Introduction to Symbolic
Computations in GR with xTensor

Downloading and Installing xAct

Visit the page: http://www.xact.es

Follow installation instructions on http://www.xact.es/download.html

Linux:

1. Download the tarball xAct_V.tgz (V is the version number)

2.sudo -i ; cd /usr/share/Mathematica/Applications/; tar xvfz ~/Downloads/xAct_V.tgz
Windows:

1. Download the zip file xAct_V.zip (V is the version number)

2. unzip its contents in C:\Program Files\Wolfram
Research\Mathematica\<version>\AddOns\Applications\

Read the documentation:

http://www.xact.es/documentation.html

If you want to use xTensor, you will not avoid reading the full documentation. Better earlier than later:
xTensorDoc.nb

The reference notebook is useful too: xTensorRefGuide.nb

The documentation is also installed locally, most likely in:

Linux: /usr/share/Mathematica/Applications/xAct/Documentation/English/
Windows: C:\Program Files\Wolfram
Research\Mathematica\<version>\AddOns\Applications\xAct\Documentation\English

Explore the documentation in xTensorDoc.nb.... Make a copy to the notebook, so that you can play

with it.

c p
/usr/share/Mathematica/Applications/xAct/Documentation/English/xTensorD
oc.nb .

c p

/usr/share/Mathematica/Applications/xAct/Documentation/English/xTensorR
efGuide.nb .


http://www.xact.es/Documentation/English/xTensorDoc.nb
http://www.xact.es/Documentation/English/xTensorRefGuide.nb

Start an xTensor session

If you are already running a Mathematica session, esp. if you have loaded xTerior, xAct, ..., make a call
to Quit[] before the loading of the package:
Quit[]; Needs[“xAct " xTensor" ”]

Infe Ji= ‘ Needs["xAct xTensor "]

Package xAct xPerm® version 1.2.3, {2015, 8, 23}
CopyRight (C) 2003-2020, Jose M. Martin-Garcia, under the General Public License.
Connecting to external linux executable...

Connection established.

Package xAct xTensor® version 1.2.0, {2021, 10, 17}

CopyRight (C) 2002-2021, Jose M. Martin-Garcia, under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer[]. This is free software, and you are welcome to redistribute

it under certain conditions. See the General Public License for details.

Define a manifold, whose name is M4, and its dimension is 4.
The indices used are {A,u,v,p,0,a,8,y,0}You can put any indices you like, they should consist of one
character.

Online documentation:

n-1-| ? DefManifold

Symbol

DefManifold[M, dim, {a, b, c,...}] defines M to be an n-dimensional differentiable manifold with
dimension dim (a positive integer or a constant symbol) and tensor abstract indices a, b,

outf« |- C, ... . DefManifold[M, {M1, ..., Mm}, {a, b, c,...}] defines M to be the product manifold of

previously defined manifolds M1 ... Mm. For backward compatibility dim can be a list of

positive integers, whose length is interpreted as the dimension of the defined manifold.

See all available functions.
Click on any name for usage information:



In[+ ]:=

In[+ ]:=

In[+ ]:=

In[+ J:=

? XxAct xTensor "«

DefManifold[M4, 4, {A, py, v, p, 0, a, B, v, O}];

*»+ DefManifold: Defining manifold M4.

*»+ DefVBundle: Defining vbundle TangentM4.

DimOfManifold[M4] gives its dimension. A tangent bundle is associated with the manifold, you can refer
to it as TangentM4

This is the first indication that xAct defines objects by creating Heads that have names related to the
definition of the names of the Manifold, the metric, the covariant derivative, etc.

Print[

"The Manifold M4 has dimension ", DimOfManifold[M4], "\n",
"Its tangent bundle 1is ", Tangent[M4],

" and you can refer to is using the name ",

Tangent[M4] /| InputForm, " (Tangent + M4 = TangentM4)\n",
"For example: The -indices of ",

TangentM4, " are: ", IndicesOfVBundle[TangentM4]
]

The Manifold M4 has dimension 4
Its tangent bundle 1is TM4
and you can refer to 1is using the name TangentM4 (Tangent + M4 = TangentM4)

For example: The indices of TM4 are: {A, y, v, p, 0, a, B, v, 6}, {}}

(=]

We define a metric, whose symbol will be “g” and a metric compatible, torsion free covariant derivative
CD. A lot of things are defined with it by default:

1. A Christoffel covariant derivative (compatible with the metrict+torsion free) with name CD and its
Christoffel symbols ChristoffelCD.

2. A Levi-Civita tensor €,4,5 epsilong[]and the metric determinant Detg][ ]

3. Curvature tensors RiemannCD, RicciCD, RiemannScalarCD[ ], EinsteinCD[ ], WeylCD[ ], ...

Read the output messages printed after evaluating the cell below for more information.

Notice that the names of the symbols referring to the above tensors/tensor densities end in “g” or
“CD”. This comes from the chosen (by default here) names. If the metric had name, e.g. MetricG, and
the covariant derivative CDer, then we would have epsilonMetricG, DetMetricG, RiemannCDer,
RicciCDer, etc..

The -1 in the first argument, means that the determinant of the metric is negative

DefMetric[-1, g[-u, -Vv], CD];
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DefTensor:
DefTensor:

DefTensor:

Defining
Defining

Defining

symmetric metric tensor g[-uy, -v].
antisymmetric tensor epsilong-a, -8, -y, -6].

tetrametric Tetrag[-a, -8, -y, -9].

DefTensor: Defining tetrametric Tetragt[-a, -8, -y, -6].

DefCovD: Defining covariant derivative CD[-y].

DefTensor: Defining vanishing torsion tensor TorsionCD[a, -8, -V].

DefTensor:
DefTensor:
DefTensor:
DefCovD:
DefTensor:
DefCovD:
DefTensor:
DefTensor:
DefTensor:
DefTensor:
DefCovD:
DefCovD:
DefCovD:

DefTensor:

Defining
Defining

Defining

symmetric Christoffel tensor ChristoffelCD[a, -8, -V].
Riemann tensor RiemannCD[-a, -8B, -y, -6].

symmetric Ricci tensor RicciCD[-a, -f].

Contractions of Riemann automatically replaced by Ricci.

Defining

Ricci scalar RicciScalarCD[].

Contractions of Ricci automatically replaced by RicciScalar.

Defining
Defining
Defining
Defining
Computing
Computing
Computing

Defining

symmetric Einstein tensor EinsteinCD[-a, -f].
Weyl tensor WeylCD[-a, -8, -y, -6].

symmetric TFRicci tensor TFRicciCD[-a, -f].
Kretschmann scalar KretschmannCD[].
RiemannToWeylRules for dim 4

RicciToTFRicci for dim 4
RicciToEinsteinRules for dim 4

weight +2 density Detg[]. Determinant.

Tensors are symbolic objects that take indices. An index that has a minus sign in front of it is

contravariant, otherwise it is covariant.

Tensors must be defined using DefTensor: The indices must be among the list of indices in the tangent

bundle of M4, TangentM4.

DefTensor[v[ a], M4];
DefTensor[u[ a], M4]; (» vectors: covariant, (1,0) tensors %)
DefTensor[w[-a], M4];

DefTensor[§{[-a], M4]; (» 1-forms: contravariant, (0,1) tensors %)

{vIKl, ulvl, wl-g], S[-vI}

*»+ DefTensor: Defining tensor v[q].

*»+ DefTensor: Defining tensor ulq].

*»+ DefTensor: Defining tensor w[-q].

x»+ DefTensor: Defining tensor ¢[-qa].

outf+ J= {VIJ, u

7]

J wy 3 fu}




In[+ ]:=

outf+ J=

In[+ ]:=

In[+ ]:=

Outf+ ]=

In[+ J:=

Here are more tensors. We can specify if (some of) their indices have a specific symmetry:

DefTensor[F[-a, -f] s M4, Antisymmetric[{-a, -B}I;
(» (0,2) tensor, antisymmetric in a,B *)

DefTensor[S[-a, -f] , M4, Symmetric[{-a, -B};
(» (0,2) tensor, symmetric in a,B *)

{F[-u, -vl, S[-a, -Bl}

*»+ DefTensor: Defining tensor F[-a, -f].

*»+ DefTensor: Defining tensor S[-a, -f].

DefTensor[Stensor[ a, -8, -y], M4, Symmetric[{-B8, -y}], PrintAs -» "S"];
(» (1,1) tensor,symmetric in B,y note: [Esc]scS[Esc] gives S %)
Stensor[uy, -v, -A]

+»+ DefTensor: Defining tensor Stensor[a, -8, -v].

u
SV/\

If you don’t need a tensor anymore, or you need to redefine it, you have to undefine it first, using
UndefTensor:

UndefTensor[Stensor]
+»* UndefTensor: Undefined tensor Stensor

¢ is a scalar field; ¢ a constant scalar field: it is defined on no manifold and its derivative is zero (see
below). We also define a constant.

DefTensor[scalar[], M4, PrintAs » "¢"];
DefTensor[const[], {}, PrintAs - "c"] ; DefConstantSymbol[hbar, PrintAs - "A"];
{scalar[], const[], hbar}

x»* DefTensor: Defining tensor scalar[].

x»+ DefTensor: Defining tensor const[.

*»* DefConstantSymbol: Defining constant symbol hbar.

{¢, c, i} ‘

If you get stuck, or make a serious error, you may need to restart your computation. First call Quit[] and
then reevaluate the notebook: Evaluation - Evaluate Notebook

(* Quit %) ‘

Contractions: repeated upstairs+tdownstairs indices are contracted
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In[+ ]:=

Out[+ ]=

Infe ]:=

Outf» |

Inf+ ]:=

Out[+ |=

Inf+ ]:=

Out[+ ]=

In[+ J:=

Out[+ ]=

In[+ ]:=

Out[+ ]=

{viu] wl-4], viE] v[-4],
S[-a, -Blula],
Fl-u, =vIvIul ulvl, F[-p, =v]vIp] v[v]l, F[-p, -v] v[y] v[v] /l ToCanonical,
F[-p, -v]1S[y, vl, F[-u, -v]S[u, v]/l ToCanonical}

p p a v o bV pv
{v Wy Vy V', Sep Uy Fy, u” VEF vv,O,FHVs,O}

uv
If a tensorial expression is not valid - in the sense of the abstract index notation - Validate captures it:
{v[p] v[v] /l Validate, v[p] v[u] // Validate, v[-p] v[-p] // Validate}
Validate:
Validate:
{v* v, Null, Null}

Let’s write down expressions using the tensors constructed for the metric g: we use the abstract index
notation (see Wald)
Due to the metric, we can write §,, as well as &*.

RiemannCD[-y, -v, —=A, o] v[u] ulv] §[A] w[- 0]

g v A
RV, " u” V¥ &0 w,

xTensor knows that the Riemann tensor is antisymmetric, need to use ToCanonical to apply it:

{RiemannCD[-p, -v, -A, o] v[y] v[v] {[A] w[-0],
RiemannCD[-u, -v, -A, o] v[p] v[v] §[A] w[-0] /] ToCanon-ical}

{RIV1,,,7 V¥ v & w,, 0]

The monoterm symmetries of R, are also known: (unfortunately “there is no algorithm at present in

xTensor’ to canonicalize expressions with multiterm symmetries” - section 9.2 of xTensorDoc.nb )

{RiemannCD[-py, -v, -=A, -o] v[u] ulv] §[A] §[o],
RiemannCD[-u, -v, —=A, =0] v[u] u[v] ¢[A] é[o] /] ToCanonical}

{R[v]uv}\a UV Vu f}\ 507 0}

Ruvao F* U¥ U7 = Ryg y FPAUY U7 = =Rygpy FM 1Y U = =Ryga, F** U U7 = =Ry o FP* U 1" =0

{RiemannCD[-y, -v, —-A, —0] F[u, A]u[o] u[v],
RiemannCD[-y, -v, =A, —=0] F[u, A]Ju[o] u[v] // ToCanonical}

{FpA R[v]uw\a uv ua, 0}




in-J=| {RiemannCD[-u, -v, =A, -0] F[u, A]RicciCD[o, V],
RiemannCD[-u, -v, -A, -0] F[u, A] RicciCD[o, v] /| ToCanonical}

outf« J= {FM R[V]7" RVl vaas o}

’
The Kronecker’s deltas
The Kronecker’s deltas are defined:
6ﬂv’ 6}]1#2'";”1 vliv2...vn =n! cS[val cszv2 6pn]vn

ExpandGdelta[ Gdelta[...] ] expands in terms of deltal ]. If there is a metric defined, we can have all
indices up or down: indices are contracted using the metric.

Inf+ J:= Pr'int[

ll\n "

"\n 6, = ", deltal-p,v],", 6/ =",

delta[-p, p1, ", 6,/ w, =", delta[-y, v]wl[-v],

"\n 6,,’= ", Gdelta[-y, -v, p, o], " = ", ExpandGdelta[Gdelta[-y, -v, p, o],
" 6, w, v\ = ", Gdelta[-uy, -v, p, o] w[-p] V[V],

"\n 6,,,""=", ExpandGdelta[Gdelta[-y, -v, -p, a, B, v,

"\n 6,vpap=""5 ExpandGdelta[Gdelta[-y, -v, -p, -a, -8, -vI],

" (valid only if metric defined)"

& = 6,5 &"=4, § w =w

ag

a a ag a
6= 5uvp = -6y 6, + 6up 5,7 6, w, v = Vv w VP ow

6uvpaﬁy=

-6, 6 6,°+6, 6, 6,5+, 6% 6, -6, 6" 6-6F 66, +6% 6 &,

Oueasr=" By Bup Epa* Bup Bvy Bpa* Buy Bva 8pp~ Bua Bvy Bpp~ Bup Bva Epy* Bua Bup Bpy
(valid only if metric defined)

Levi-Civita tensor

When a metric is defined, the Levi Civita tensor €, 5 . n is defined, and we can do contractions:



in-1= | Print[

epsilong[-a, -8, -y, =61, " ,

\n",

", epsilong[-a, -B, -y, -6] gla, B,

U ", epsilong[-a, -B, -y, -6] gla, Bl // ToCanonical, "\n",
n \nll’
epsilong[-a, -B, -y, -6] epsilong[-y, -v, -p, 6], "\n",
n \nll’
epsilong[-a, -8, -y, -6] epsilongly, v, p, 6], "\n",
epsilong[-a, -B, -y, -6] epsilong[u, v, vy, 6], "\n",
epsilong[-a, -B, -y, -6] epsilong[y, B, v, 6], "\n",
epsilong[-a, -, -y, -6] epsilongla, B, y, 6], " = 4l\n",
epsilong[-a, -B, -y, -6] epsilong[y, v, p, 6] epsilong[a, B, v, A
1
ap
€Zapys > €Zupys 8 5 0

8ap Bpv Byu~ Bav Bpp Byy~ Bap Bpy Byt Bay Bpp Byvt Bav By Byp~ Bay Bpy Byp

6o 65" 6, - 64
26, 65" -2 64" 65"

-6 50(“
-24 = 41

_6 eghvrh

v

sg° 6, -6 65 6,

v

+ 64" 65° 6,

v

+ 04

v

u p u v p
65" 6,0 - 64" 65" ¢,

Metric Contractions

Use ContractMetric to contract indices:




in-1= | Print[
"\n ",
"\n g..8" = ", gl-p, -olglo, vl )
" gt =", gl-u, u," guwg" =", gl-u, -vlgly, vl,
"\n ",
"\n gpvvv = ", gl-u, -vl v[v] ’
"=, gl-u, -v] v[ v] Il ContractMetric,
"\n g"w, = ", gy, vl w[-v] ’
"=, glu, v] w[-Vv] Il ContractMetric,
"\n g"F,, = ", glu, vl F[-v, -0l s
"=, glu, v] F[-v, -0] Il ContractMetric,
"\n g“Fw, = ", glv, o] FI-y, -vl w[-0],
"=1", glv, o] F[-u, -v] w[-0] /| ContractMetriic,
"\n g"g*”F. = ", gly, vlglp, ol F[-v, -0] s
" =", glu, vlglp, o] F[-v, -o] Il ContractMetric,
"\n", S[-p, -vlgly, vl, " = ", S[-p, -vlgly, v]/l ContractMetric,
"\n ",
"\n", RiemannCD[-u, -v, -p, -0olglv,p]l," = ",
RiemannCD[-y, -v, -p, -0] g[v, p] Il ContractMetric,
"\n", "R,g" =", RicciCD[-y, -vlgly, vl, " =",
RicciCD[-u, -v] g[u, v]/l ContractMetric, " (no need to use ContractMetric)"
]
gog” = 6, &' =4 g.g =4
gquV = guv vY = vy
g"w, = g w, =W
g'Fe = F,o 8" = F,
gFw, = F, 87 w, = F,,
g"g"F, = F,, 8" g7 = FP
g s, = s}t
g'? RVlyvpe = -~ RIVlg
R.g" = RVl = R[V] (no need to use ContractMetric)

Covariant Derivative

We define a scalar field f[], a constant scalar field ¢ (it is defined on no manifold), and a constant.
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In[+ ]:=

In[+ ]:=

DefTensor[f[], M4]; DefTensor[¢[l, {}] ; DefConstantSymbol[GNewton, PrintAs -» "Gy"];

»+ DefTensor: Defining tensor f[].
»+ DefTensor: Defining tensor ¢[l.

*»+ DefConstantSymbol: Defining constant symbol GNewton.

The predefined, ordinary, flat, partial derivative: [9,, ,] =0

Print|[

PD[-p1[f0I], "\n",

PD[-p][vIvI], "\n",

PD[-pI[f] vIvI], "\n",

PD[-pl[ulp] v[v]], "\n",

PD[- p][PD[-v][u[c]]] - PD[- v][PD[-p][u[c1]], " = ",

PD[- p][PD[- v][u[o]]] - PD[- v][PD[- u][u[o]]] // ToCanonical
]

o,f

v
o,V

v’ 9,f+fav’
v/ a,uf + uf a,v

8,0,u? -8,0,u° = 0

The Covariant derivative:




In[+ ]:=
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Print|[

"V, Gy = " ;

CD[- ] [GNewton] > "\n",
CD[-p] [fII] =",

CD[-p] [fI Il CovDToChristoffel , "\n",
CD[-pu] [GNewton f[]], " = ",

CD[-p] [GNewton f[]] // CovDToChristoffel , "\n",
CD[-pll o0l =",

CD[-plloM Il CheckZeroDerivative ,

" (must use CheckZeroDerivative to
actually see that the derivative is zero)\n",

CD[-pIvIv]] , "=,
CD[-p][VIVI] Il CovDToChristoffel // ScreenDollarIndices, "\n",
CD[-p][w[-V]] , "=,
CD[- p][w[-Vv]] Il CovDToChristoffel // ScreenDollarIndices, "\n",
CD[-pI[F[-v, -pll , " =",

CD[-pl[F[-v, -p]1 /| CovDToChristoffel /l ScreenDollarIndices, "\n",

CO[-pllfO VIV , " =",
CD[-pI[f[1 vIvll // CovDToChristoffel // ScreenDollarIndices, "\n",

"Vy (Fypv') = " » CD[-pI[F[-v, -p] v[V]]
]
Vu GN = 0
v, f =9,f

Gy (Vu f) = Gy 6,,1’

vy = 0 (must use CheckZeroDerivative to actually see that the derivative is zero)

vyv o= T, vE VY
vyw, = -Tv%, w,+dw,
VuFyp = = r[V]Olpv Fap = r[v]aup Fva"'aﬂva

v (v, f)+f(vuvv) = v’ auf+f(|‘[v]vpa va+6uvv)

v
V, (Fpv') = v/ (Vqup)" Fup (vuvv)
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In[+ ]:=

In[+ ]:=

Print|[
ChristoffelCD[ y, -v, -p], " = ",
ChristoffelCD[ y, -v, —p] /l ChristoffelToGradMetric // ScreenDollarIndices, "\n",
ChristoffelCD[-y, -v, -p], " = ",

ChristoffelCD[-y, -v, —-p] /l ChristoffelToGradMetric // ScreenDollarIndices, "\n"

1
v, = - g (-aagvp+avgpa+apgva)

[l N

My = = (~0u8up +0uEpy + 958, ,)

N

Print[
CD[-pIIvIv]l )

CD[-p][v[v]l] /I CovDToChristoffel //

ScreenDollarIndices s \m s T
CD[-p][v[v]] /I CovDToChristoffel // ChristoffelToGradMetric //
ScreenDollarIndices, "\n = ",

CD[-p]Iv[v]] /I CovDToChristoffel // ChristoffelToGradMetric // ToCanonicall/l
ScreenDollarIndices, "\n"

]

v

v a v
vyv o= T[] pa vV + 0,V

1 vB a v
= -8 Y (6ag”3—6,3gua+aygaﬁ)+6yv

2
1 1 1

-3 g ve 0u8yp =~ g? v 058ua* > g% v 9,85+ 0,1"




In[+ ]:=

In[+ ]:=
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Print[
CD[-p@V[V]

CD[-u]l@V[v] /I CovDToChristoffel //
ScreenDollarIndices s 0 5 T

CD[-p]@V[v] /!l CovDToChristoffel /l ChristoffelToGradMetric /I

ScreenDollarIndices, "\n = ",

CD[-p]@V[v] /| CovDToChristoffel /l ChristoffelToGradMetric // ToCanonical//
ScreenDollarIndices, "\n"

|
V”vv= F[V]Vua va+6uvv
= ; gvﬁ Va (aagpﬁ—ﬁﬁgua+6yga3)+6pvv
1 1 1

- 3 g ve 0u8yp =~ g? v 068ua + > g v 9,85+ 0"

Print[
CD[-p]@CD[-u]@
V[V] "w_

n
b

CD[-pl@CD[-u]@V[v] [/l CovDToChristoffel //

ScreenDollarIndices , "\n =",
CD[-pl@CD[-u]@V[v] !l CovDToChristoffel // ChristoffelToGradMetric //
ScreenDollarIndices, "\n = ",

CD[-pl@CD[-u]@V[v] !l CovDToChristoffel // ChristoffelToGradMetric // ToCanonical//
ScreenDollarIndices, "\n"

]

ToCanonical: Detected metric-incompatible derivatives {PD}.
ToCanonical: Detected metric-incompatible derivatives {PD}.
ToCanonical: Detected metric-incompatible derivatives {PD}.

General: Further output of will be suppressed during this calculation.
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(I’[v]"ﬁa v +6,;vv)+ I'[v]vpﬁ (r[v]ﬁm ve +6,JVB)+ v 6,,I'[v]vpa + I'[v]vpa 6pva +6p6,,vv

VoV v'= - F[v]ﬁpu

1 vy 1 BS . a B
=S85 e (0a86 — 058 1q *+ 0,8.46) + 0V | (058 py - 0,855 + 085, ) -

1
ghY (35VV = g"% @ (aagﬁ6+aﬁga5—65gﬁa)) (<0480 + 08,y + 068, ) +
8P (0a8,5 ~ 068y + 0uBip) OV +

Vv (- 8P 8" (0a8yp ~ 058 q + 08ap) 068y5 + 87 (050085 — 06068y *+ 0048 g)) + 00"

HNlI—‘NlI—‘NlI—‘

1l
|
(o]

1
BV 040,85 - Mgy, 0V - g% g% v 8.8, 958, -

a

vB . a 1 yé6 svB . a 1 yé6 SvB

g \% c’i,;{ipgmz+:1 g g \% 6ﬁgp6 6yg”a+:‘. g g v 6"‘gﬁ5 6Vgup—
vB a 1 yo vB a 1 yo vB a

8" V" 08as0,8up 870 BT VT 0,8, 05805+~ 870 87T VT 0.8, 048 g -
vB a 1 yoé vB a 1 yo vB a

g v 08,4085~ 87" 8 VT 08y, 0,805+~ 87" 8" VT 0,850,804
yo vB a 1 yo vB a 1 yo vB a

8" 87 v 0u8ps 0y, v 8 87 VT 0s8as 0By, -7 877 8T VT OsBag 08y, +
vB a 1 vB a 1 vB a 1 yo vB a

g aagpﬁ oV - E g 6nga o+ ; g v 6pgaﬁ - Z g g \% 6ag”y 6Pgﬁ6 +
v a 1 yo v a 1 yo vpB a

g \ aygpa apgﬁé - Z g g \ aﬂgay apgﬁ§ - Z g g \ aagﬁé apgpy +

g% g v* 8,8,50.8 —Egy‘5 g% V7 858, 0,8 +Egvﬁag ooV -
Badﬂyy4 5aﬁpl/V2 asup ~e

vB ) a 1 vpB a 1 vB a v
g ﬁg”aapv +E g 6Hgaﬁapv +E g Vv 6p6ugaﬁ+6p6,,v

NII—A.bll—-l;II—ANII—-hll—AJ>I|—-4>I|—ANIr—-N

v, (u"v,S)

= | Print[

CD[-pl@(u[p] CD[-p1@S[p, VD), " = ",
CD[-pl@ (u[p] CD[-ul1@S[p, v]) // CovDToChristoffel // ScreenDollarIndices

]

(vu Spv)(vp u“)+ ut (vp v, spv) = (r[v]puﬁ sV 4 M9l g spa+6,,spv)(r[v]“py u? +6pu“)+
u (-1, (M9, SPY+ M9, SP¥+0,8PY )+
M91° (r[v]"HB PV 4 M9l e s“+a,,s”)+ Mo’ s (r[v]PHB sPe . r[v]‘fua sf’“+a,,sp‘5)+

SPY 0,191 g + PV 0TI9I 5 + TI91P 5 0,SPY + TI91%,

o 0:5°% +0,0,5°")
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Lie Derivatives

= | Print[
LieD[v[pll[ulv]], " = ",
LieD[v[ull[u[v]] // LieDToCovD // ScreenDollarIndices, " =",

LieDToCovD[L1ieD[v[u]][u[v]l], CD] /l ScreenDollarIndices
1

Lyu' = v® a,u” - u® 9vY = VO (vauv)— T (Vavv)

Lie Brackets:

- 1= | Print[
Bracket[u[u], v[v]l[o], " = ",
Bracket[u[u], Vv[vil[o] // BracketToCovD // ScreenDollarIndices, " =",
BracketToCovD[Bracket[u[u], V[Vv]l[o], CD] // ScreenDollarIndices

1

v]o a a a a a a a a
[u”,v] = =V Oqu + U Ogv. = -V (Vau)+u (Vav)

Notice the Leibniz rule and the linearity in the 1st slot:

- 1=| Print[
LieD[v[pll[F[-v, -pI, " = ",
LieD[Vv[ull[F[-v, —-p]] // LieDToCovD // ScreenDollarIndices, " = ",

LieDToCovD[LieD[v[u]lI[F[-v, -p]], CD] /l ScreenDollarIndices, "\n",
LieD[V[MI[F[-v, -plu[ol]l, "\n",

LieD[v[u] + 7 GNewton u[u]l[F[-v, -p1], "\Nn",

LieD[ u[u]l[GNewton v[p]], "\n",

LieD[ulpIl fl1  vIell

- = | Bracket[v[u] + GNewton u[A], w[p]l[o]

oulf-J- | Gy [UA,wp]U+ [V“,wp]a
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- 1= | Bracket[ f[J u[Al, vIplllo]

our- - | [uA,Vp]a— u? a,f

Prove that Ly, § =[Ly, L1¢

Infe J:= Pr‘int[
\n",
"The left hand side: Ly, ¢&\n",
LieD[ Bracket[ u[u], V[V]l[o] i
$lel] =",
LieD[ BracketToCovD[Bracket[ u[u], v[villo], CD ]I é[o]] I
ScreenDollarIndices, " = ",

eql = LieDToCovD[LieD[BracketToCovD[Bracket[u[u], V[VvII[o]l, CDII[ é[p11, CD] //

ScreenDollarIndices, "\n",

\n",
"The 1st term of the RHS: L, L, \n",
LieD [u[pll [LieD [V[vII [§le1] , " = ",

eq2 = LieDToCovD[LieD [u[u]][LieD [v[v]][£[pell1], CD] // ScreenDollarIndices, "\n",

\nll,
"The 2nd term of the RHS: L,L,§ \n",
LieD[v[vII[LieD [ulpll [§le1] , " = ",

eq3 = LieDToCovD[LieD [v[v]][LieD [u[ul] [§[Pl]1], CD]// ScreenDollarIndices, "\n",

\n",

"The difference: Ly, ¢ - [Lu,LVE =Ly, wé - LuLv§ + LyLE \n\n",
LieD[ Bracket[ u[u], v[vii[o] I[¢le11-

LieD [u[p]][LieD [VIVI] [§[p]]]+ LieD [v[vI][LieD [u[pl [§[PI1] , " = \n",
eq4 = (eql - eq2+eq3 /I Simplification), " = \n",
eq5 = (CommuteCovDs[eq4, CD, {-a, -B}] // ScreenDollarIndices), " = \n",
eq6 = (eq5 // Simplification), " = \n",
eq7 = eq6 /. {RiemannCD[p, -a, -8, -y] =

-(RiemannCD[p, -y, -a, -B] + RiemannCD[p, -, -y, -al)}, " = \n",
eq7 /l ToCanonical, "\n",

\nll
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The left hand side: Ly,vy¢
L[U”,VV] ¢ = _(Lva (vaua) fp]+,£ua (vava) & = fﬁ (va Vp)(vﬁua)+ gﬁ (v“ up)(vﬁ Va)_

() ) 0 () ) [t [

The 1st term of the RHS: L, L,¢
Ly L, &P = &7 (vavﬁ)(v,gup)— ve (vafﬁ)(vﬁup%
B (va fp)(vB va)— uf (va Vp)(VB fa)— uf & (vﬁ Vq vp)+ uf Ve (vﬁva fp)

The 2nd term of the RHS: L L,¢
L, Ly & = VP (va€?)(vpu®)+ €% (vauf) (v vP) -
o (eu ) )= v () ) 7 [y o .7

The difference: Ly, y¢ - [Luy, Ll =Lpu,v§ - Lulvé + LuLié

—([,u Ly fp)+—£v Ly fp +—£[up’vv] fp =
ve P (—(vavﬁup)+vﬁvaup) (fB (v VgV —vaavp)+ VP ( (v vﬁfp)+vﬁva§p)) =
R[V]aﬁyp UV Va §ﬁ+ l,la (_ R[V]aﬁy VY 6 + R[V]aﬁdp VB 56 —

(RO apy - R pay + R o) u VP €)=

_((_ RV pary = R[V]pﬁva) u® VP 'fy) =
(0]
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programming part or the text part of the notebook).
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