Curvature using xTensor

Downloading and Installing xAct

Visit the page: http://www.xact.es

Follow installation instructions on http://www.xact.es/download.html

Linux:

1. Download the tarball xAct_V.tgz (V is the version number)

2.sudo -i ; cd /usr/share/Mathematica/Applications/; tar xvfz ~/Downloads/xAct_V.tgz
Windows:

1. Download the zip file xAct_V.zip (V is the version number)

2. unzip its contents in C:\Program Files\Wolfram
Research\Mathematica\<version>\AddOns\Applications\

Read the documentation:

http://www.xact.es/documentation.html

If you want to use xTensor, you will not avoid reading the full documentation. Better earlier than later:
xTensorDoc.nb

The reference notebook is useful too: xTensorRefGuide.nb

The documentation is also installed locally, most likely in:

Linux: /usr/share/Mathematica/Applications/xAct/Documentation/English/
Windows: C:\Program Files\Wolfram
Research\Mathematica\<version>\AddOns\Applications\xAct\Documentation\English

Explore the documentation in xTensorDoc.nb.... Make a copy to the notebook, so that you can play

with it.

c p
/usr/share/Mathematica/Applications/xAct/Documentation/English/xTensorD
oc.nb .

c p
/usr/share/Mathematica/Applications/xAct/Documentation/English/xTensorR
efGuide.nb .

Start an xTensor session


http://www.xact.es/Documentation/English/xTensorDoc.nb
http://www.xact.es/Documentation/English/xTensorRefGuide.nb

We define a 4-dim manifold M4, with metric g[-u,-v]=g,,, and a Christoffel connection with covariant
derivative CD[-u][T]=V,T

n- - | Needs["xAct xTensor "]

Package xAct xPerm® version 1.2.3, {2015, 8, 23}
CopyRight (C) 2003-2018, Jose M. Martin-Garcia, under the General Public License.
Connecting to external linux executable...

Connection established.

Package xAct xTensor®™ version 1.1.3, {2018, 2, 28}

CopyRight (C) 2002-2018, Jose M. Martin-Garcia, under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer[]. This is free software, and you are welcome to redistribute

it under certain conditions. See the General Public License for details.

- | DefManifold[M4, 4, {A, y, v, p, 0, a, B, ¥, 6}];
DefMetric[-1, g[-y, -v], CDIl;
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DefManifold: Defining manifold M4.

DefVBundle: Defining vbundle TangentM4.

DefTensor:
DefTensor:
DefTensor:

DefTensor:

Defining
Defining
Defining

Defining

symmetric metric tensor g[-u, -v].
antisymmetric tensor epsilong[-a, -8, -y, -9].
tetrametric Tetrag[-a, -8, -y, -9].

tetrametric Tetragt[-a, -8, -y, -46].

DefCovD: Defining covariant derivative CD[-p].

DefTensor: Defining vanishing torsion tensor TorsionCD[a, -8B, -V].

DefTensor:
DefTensor:
DefTensor:
DefCovD:
DefTensor:
DefCovD:
DefTensor:
DefTensor:
DefTensor:
DefTensor:
DefCovD:
DefCovD:
DefCovD:

DefTensor:

Defining
Defining

Defining

symmetric Christoffel tensor ChristoffelCD[a, -8, -V].
Riemann tensor RiemannCD[-a, -8, -y, -9].

symmetric Ricci tensor RicciCD[-a, -f].

Contractions of Riemann automatically replaced by Ricci.

Defining

Ricci scalar RicciScalarCD[].

Contractions of Ricci automatically replaced by RicciScalar.

Defining
Defining
Defining
Defining
Computing
Computing
Computing

Defining

symmetric Einstein tensor EinsteinCD[-a, -f].
Weyl tensor WeylCD[-a, -8B, -y, -6].

symmetric TFRicci tensor TFRicciCD[-a, -f].
Kretschmann scalar KretschmannCD[].
RiemannToWeylRules for dim 4

RicciToTFRicci for dim 4
RicciToEinsteinRules for dim 4

weight +2 density Detg[]. Determinant.

The

Inf J:=

Riemann tensor

First define some toy tensors u”, v¥, §,, w,, F*, S,

DefTensor[u[ u]
DefTensor[§[-u]
DefTensor[F[ u,

, M4]; DefTensor[v[ u], M4]; DefTensor[w[ p], M4];
, M4]; DefTensor[w[-u], M4];
vl, M4, Antisymmetric[{u, v}ll;

DefTensor[S[-u, -Vv], M4, Symmetric[{-y, -v}I];



a4

In[+ ]:=

Infe ]:=

Inf+ ]:=

*»+ DefTensor: Defining tensor u[y].

*»+ DefTensor: Defining tensor v[u].

*»+ DefTensor: Defining tensor wy].

= DefTensor: Defining tensor ¢[-u].

*»+ DefTensor: Defining tensor w[-y].

»+ DefTensor: Defining tensor F[u, v].
*»+ DefTensor: Defining tensor S[-u, -v].

Monoterm symmetries of the Riemann tensor are built in. To enforce them in an expression you have to
act with ToCanonical

Print|[
RiemannCD[-y, -v, —=A, o] V[p] ulvl w[A] w[-01, "\n",
RiemannCD[-y, -v, =A, o] V[p] VI[VIW[A] w[-01, " = ",
RiemannCD[-u, -v, —=A, o] v[p] v[v] W[A] w[-0] Il ToCanonical

]

A
R[v]pw\‘7 u” vfwt w

R[v]yw\a vi vy w’\ w. =0

Multiterm symmetries of the Riemann tensor are harder to implement. Read section 9.2 of
xTensorDoc.nb

eql = RiemannCD[-A, -y, -v, o] + RiemannCD[-v, -A, -y, o] +RiemannCD[-u, -v, -A, O] ;
Print|[

eql, "\n",

eql /| ToCanonical, "\n",

eql // Simplification
]

R[v]/\w‘7 + R[v]yw\a + R[v]w\p”
R[v],\w‘7 - R[v],\vy‘7 + R[v],f’w

RV, = Ry,  + RV,

Antisymmetrize can do the same work:

Print[

3 Antisymmetrize[RiemannCD[-A, -y, -v, 0], {-A, —p, =v}], " = ",

3 Antisymmetrize[RiemannCD[-A, -y, -v, O], {-A, —u, =v}] // Simplification
]

1
> (R[v],wv" - RIVI5,," = R, + RI9L,,,C + RIVL,, - R[v]vu,\“) = RV, - RI¥Ia,, 7 + R,

Contravariant Riemann has more symmetries:



In[+ ]:=

In[+ ]:=

Print|[
"\NRyypo1 = "5 2 Antisymmetrize[RiemannCD[-uy, -v, -p, -0], {-p, —0}] // ToCanonical,
"\NRyy(po) = "5 2 Symmetrize[RiemannCD[-u, -v, -p, -0], {~p, —0}] // ToCanonical,
"\nRyvjpo = ", 2 Antisymmetrize[RiemannCD[-u, -v, -p, -0], {-y, -v}]1// ToCanonical,
"\nRyypo = ", 2 Symmetrize[RiemannCD[-y, -v, -p, —=0], {~M, -=Vv}] /| ToCanonical,
"\nR,yp0o—-Rpouv=""5 RiemannCD[-y, -v, -p, —-0]-RiemannCD[-p, -0, -y, -v] // ToCanonical
1

Ruviost = 2 R[V]yvpa

Ry = ©

Rumvps = 2 R[V]yvpa

R(HV) po = 0
R Roouy=0

uvpo ™~ Npouv

The last line is zero because:

RyvAa Ey/\aﬁ var -

RAUpV Ep/\aﬁ RVU - _RAUyV E/\/,laﬁ RVU = _Rpcr/\v Eu}\aﬁ RVU = _RpV/\U Eu}\aﬁ RUV - _va}\a E/JAaﬁ RVU =0

Print[

RiemannCD[-u, -v, =A, =o] v[pl u[vlw[A]w[o], " = ",

RiemannCD[-y, -v, —=A, -=0] v[u] u[vlw[A] w[o] /| ToCanonical, "\n",
RiemannCD[-y, my, -A,-0]," =",

RiemannCD[-y, M, -A, —0]/l ToCanonical, "\n",

RiemannCD[-y, -v, =A, A], " =",

RiemannCD[-y, -v, =A, A]/l ToCanonical, "\n",

RiemannCD[-y, -v, -A, =0]RicciCD[uy, v], " = ",

RiemannCD[-y, -v, =A, =0] RicciCD[u, v] // ToCanonical, "\n",
RiemannCD[-u, -v, -A, —0] EinsteinCD[A, 0], " = ",
RiemannCD[-y, -v, -A, -0] EinsteinCD[A, o] // ToCanonical, "\n",
RiemannCD[-y, -v, -A, =0] RicciCD[v, o] epsilong[u, A, a, B], " = ",

RiemannCD[-u, -v, -A, -0] RicciCD[v, o] epsilong[uy, A, a, B] // ToCanonical
(» you must use Ry, = Rigyy to show that this is 0%)

]

v g A U_O

R[v]yw\g u vihowh ow o=
R[v]l/’,\(7 =0
A
R[v]pw\ =0
R[v]MY RIVlyao = ©
A
G[v]"? Rl a0 = ©

EgﬂAczB R[v]VU R[V]pw\o -0




Contractions of the Riemann Tensor:

Ruw=Run®,R=R}

- 1= | Print[
"Ricci tensor: ", RicciCD[-y, -v], " = ", RiemannCD[-u, -a, -v, a], "\n",
"Ricci scalar: ", RicciScalarCD[], " = ", RicciCD[-u, p], "\n",
"Einstein tensor: ", EinsteinCD[-py, -v], " = ",
RicciCD[-y, -v]-(1/2) g[-p, -v]RicciScalarcCD[], " = ",

RicciCD[-y, -v]-(1/2) g[-u, —-v]RicciScalarCD[] // RicciToEinstein // ToCanonical,

EinsteinCD[-y, -v] // EinsteinToRicci, "\n",

"Trace free Ricci: ", TFRicciCD[-u, -v], " =",
TFRicciCD[-y, -v] /| TFRicciToR1icci, ", S,/= ", TFRicciCD[-u, p], "\n",
"Weyl tensor: ", WeylCD[-y, -v, -p, -0O],

" =", WeylCD[-y, -v, -p, —0] /| WeylToRiemann
1

Ricci tensor: RIVl,, = R,
Ricci scalar: R[v] = R[V]

. . 1 1
Einstein tensor: G[v]uv = R[v]pv —E 8uv R[v] = G[v]l“, = R[v]w _E 8y R[v]
1

Trace free Ricci: S[vl,, = RI¥l,, -— 8,, RV, S)f= 0
4
1 1
Weyl tensor: WVl y oo = —; Eov R[v]up+; 8oy RIVl,p+

1 1 1
E 8oy R[V].,p-z 8ou R[V]vg-g 8ov 8oy R[V]+g 8ou 8gv RIVI+ RV, 00

RiemannToChristoffel

Run®==0,T% + 0, T = T, T + T4 T%1 ==R%, , where R?,,, is the Riemann tensor defined

in Carroll+Hartle’s book



In[+ ]:=

Print[
RiemannCD[-y, -v, -A, 0], " =",
RiemannCD[-y, -v, -A, O]
ScreenDollarIndices, "\n",
RicciCD[-u, -v] o W 5 W
RicciCD[-u, -Vv]
ScreenDollarIndices, "\n",

ScreenDollarIndices, "\n",
WeylCD[-y, -v, -p, -0] ," =",
WeylCD[-y, -v, -p, —0] I/ WeylToRiemann
ScreenDollarIndices

]

R[v]pw\

RicciScalarCD[] oW g W
RicciScalarcCD[]

ScreenDollarIndices, "\n",
EinsteinCD[-pu, -V] o ¥ 5 W
EinsteinCD[-y, -v] Il EinsteinToRicci

/I RiemannToChristoffel

/l RiemannToChristoffel

Il RiemannToChristoffel

/l RiemannToChristoffel

Il RiemannToChristoffel

7= -, TV g+ T TI917 0 = 8uTIV1% 5 + 0uTTV17

RV, = - M91%,5 M1, + M9)%g TI91°,, +0aM¥1%,, - 8uTT91%,

RVI = (8% (M1 )5 M1 p=TT1" 5 T191°) =091 5 +0,TT71" o))

GIvl,, = - Mv1%p Mg, + M¥1%, M91°,, -
1

1

S B (8% (915 M1 g=TT1" 5 T191° ) =0T g +0, 191" g )) + alT91% , = BMT91%,

W9l o0 = - By Eqp (g% (ra1,s M1 45T g r[v]éyB—aar[v]VYB+aVr[v]VaB))+

1

Nl NMIREFNMIRENIR O]

gpp (_ r[v]aVﬁ r[v]BaU + r[v]aaB r[V]BvU +aar[v]avﬂ

8oy Bov (8 (M9 )5 TI91°0p—TI71" oo MI91°,5-0uT91Y 540,191 o)) -
oy (- M TP g + T91% TI91P,, +8aMT91% ) - 8,111 %) +
8oy (- M9 TP oo + M1 %5 TI91° g + 0al91% 1 = B,MT91 %) +
8oy (- T91%p TP g + T91% TI91P,, + 0aTT91%, -~ BLTT91% ) -

- 0,Mv1% ) +

8oa (r[v]"‘vﬁ r[v]ﬁpp - M91%, r[v]va -8,Mv1%,, +avr[v]“up)

Using

/)

/)

7



in-1= | Print[

a

R[v]yvz\

gBV
gﬁV
gBV
gﬁV
gBV

gﬁv

DNl r2IRDMIRFDMNIREFDMIRLRDMIRE

1 oa 1
- g aaa g -
> HOAYV 5
ga 1
87" 0uByy 058y, +
ga 1
87" 0u8yy 0Byp+ -
ga 1
8" 0y8,40:8,p5 - Z
ga 1
g atzgvy apg/\ﬁ"’:‘
ga 1
87" 058,, 0,84y - p
ga F) F.) 1
g ag“y vg/\ﬁ —Z

RiemannCD[-u, -v, -A, 0], "

ga

()]

gBV
gﬁV
gﬁv
gﬁv
gﬁv

gBV

’

RiemannCD[-u, -v, —=A, o]/l RiemannToChristoffel // ChristoffelToGradMetric //

ToCanonical // ScreenDollarInd-ices

1
00,81, + g’ 8% a.8,, 048, -

gUCI

ga

aga

ga

aga

ga

96Eay 0v8pq ~ :t g 8% 958, 0,84 -
3,8, 0185 + i g? 87" 0.8, 08,5 -
8, 0,8qy + % g’ g% a,8,50,8,, -
0,8,q 0,85 - é 87" 0,08,4+

38,5 0,8, - % 8P 7% 0,8,50,8,, +

1 1
0/8q 0.8ap + 7 g’ 8% 0,8,,0.8,5 + 7% 0,0,8,,

Commutator of Derivatives

Definition of the Riemann tensor:
[V, Vo] vo= =R VP [Vy, Vo] wo = Ryve® Wy

Carroll+Hartle’s definition:
[V, Vo] vo = +R v, SO

a —_ ag —_ —_— - —_
R puv = =Ruvp® = Ropuv = =Ruvpo = Ryuvop = —Ruvps = Ryuvpo = +Ruvpe = Rpopy

Use SortCovDs and CommuteCovDs to change the order of the covariant derivatives:




in-1= | Print[
n \n"’

"[Vy,ViIv® =", CD[-p]@CD[-vI@V[ o] -CD[-vI@CD[-p]@V[ o] >

ScreenDollarIndices, "\n",
"Vu,Vilws =", CD[-u]@CD[-v]@w[-0] - CD[-v]@CD[-p] @ w[- 0]

ScreenDollarIndices, "\n",
"[VusVVIFg = ", CD[-p]@CD[-V]@F[-a, -B] - CD[-v]@CD[-u]@F[-a, -],

ScreenDollarIndices, "\n",

" \n",
CD[-p]@CD[-v]@V[ o] "=,
CommuteCovDs[CD[-u]@CD[-v]l@V[ o], CD, {-v, —u}]
ScreenDollarIndices, "\n",
" \nll

v, ,VUIVE = VuVy v? - Vy Yy v = R[V]vuaa %

V,VJw, = vV, w, -9, 7, w, = - R[V]vyaa Wq

[Vy)vv]Faﬁ = V,u Vv Faﬁ -Vy VH Faﬁ = - Fyﬁ R[V]Vpay - Fay R[V]V,Uﬁy
7 v, v? = R[v]vuag v® +v, Yy v?

Important property of the Einstein tensor:

" = ", CD[-w]@CD[-vi@V[ o] - CD[-v]@CD[-u]@VI[ o] Il SortCovDs /I

" = " , CD[-u]@CD[-v]@ w[- 0] - CD[-v]@CD[-u] @ w[-0] Il SortCovDs //

" = " CD[-p]@CDI-vI@F[-a, -B] - CD[- vV]@CD[-p]@F[-a, -p] / SortCovDs /I

/)

- 1= | Print[
"y, G* = ", CD[-p][EinsteinCDLy, v]]
1

v, G = ©

Other properties:
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In[+ ]:=

Print[
"R¥,o = ", RiemannCD[ y, -v, -y, -0], "\n",
"W = ", WeylCD [ p, -v, -u, -ol, "\n",
"S,# = ", TFRicciCD[-p, p]

]

R've = RVl 4

W = 0
s/ =0

u

Bianchi Identities

In[« ]:=

Taken from xTensor_Paris_A.nb, p16 (there they are also shown for covariant derivatives with torsion)

First Bianchi Identity:

Print|
ng R[apy]6 =",
eql = 6 Antisymmetrize[RiemannCD[-a, -8B, -y, 6], {~a, -B, -y}]," =",

eql // RiemannToChristoffel // ChristoffelToGradMetric // ToCanonical

]

6 Rupn’ = Rl%lap,” = Rlqys” = RUVgg,” + RIVlgyq” + Rilyqq” = RI),gq° = ©

Second Bianchi identity:

m- 1= Pri nt[

"g V[a pr]av = ll’
eql = 6 Antisymmetrize[ CD[-a][RiemannCD[-B, -y, -6, VI], {~a, -B, -y}], " ="

eql /I RiemannToChristoffel // CovDToChristoffel // ToCanonical

]

6 Vie Reps” = VaRIVlg,s = Va RVl 55" = Vs RIVlgys +6RIVl 05 +9 RIVlgps" =¥y RIVlggs = ©

Assignment/Substitution

In[+ ]:=

Functions: IndexSet, IndexSetDelayed, IndexRule, IndexRuleDelayed

Global assignment, like x =y, using IndexSet

(*UndefTensor[ttmpl];UndefTensor[ttmp2];UndefTensor[ttmp3];*)
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-]~ | DefTensor[ttmpl[-p], M4, PrintAs » "t"];
DefTensor[ttmp2[-u, -v, p], M4, PrintAs » "T"];
DefTensor[ttmp3[-u], M4, PrintAs » "q"];

*»+ DefTensor: Defining tensor ttmpl[-p].
*»+ DefTensor: Defining tensor ttmp2[-y, -v, o].

*»+ DefTensor: Defining tensor ttmp3[-u].

- j-| IndexSet[ttmpl[-p_], F[-p, -v]V[vil;

Print|[
ttmpl[y] // ScreenDollarIndices, " ", ttmpl[-pu] /l ScreenDollarIndices, "\n",
ttmpl[-py] ttmpl[-v] gluy, v]/l ScreenDollarIndices, " =",
ttmpl[-y] ttmpl[-v] g[u, v]/l ContractMetric // ScreenDollarIndices, "\n",
ttmpl[-u] ttmpl[ ] // ScreenDollarIndices

]

¥ Fua V*

Fua Fup 87 vE VP = F g P v@ VP

Fﬂa t# v

- j=| IndexSet[ttmpl[-u_]1, F[-p, -v]Vv[vll; IndexSet[ttmpl[u_], F[u, -v]V[Vvil;

Print|[
ttmpl[p] Il ScreenDollarIndices, " ", ttmpl[-u]// ScreenDollarIndices, "\n",
ttmpl[-y] ttmpl[-v] gy, v]/l ScreenDollarIndices, " = ",

ttmpl[-p] ttmpl[-v] gluy, v]/ ContractMetric // ScreenDollarIndices, "\n",
ttmpl[-u] ttmpl[ u] // ScreenDollarIndices

Flg v Fua V°

Fua Fup 8" VO VP = Fup P vE VP

Fua F'g v& VP

mn-j-| IndexSetDelayed[ttmp2[-y_, -v_, p_1 , F[-u, -v]ttmp3[pll;

Print[ttmp2[-uy, -v, p] // ScreenDollarIndices];
IndexSetDelayed[ttmp3[ u_] 5 S[ w, -v] v[vll;
Print[ttmp2[-uy, -v, p] // ScreenDollarIndices];
IndexSetDelayed[ttmp3[ u_] , RicciCD[ u, -v] v[vll;
Print[ttmp2[-y, -v, p] I/ ScreenDollarIndices];
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F,, RV, v©

Hv

Rules: make substitutions without assignments

1= | {vD v,
v[ v] /. IndexRule[ v[ 1, g[ u, vl w[-Vv]l/l ScreenDollarIndices,
w[-v],
w[-v] /. IndexRule[ w[-p_1, g[-m, —v]lV[ VIl1/l ScreenDollarIndices}

v va a
Outf+ J= {V , 8 Wes Wy, 5 &g V}

The symbol - has been introduced. It is input as \[RightTeeArrow],

o | {wlb] 1. wi-pw gl-p, -Vl VIVl
wip] /. wl p » gl p, -vlvIvl)

Outf+ ]= {w“ 5 VN}

Mapping at specific positions: use xAct/ExpressionManipulation.m

in-j=| << XActlIExpressionManipulation.m

n-J-| eql = RiemannCD[-y, -v, —-p, o] u[u] v[v]w[p] +
F[-p, =v]u[p] RicciCD[v, o] +WeylCD[y, o] w[-u]

ouf-J= [ Fpy R[v]VY u* + R[v]l“/p(7 u’ v¥ o wP+ Wvt? w,

n-j=| eql Il ColorTerms

outf« J= FI—’V R[V]VU ull+ R[v]yvpg ut vY WP+ W[v]lld w,

We can evaluate a function on given term: (xTensor_Paris_C.nb, page 5)

- = | MapAt[RiemannToChristoffel, eql, {1}] // ScreenDollarIndices

T uf vV WP+ WM w, +

ou- = | RI[V] i

uvp
Foo 8% 87 0¥ (91", T91%0p - M1 s TI91°,5 = 0al 91"y + 0,791 o)




In[+ ]:=

Out[+ ]=

In[+ J:=

Out[+ ]=

In[+ ]:=

Out[+ ]=

In[+ ]:=

MapAt[RiemannToChristoffel, eql, {{1}, {2}}]1 // ScreenDollarIndices

WIvIH? w, + Fpy 87 8% UM (M91Y,s T91°p = M1 a6 TI¥1%,5 = 0al 91" 5 + 0,191 o) +

uf vowP (- r[V]avp r[V]Upa + r[V]aup M1 g ‘aﬂr[vlavp +a"r[V]UHP)

Find a pattern in an expression:

eql //l ColorPositionsOfPattern[_RiemannCD]

F

s R u“+( 2, 1 R[v]uvpa) u’ v WP W w,

MapAt[RiemannToChristoffel, eql, Position[eql, _RiemannCD]] // ScreenDollarIndices

Fuo RO U¥ + WIVI*? wy, + ¥ vY WP (- T91%,, TI917 0+ TV, TI917 00 = 0,91, + 60TTT91° )

Hv

Use MakeRule to make rules. Notice that MakeRule does not use patterns

rulel = MakeRule[{w[-p] , RicciCD[-y, —Vv]u[v]}l;

Print|[
w[-v] u[v] "=,
w[-v] u[v] /. rulel Il ScreenDollarIndices

]

v a
u w, = R[V],, u" u

v
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n-j=| rule2 = MakeRule[{ w[-p] » CD[-VI[F[-u, -p] ulp] ulvil},
MetricOn -» All, ContractMetrics » True, UseSymmetries - True];
rule3 = MakeRule[{ CD[-p][u[v]], O}1;

Print|
w[-p] uly] )
n _n
= b
w[-p] u[p] /. rule2 1l
ScreenDollarIndices oW e W,
w[-p] ufp] /. rule2 /I Simplification I
ScreenDollarIndices = W,

"(simplification notices that u“uf

VoFys = 0 due to antisymmetry\n\nWe set V,u’-»0\n",

w[-p] u[p] /. rule2 /. rule3 1l
ScreenDollarIndices oW e W,
w[-p] ufp] /. rule2 /. rule3 J/ Simplification Il ScreenDollarIndices

]

u w, = uf (ua u (v“ Fuﬁ)+ Fup u? (v“ua)+ Fug u” (v“uﬁ)) = Fgy u’ uf (v“uu)

simplification notices that u“uf V,F,; = 0 due to antisymmetry
HB

We set V,u'-0

u® uf ¥ (va Fpﬁ) =0

Geodesic Deviation

Acceleration: v/ V, (V' V, u¥).

Rules:

vgeod: vV V,v¥ - 0 (geodesic)

vuuv: vV, uf - u' v, v ([v, u1=0)

uv2vu: u' v, v > vV v, uf

rleib: v*V,V,v7 > V,(v*V,v%) - (V,v°)(V,V°) (simple Leibniz rule)

gleib: vPV,V,v7 > V,(vPV,v7) = (V,v°) (V,v7) = =(V,v°) (V,v9) (Leibniz rule + contraction +

vPV,v?=0)
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n-1-| vgeod = MakeRule[{v[p] CD[-p] [V[u]], © }s
MetricOn -» All, ContractMetrics » True, UseSymmetries - True];
vu2uv = MakeRule[{v[p] CD[-p] [u[p]], ulp] CD[-p] [V[KII},
MetricOn -» All, ContractMetrics » True, UseSymmetries - True];
uv2vu = MakeRule[{u[p] CD[-p] [V[u]], V[p] CDI-p] [u[K]]},
MetricOn -» All, ContractMetrics » True, UseSymmetries - True];
rleib = MakeRule[{v[p] CD[-p][CD[-VI[V[o]ll, CDI[-p]lv[p] CD[-vIIv[o]l] - CD[-u]lvIp]]l CDI[-vIiv[oll},
MetricOn -» All, ContractMetrics » True, UseSymmetries - True];

gleib =
MakeRule[{v[p] CD[-p][CDI-p]lvIo]Ill, - CD[- p]lvLell CD[-pllv[oll},
MetricOn - All, ContractMetrics - True, UseSymmetries - True];
Print[

" vPV,(v'V,uf) =
"
"\n =",
tmpl = v[p] CD[-p] @(V[v] CD[-v]@ u[u] /. vu2uv) I/l Expand 1
ScreenDollarIndices , "\n 5 W
tmp2 = tmpl /. vu2uv 1
ScreenDollarIndices , "\n 5 W
tmp3 = CommuteCovDs[tmp2, CD, {-a, -p}] Il Expand 1
ScreenDollarIndices , "\n 5 ©
tmp4 = tmp3 /. gleib 1l
ScreenDollarIndices , "\n 5 ©
tmp4 // ToCanonical,
ll\n n

]

VeV, (v, ut) =
= vP (vav“)(vpua)+ u® vP (vpvav”)
= uf (vav“)(vﬁva)+ u® vP (vpva v“)
- R[V]apﬁy u® VB yP s U P (Va v, Vu)+ uf (Va v”)(vB Va)
= R[v]apﬁ” u® VB ovP e P (va v”)(vﬁ va)— Th (va vﬁ)(vﬁ v”)

= - RV g, u” VPP

Killing Vectors

Show thatV,V, ¢, = Ry,,° &,

Difficulty: there is no algorithm at present in xTensor " to canonicalize expressions with multiterm
symmetries, like those of the Riemann tensor. See section 9.2 in xTensorDoc.nb
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m-j-| rkill = MakeRule[{CD[-pu] [[-VI] , - CD[-v][&[-u1]1 };
Print|
tmp@ = CD[-u] @ CD[-v]@S[-Al,

"\n =", (%)

tmpl = CommuteCovDs[tmpO, CD, {~v, —u}] /I
ScreenDollarIndices ,
"\n =", (»Commute Derivativesx)
tmp2 = tmpl /.
rkill
, "\n =", (xUse Killing Equationx)
tmp3 = CommuteCovDs[tmp2, CD, {-A, -v}]//
ScreenDollarIndices 5
"\n =", (»Commute Derivativesx)
tmp4 = tmp3 /.
rkill
s "\n =", (xUse Killing Equationx)
tmp5 = CommuteCovDs[tmp4, CD, {-u, —=A}] /I
ScreenDollarIndices 5
"\n =", (»Commute Derivativesx)
tmp6 = tmp5 /.
rkill
, "\n =", (xUse Killing Equationx)
tmp7 = tmp6 // ToCanonical
"\n =", (*Put dindices in orderx)
tmp8 = tmp7 /. RiemannCD[-A, -a, -y, -Vv] >
RiemannCD[-y, -v, -A, -a] A
"\n =", («Use symmetry R)g,=R,.. We use simple rule

since we want only one term substituteds)
tmp9 = tmp8 /. RiemannCD[-A, -y, -v, -a] -
-RiemannCD[-v, -A, -y, —a] -RiemannCD[-y, -v, —-A, —-a] /| Expand,
"\n =", (+We use muliterm symmetry Ry, o=0%)
tmp9 // ToCanonical (*Only one 1index needs to be permuted, ToCanonical

knows about 1it. What remains is the 1identity that we want to provex)
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VuV, €y =
= R[v]v,u/\a fcx Vv Yy é_/\
== RV, 1" §q =T i €,
=Ry, " €a - RIVL, 00 S - é,
= R[V]Avua é‘0( - R[v]vu/\a fa + VAV é-v

= R[v]Mu"‘

§a = RIS o= RITL" Ea+9uvad,
=Ry, " €a = RIS §q = RV, 0% €4 - 700§,
=RV agpy €%+ RIVavg €%+ RIVIayua €7 - Y0¥ €,
=R v €7+ RV ue €5+ RIVlyaa €7 -Yu ¥ §,
=RI¥avpa % - RIVIy Apa £ -v,v, &,

=2 R[V]Avua fa ~VuVy f/\

We have shown that: V,V, &, = 2Ry,,0 -V, V,&a2 2V, V.6 = 2R 2 VYV 6 = Ry €°
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