl,

{s, 1, n}l,

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]];
listriemann := Table[
If[
UnsameQ[riemann[i, j, k, 11, 0],
{Subscript[Superscript[R, 1], j, k, 1], riemann[i, j, k, 1]}
1,
¢i,1,n}, {3, 1, n}, {k, 1, n}, {1, 1, k-1}];
Print[" "3
Print["Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listriemann], Null], 2], TableSpacing - {2, 2}]];
lriemann := lriemann = FullSimplify[Table[

Sum[metric[i, ii] riemann[ii, j, k, 1], {ii, 1, n}],
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}lI;
listlriemann := Table[
If[
UnsameQ[lriemann[i, j, k, 11, 0],
{Subscript[R, i, j, k, 1], lriemann[i, j, k, 11}




1,{i,1,n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
Print[" g
Print["Contravariant Riemann Tensor:'"];
Print[TableForm[

Partition[DeleteCases[Flatten[listlriemann], Null], 2], TableSpacing - {2, 2}]I;
uriemann := uriemann = FullSimplify[Table[

Sum[
inversemetric[j, jjl inversemetricfk, kk] inversemetric[l, 11]
riemannf[i, jj, kk, 111, {jj, 1, n}, {kk, 1, n}, {11, 1, n}

]!
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}il;
listuriemann := Table]
If[
UnsameQ[uriemann[i, j, k, 1], 0], {Superscript|
Superscript[Superscript[Superscript[R, 1], jl, k], 1], uriemann[i, j, k, 11}
1,{(i,1,n}, {3, 1, i-1}, {k, 1, n}, {1, 1, k-1}1;
Print[" "5
Print["Covariant Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listuriemann], Null], 2], TableSpacing - {2, 2}II;
r2 = FullSimplify[Sum[lriemann[i, j, k, lJuriemann[i, j, k, 1],
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}l;
Print[" "5
Print["R*= ", r2];

ricci :=ricci = FullSimplify[Table[
Sum[
riemannfi, j, i, 11,
{i, 1, n}
1, {3, 1, n}, {1, 1, n}]];
listricci :=Table[
If[
UnsameQ[ricci[[j, 1], 0],
{Subscript[R, j, 1, riccilj, 1}
1,{i, 1, n}, {1, 1, 3}
Print[" "3
Print["Ricci Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listricci], Null], 2], TableSpacing - {2, 2}];
scalar = FullSimplify[Sum[inversemetric[i, jlricci[i, jO1, {i, 1, n}, {j, 1, n}11;
Print[" g

Print["Curvature Scalar:"];

Print["R= ", scalar];

einstein :=einstein = FullSimplify[ricci-(1/2)scalar *metric];
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listeinstein :=Table[
If[
UnsameQ[einstein[j, 1], 0],
{Subscript[G, j, 1], einstein[j, 11}
1,4, 1,n}, {1, 1, j};
Print[" R H
Print["Einstein Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listeinstein], Null], 2], TableSpacing - {2, 2}]];
weyl :=weyl = FullSimpli fy[Table[

If[n >3,

lriemann[i, j, k, 1]

1
- (metric[i, kI ricci[l, j] —metric[i, 1] riccilk, jI-
n-2
metric[j, k] ricci[l, il+metric[j, 1] riccifk, il)
1
+ ———————— (metric[i, kI metric[l, jl-metric[i, 1l metricfk, jI)scalar
(n=1)(n-2)

(relse, if n< 3 return 0:%), 0],

{i, 1, n}, {3, 1, n}, {ks 1, 0}, {1, 1, n};
listweyl := Table[
If[
UnsameQ[weyl[i, j, k, 11, 01,
{Subscript[C, i, j, k, 1], weyl[i, j, k, 11}
1,{i, 1, n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
Print[" g
Print["Weyl Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listweyl], Null], 2], TableSpacing - {2, 2}II;
geodesic := geodesic =
Simplify[Table[-Sum[affine[i, j, kJuljlulkl, {j, 1, n}, {k, 1, n}]l, {i, 1, n}Il;
subst = Table[u[i] » Subscript[coord[i], 1], {i, 1, n}];
nlistgeodesic :=
Table[{Subscript[coord[i], t7], "+", —geodesic[i] /. subst, "= 0"}, {i, 1, n}];
Print[" g
Print["Geodesic Equations:"];

Print[TableForm[nlistgeodesic, TableSpacing - {2}1];

The Manifold has dimension n= 2

Coordinate system: {6, ¢}




_(l 0 )
& o Sin[6]?

W_(l 0 )
o cscop

Christoffel Symbols:

My, ~-Cos[f]Sin[6]

,1 Cotd]

Riemann Tensor:
RY;,2,1 -Sin[gP

2
Re1,2,1 1

Contravariant Riemann Tensor:

R2,1,2,1 Sin[e)?

Covariant Riemann Tensor:

1
R Csclop

R’= 4

Ricci Tensor:
Rl,l 1

Ra,2  Sin[6?

Curvature Scalar:

R= 2

Einstein Tensor:

¢

Weyl Tensor:
&

Geodesic Equations:
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0, + -Cosl[6] Sin[6] ¢? =0
O + 2 Cot[6] 6, ¢, =0

The Schwarzschild Metric

We consider the Schwarzschild metric outside the horizon. We use (t, r, 8, ¢) coordinates, and the line
element:

ds?=~(1-22)dt? + (1- 22) " dr? + rX(d6” +sin®(6) d¢?)

Clear[coord, metric, inversemetric, affine, riemann, lriemann, uriemann,
ricci, scalar, einstein, weyl, geodesic, R, G, 7, i, j, k, 1, s, m];
Clear]r, 6, ¢, t, x, al;

(* *)
(* This is what you need to set: %)

coord = {t, r, 6, ¢};

n = Length[coord];

metric = {

F-=)e ve s o},

1-=

-
{o , 0 , r2 0},
{o , 0 ,0 ,r? S'in[a]z}};

( *)

inversemetric = FullSimplify[Inverse[metric]];

Print[" s
Print["The Manifold has dimension n=",

n, "\nCoordinate system: ", coord];
Print[" g

Print["g,=", metric // MatrixForm];
Print["g''=", inversemetric // MatrixForm];
affine := affine = FullSimplify[Table[
(172) = Sum|
(x g's (8kgs+0;8sk—0s8;k) *)
(inversemetric[i, s])=*
(D[metric[s, jl, coordlkl]+
D[metric[[s, k], coord[j]]-D[metric[[j, kll, coord[s]]),




{s, 1, n}]’
{i, 1, n}, {j, 1, n}, {k, 1, n}]];
(*The non zero Christoffel symbols are computed and selected below: %)
listaffine :=Table[
If[
UnsameQ[affine[i, j, kI, O],
{Subscript[Superscript[l, il, j, kl, affine[i, j, kI}
I,
{i, 1, n}, {3, 1, n}, {k, 1, )
Print[" "5
Print["Christoffel Symbols:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listaffine], Null], 2], TableSpacing - {2, 2}11;

riemann := riemann = FullSimplify[Table[

(* Rijk= A - A 5%)
D[ affine[i, 1, jl1, coordlkl 1-D[affine[i, k, jl, coord[l] 1+
(= Mis My - Mis My *)
Sum[affine[i, k, sJaffinels, 1, jl1 - affine[i, 1, s]affine[s, k, jl,
{s, 1, n}l,

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]];
listriemann := Table[
If[
UnsameQ[riemann[i, j, k, 11, 0],
{Subscript[Superscript[R, ], j, k, 1], riemann[i, j, k, 11}
1,
¢i,1,n},{j,1,n}, {k, 1, n}, {1, 1, k-1}1;
Print[" "
Print["Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listriemann], Null], 2], TableSpacing - {2, 2}1];
lriemann := lriemann = FullSimplify[Table[

Sum[metric[i, ii] riemann[ii, j, k, 1], {ii, 1, n}],
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}lI;
listlriemann := Table][
If[
UnsameQ[lriemannf[i, j, k, 11, 0],
{Subscript[R, i, j, k, 1], lriemann[i, j, k, 11}
1,{i,1,n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k=-1}];
Print[" "
Print["Contravariant Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listlriemann], Null], 2], TableSpacing - {2, 2}II;

| 23
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uriemann :=uriemann = FullSimplify[Table[
Sum[
inversemetric[j, jjl inversemetric[k, kk] inversemetric[l, 11]
riemann[i, jj, kk, 111, {jj, 1, n}, {kk, 1, n}, {11, 1, n}
]’
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}il;
listuriemann := Table[

If[

UnsameQ[uriemann[i, j, k, 1], 0], {Superscript|
Superscript[Superscript[Superscript[R, 1], j1, k], 1], uriemann[i, j, k, 11}

1,{i,1,n}, {3, 1, i-1}, {k, 1, n}, {1, 1, k-1}];

Print[" R H
Print["Covariant Riemann Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listuriemann], Null], 2], TableSpacing - {2, 2}]I;
r2 = FullSimplify[Sum[lriemann[i, j, k, lJuriemannfi, j, k, 11,
{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}];
Print[" R H
Print["R*= ", r2];
ricci :=ricci = FullSimplify[Table[
Sum[
riemann[i, j, i, 11,
{i, 1, n}
1, {3, 1, n}, {1, 1, n}11;
listricci :=Table[
If[
UnsameQ[ricci[j, 11, 0],
{Subscript[R, j, 1], riccil[j, 1}

1,4, 1, n}, {1, 1, j};

Print[" g
Print["Ricci Tensor:"];
Print[TableForm[

Partition[DeleteCases[Flatten[listricci], Null], 2], TableSpacing - {2, 2}1I;
scalar = FullSimplify[Sum[inversemetric[i, jlricci[i, jl, {i, 1, n}, {j, 1, n}1];
Print[" "3
Print["Curvature Scalar:"];

Print["R= ", scalarl];
einstein :=einstein = FullSimplify[ricci-(1/2)scalar xmetric];
listeinstein := Table][
If[
UnsameQ[einstein[j, 11, 0],
{Subscript[G, j, 1], einstein[j, 1}
1,4, 1, n}, {1, 1, j};
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Print[" s
Print["Einstein Tensor:"];
Print[TableForm[

Partition[DeleteCases[Flatten[listeinstein], Null], 2], TableSpacing - {2, 2}II;
weyl :=weyl = FullSimpli fy[Tab'Le[

If[n >3,
lriemann[i, j, k, 1]
- n12 (metric[i, k] riccif[l, j] -metric[i, 1] riccifk, jI-
metricf[j, k] riccif[l, i]+metric[j, 1] riccifk, i)
+ ; (metric[i, klmetric[l, jl-metric[i, UImetric[k, jJ) scalar
(n-1)(n-2)

(else, if n< 3 return 0:%), 0],

{i, 1, n}, {j, 1, n}, {k, 1, n}, {1, 1, n}]];
listweyl := Table[
If[
UnsameQ[weyl[i, j, k, 11, 0],
{Subscript[C, 1, j, k, 1], weyl[i, j, k, 1[}
1,{i,1,n}, {j, 1, i-1}, {k, 1, n}, {1, 1, k-1}];
Print[" "
Print["Weyl Tensor:"];
Print[TableForm[
Partition[DeleteCases[Flatten[listweyl], Null], 2], TableSpacing - {2, 2}]I;
geodesic :=geodesic =
Simplify[Table[-Sum[affine[i, j, kju[jlulkl, {j, 1, n}, {k, 1, n}], {i, 1, n}]];
subst = Table[u[i] » Subscript[coord[il, 1], {i, 1, n}];
nlistgeodesic :=
Table[{Subscript[coord[i], 7], "+", —geodesic[i] /. subst, "= 0"}, {i, 1, n}];
Print[" )8

Print["Geodesic Equations:"];

Print[TableForm[nlistgeodesic, TableSpacing - {2}1I;

The Manifold has dimension n= 4

Coordinate system: {t, r, 6, ¢}
-1+ 0 0 0
0 = 0 0
= ==
0 0 r? 0

0 O 0 r2sin[eP
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2m-
o 1-2 o o
g"'= 1
0 o X o
0 o o &IT
.

Christoffel Symbols:

m
rt —
2,1 r (-2 m+r)
2 m (-2 m+r)
M =
m
r2
2,2 2mr-r?

F233 2m-r

>

P44 (2m-r)Sin[6)?

E

3
3,2

1
r

B, . -Cos[6] Sin[o]

s

4
4,2

1
r

M, 3 Cot[f]

>

Riemann Tensor:

Rl 2m
2,251 r? (-2 m+r)
1 n
R's,3,1 ¢
1 m Sin[e)?
R'4,4,1 ——
-
2 2m(2m-r)
R%1,2,1 T
2 m
R%5,3,2 <
R2 m Sin[e)?
4,42 —
3 m(-2 m+r)
R%1,3,1 —
m
R3 o
2,3,2 (2m-r)r?
3 2 m Sine)?
R°4,4,3 —-——+
-
4 m (=2 m+r)
R'1,41 ——
-
m
R* e
2,4,2 (2m-r)r?
4 2m
R%3,4,3 —

r

Contravariant Riemann Tensor:



2m
Ra,1,2,1 -3
m (=2 m+r)
Rs,131 — =~
m
R3,2,3,2 7.
m (-2 m+r) Sin[e)?
Rajie0 —
R m SAne)?
4,2,4,2 o

Ra,3,4,3 2mr Sin[]

Covariant Riemann Tensor:

Rzlzl 2m
3
-
R313l m
r4 (-2
(-2 m+r)
R3232 m(2 m-r)
6
-
R4141 m Cscl6?
2m-ryr*

R4242 m (2 m-r) Cscl6)?
rG
R4343 2 m Cscle)?

r-7

Ricci Tensor:

i

Curvature Scalar:

R= 0

Einstein Tensor:

¢

Weyl Tensor:
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2m
Cr121 -5

m (=2 m+r)
C3,1,3,1 =

m
Cs2,32 5=

m (-2 m+r) Sin[e)?
Canar — o

m Sin[6)?
Ca2,4,2 ———

C4’3’4’3 2mrS1'n[9]2

Geodesic Equations:

2mr, t,
+ -— =
ta 2mr-r? ©
2 2m-r) t2 .
roe + — _DETOE L Om-r)e2+@2m-r)Sine?¢2 = 0
2mr-r r
2 .

0, + r—r" - Cos[6] Sin[6] ¢? =0
2 (r+r Cot[6] 6,) ¢,

[ + — =0

r

We can see the following symmetries of the Weyl tensor in this display: C,, p5 = =Cpv0p = =Cupipo

- J-| Table[weyl[i, j1// MatrixForm, {i, n}, {j, n}]// MatrixForm
Outf« J//MatrixForm=
2 m(-2 m+r
000 0 o -2 0o o o 2o
0000 20 0 o e o 0 ©
g Z g g 6 0 00 "l e o o
0 O 0 0 0 (0] (0] 0
2m
6 = 060 6000 °© o 00
_2_;" O 0 0 0000 o 8 - ¢
r m
© 0 00 g 8 g g Dl 2
0 O 0 0 0 0 0 0
m(2m-r)
6 0 ——%— 0 °© e 00 0000 €
0 @ 0 0 6 0 —= 0 0000 €
mE2mn) o 0 e M o 0 0 000 €
r* 2 0000
o o 0 (C) 0 0 ¢
0 0 o m (2 m-r) Sinf6]* (0] 0 0 (0] 0 0 0 0
r? m Sin[6]?
0 0 0 0 0 (0] Yy 0 0 0 0
0 00 0 © o 0 o 00 0 —2mr Sin[6]2
m(—2m+r2$-in[e]2 0 0 0 0 m Sin[6]? 0 0 0 2mrS1'n[6]2 0
r 2m-r
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