
Kbantomhqanik  II, SEMFE

LÔseic Tètarthc Seir�c Ask sewn

'Askhsh 1.

H enèrgeia klasik� gia autì to swmatÐdio eÐnai

E =
1
2
MV 2 =

1
2
MR2ω2 =

1
2
Iω2

I =rop  adr�neiac= MR2

L = MV R = MR2 V

R
= Iω

E =
1
2

I2ω2

I
=

~L2

2I

'Ara h Qamiltonian  tou sust matoc eÐnai

Ĥ =
1
2I

~l2

ìpou ~l2 o telest c thc stroform c tou swmatidÐou me idiosunart seic tic sfairikèc armonikèc
Ylm

'Eqoume

~l2Ylm = ~2(l + 1)lYlm

⇒ ĤYlm =
~2

2I
l(l + 1)Ylm

⇒ El =
~2

2I
l(l + 1)

eÐnai oi dunatèc timèc thc enèrgeiac me ekfulismì t�xewc 2l + 1. �

'Askhsh 2.

E =
1
2
Iω2 =

1
2

(Iω)2

I
=

L2
z

2I

diìti h stroform  tou swmatidÐou eÐnai ep�nw ston �xona twn z mìno.

⇒ Ĥ =
L̂2

z

2I
, L̂z = −i~

∂

∂φ
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me idiotimèc

L̂zΨ = λΨ

⇒ −i~
∂Ψ
∂φ

= λΨ ⇒ Ψ(φ) = Nei λ
~ φ

gia na èqoume monotimÐa ⇒ λ

~
= m, m = 0,±1,±2, . . . akèraioc.

⇒ λ = ~m,Ψm(φ) = Neimφ

ĤΨm(φ) =
~2

2I
m2Ψm(φ) ⇒ Em =

~2

2I
m2

Ekfulismìc 2 gia |m| 6= 0.

Apìdeixh thc sqèshc metaxÔ Ĥ kai ~L2

Ĥ =
~p2

2m
, ~p = −i~∇

Ĥ = − ~2

2m
∇2, ∇2 =

1
r2

∂

∂r

(
r2 ∂

∂r

)
+

1
r2

(
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂φ2

)

sto pr¸to prìblhma èqoume r = R stajerì

⇒ ∇2 =
1

R2
(f(θ, φ))

o telest c thc stroform c sto tetr�gwno se sfairikèc suntetagmènec eÐnai:

~L2 = −~2

(
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂φ2

)
⇒ −~2∇2 =

~L2

R2
⇒ Ĥ =

~L2

2mR2
=

~L2

2I

sto deÔtero prìblhma èqoume akìmh θ =
π

2
=stajerì

⇒ sin θ = 1

⇒ ~L2 = −~2 ∂2

∂φ2
= L2

z

Ĥ =
L2

z

2mR2
=

L2
z

2I

Lz = −i~
∂

∂φ
�
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'Askhsh 3.

'Eqoume LzΨ = λΨ me λ pragmatikì.
Akìmh

[Ly, Lz] = i~Lx, λ = λ∗

⇒ 〈Lx〉 =
∫

Ψ∗L̂xΨd3x = i~
∫

Ψ∗
[
L̂y, L̂z

]
Ψd3x =

= i~
(∫

Ψ∗LyLzΨd3x−
∫

Ψ∗LzLyΨd3x

)
=

= i~
(

λ

∫
Ψ∗LyΨd3x−

∫
(LzΨ)∗LyΨd3x

)
=

= i~ (λ〈Ly〉 − λ∗〈Ly〉) = i~λ (〈Ly〉 − 〈Ly〉) = 0 �

'Askhsh 4.

Ĥ = − ~2

2m
∇2 + V (r) kai HΨ = EΨ kai

∇2 =
1
r2

∂

∂r

(
r2 ∂

∂r

)
+

1
r2

f(θ, φ)

f(θ, φ) = −
~L2

~2

paÐrnwntac tic kumatosunart seic Ψ(r, θ, φ) = Ψ(r)Ylm(θ, φ) èqoume f(θ, φ)Ylm(θ, φ) = − 1
~2

~L2Ylm =

−l(l + 1)Ylm diìti ~L2Ylm = ~2l(l + 1)Ylm

⇒ ĤΨ = − ~2

2m

1
r2

∂

∂r

(
r2 ∂Ψ

∂r

)
+

~2

2m

l(l + 1)
r2

Ψ + V (r)Ψ

gia l = 0 o ìroc thc stroform c mhdenÐzetai.
En¸ V (r) = 0 gia 0 6 r ≤ α.

Akìmh jètontac Ψ(r) =
U(r)

r
èqoume

∂Ψ
∂r

= −U

r2
+

1
r

dU

dr

r2 ∂Ψ
∂r

= −U + r
dU

dr

kai

∂

∂r

(
r2 ∂Ψ

∂r

)
= −dU

dr
+

dU

dr
+ r

d2U

dr2
= r

d2U

dr2

⇒ ĤΨ = − ~2

2m

r

r2

d2U

dr2
= − ~2

2m

1
r

d2U

dr2
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gia 0 6 r ≤ α
Me thn sunj kh U(r) → 0 gia r → 0.
H qronoanex�rthth exÐswsh tou Schrödinger eÐnai:

− ~2

2m

1
r

d2U

dr2
= EΨ = E

U

r

⇒ − ~2

2m

d2U

dr2
= EU

me 0 6 r ≤ α, U(0) = 0 kai U(α) = 0.
'Ara èqoume thn perÐptwsh enìc apeirìbajou phgadioÔ.

d2U

dr2
= −2mE

~2
U = −k2U

U(r) = A sin(kr) + B cos(kr)
U(0) = 0 ⇒ B = 0
U(α) = 0 ⇒ sin(kα) = 0 ⇒ kα = nπ, n = 1, 2, . . .

k =
nπ

α

En =
~2

2m

π2

α2
n2

Ψn(r) =
An

r
sin

(nπ

α
r
)

KanonikopoÐhsh:∫
Ψ∗(r, θ, φ)Ψ(r, θ, φ)r2dr sin θdθdφ = 1

⇒ 4πA2
n

∫ α

0

sin2
(
nπ

αr
)

r2
r2dr = 1

⇒ 4πA2
n

∫ α

0
sin2

(
n

π

α
r
)
dr = 1

4πA2
n

α

2
= 1 ⇒ An =

√
2
α

√
1
4π

=
απ√

2
�

'Askhsh 5.

(~σ · ~A)(~σ · ~B) = (σ1A1 + σ2A2 + σ3A3)(σ1B1 + σ2B2 + σ3B3)

= σ2
1A1B1 + σ2

2A2B2 + σ2
3A3B3 + σ1σ2A1B2 + σ1σ3A1B3 + σ2σ1A2B1

+ σ2σ3A2B3 + σ3σ1A3B1 + σ3σ2A3B2

= ~A · ~B + iσ3(A1B2 −A2B1) + iσ1(A2B3 −A3B2) + iσ2(A3B1 −A1B3)

= ~A · ~B + i~σ · ( ~A× ~B)
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diìti èqoume tic idiìthtec twn σ pin�kwn :

σ2
k = 1, σ1σ2 = iσ3, σ2σ3 = iσ1, σ3σ1 = iσ2

  alli¸c

σkσl = iεklmσm + δkl

kai ( ~A× ~B) = εjklAjBk l̂ �

'Askhsh 6.

a)

dÂ

dγ
= iJye

iγJyJze
−iγJy − ieiγJyJzJye

−iγJy

= ieiγJy [Jy, Jz] e−iγJy

= −~eiγJyJxe−iγJy

[Jy, Jz] = i~Jx, [Jx, Jy] = i~Jz

d2Â

dγ2
= −i~eiγJyJyJxe−iγJy + i~eiγJyJxJye

−iγJy

= i~eiγJy [Jx, Jy] e−iγJy

= −~2eiγJyJze
−iγJy

⇒ d2Â

dγ2
= −~2Â ⇒ Â = Ĉ1 cos(γ~) + Ĉ2 sin(γ~)

γ = 0 ⇒ Â = Ĉ1 = Jz

dÂ

dγ
= −~Ĉ1 sin(γ~) + ~Ĉ2 cos(γ~)

γ = 0 ⇒ dÂ

dγ
= ~Ĉ2 = −~Jx

⇒ Ĉ2 = −Jx

⇒ Â = Ĵz cos(γ~)− Ĵx sin(γ~)

b)

~J2
(
e−i π

2~ JyYlm

)
= e−i π

2~ JyJ2Ylm =

= ~2l(l + 1)
(
e−i π

2~ JyYlm

)
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diìti
[
~J2, Jy

]
= 0

Jx

(
e−i π

2~ JyYlm

)
= e−i π

2~ JyJze
i π
2~ Jye−i π

2~ JyYlm

= e−i π
2~ JyJzYlm = ~m

(
e−i π

2~ JyYlm

)

diìti eiλJye−iλJy = 1, λ =pragmatikì kai Â(γ = − π

2~
) = −Ĵx sin

(
−π~

2~

)
= Ĵx

ShmeÐwsh: 'Alloc trìpoc apìdeixhc tou a) eÐnai na anaptÔxw se seir� e±γJy kai na krat sw
tic dun�meic tou γ qwrist� gia �rtiec kai perittèc dun�meic. �

'Askhsh 7.

a) 'Estw to di�nusma n̂ sthn kateÔjunsh (θ, φ), monadiaÐo di�nusma

⇒ n̂ = x̂ sin θ cos φ + ŷ sin θ sinφ + ẑ cos θ

Sn = ~S · n̂ = Sxnx + Syny + Sznz

=
~
2

(
nz nx − iny

nx + iny −nz

)
Sn =

~
2

(
cos θ sin θe−iφ

sin θeiφ − cos θ

)

b) Idiotimèc tou pÐnaka Sn =
~
2
A

A =
(

cos θ sin θe−iφ

sin θeiφ − cos θ

)

BrÐskoume tic idiotimèc tou A

det(A− λI) = 0∣∣∣∣cos θ − λ sin θe−iφ

sin θeiφ − cos θ − λ

∣∣∣∣ = −(cos2 θ − λ2)− sin2 θ = 0

⇒ λ2 − cos2 θ − sin2 θ = 0 ⇒ λ2 = 1 ⇒ λ = ±1

g)

SnX (n)
+ =

~
2
X (n)

+

~
2

(
cos θ sin θe−iφ

sin θeiφ − cos θ

) (
α
β

)
=

~
2

(
α
β

)
⇒

{
α cos θ + β sin θe−iφ = α
α sin θeiφ − β cos θ = β
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Apì thn pr¸th exÐswsh èqoume:

α(1− cos θ) = β sin θe−iφ

⇒ 2α sin2 θ

2
= 2β sin

θ

2
cos

θ

2
e−iφ

⇒ α sin
θ

2
= β cos

θ

2
e−iφ

Thn Ðdia exÐswsh paÐrnoume kai apì thn deÔterh exÐswsh.

'Ara dialègontac α = cos
θ

2
kai β = sin

θ

2
eiφ blèpoume ìti α∗α + β∗β = 1

⇒ X (n)
+ =

(
cos θ

2

sin θ
2eiφ

)

OmoÐwc:

X (n)
− =

(
sin θ

2

− cos θ
2eiφ

)

me idiotim  −~
2
. Profan¸c isqÔei X †(n)

− X (n)
+ = 0 �

'Askhsh 8.

a) PaÐrnoume ton telest  Sn pou parist�nei thn probol  tou spin sthn kateÔjunsh (θ, φ)
kai èqoume

〈Sn〉 = X †
+SnX+ =

~
2
(1 0)

(
cos θ sin θe−iφ

sin θeiφ − cos θ

) (
1
0

)
=

~
2
(1 0)

(
cos θ

sin θeiφ

)
=

~
2

cos θ

X+ =
(

1
0

)
eÐnai h kumatosun�rthsh tou swmatidÐou ston q¸ro tou spin.

b) E�n P+(θ) eÐnai h pijanìthta na broÔme to spin p�nw

(
+

~
2

)
kai P−(θ) h pijanìthta na

broÔme to spin k�tw

(
−~

2

)
se mia mètrhsh kat� ton �xona n̂ isqÔei

⇒ 〈Sn〉 =
~
2
P+(θ) +

(
−~

2

)
P−(θ)
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EpÐshc isqÔei profan¸c P+(θ) + P−(θ) = 1

⇒ P−(θ) = 1− P+(θ)

⇒ 〈Sn〉 =
~
2
P+(θ)− ~

2
(1− P+(θ)) =

= ~P+(θ)− ~
2

⇒ P+(θ) =
1
~

(
〈Sn〉+

~
2

)
⇒ P+(θ) =

1
~

(
~
2

cos θ +
~
2

)
=

1
2

+
cos θ

2

⇒ P+(θ) = cos2
(

θ

2

)
⇒ P−(θ) = sin2

(
θ

2

)

'Alloc trìpoc lÔshc

|X (z)
+ 〉 = |X (n)

+ 〉〈X (n)
+ |X (z)

+ 〉+ |X (n)
− 〉〈X (n)

− |X (z)
+ 〉

P+(θ) =
∣∣∣〈X (n)

+ |X (z)
+ 〉

∣∣∣2
P−(θ) =

∣∣∣〈X (n)
− |X (z)

+ 〉
∣∣∣2

〈X (n)
+ |X (z)

+ 〉 =
(

cos
(

θ

2

)
, sin

(
θ

2

)
e−iφ

) (
1
0

)
= cos

(
θ

2

)
〈X (n)

− |X (z)
+ 〉 =

(
sin

(
θ

2

)
,− cos

(
θ

2

)
e−iφ

) (
1
0

)
= sin

(
θ

2

)

Qrhsimopoi¸ntac ta apotelèsmata thc �skhshc 7 gia touc spinors X n
+ kai X n

−. �
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